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Preface 


The primary purpose of this book is to show the great value that Fourier 
series methods provide in solving difficult problems in nonlinear partial dif¬ 
ferential equations. We illustrate these methods in three different cases. 

Probably the most important of these three cases are the results that we 
present for the stationary Navier-Stokes equations. In particular, we show 
how to obtain the best possible results for periodic solutions of the stationary 
Navier-Stokes equations when the driving force is nonlinear. We also present 
the basic theorem for the distribution solutions of said equations. The ideas 
for this material come from a paper published by the author in the Journal 
of Differential Equations. 

Also, we show how to obtain classical solutions to the stationary Navier- 
Stokes equations by applying the Calderon-Zygmund (^“-theory developed 
for multiple Fourier series earlier in the book. This technique using the 
Calderon-Zygmund C a -theory does not appear to be in any other text deal¬ 
ing with this subject and is based on a paper that appeared in the Transac¬ 
tions of the AMS. 

The second case we consider handles nonlinear reaction-diffusion systems 
and uses a technique involving multiple Fourier series to strongly improve 
on a theorem previously introduced by Brezis and Nirenberg. The idea for 
doing this comes from a recent (2009) paper published by the author in the 
Indiana University Math Journal. Reaction-diffusion systems are important 
in many areas of applied mathematics including mathematical biology. The 
main reason we were able to improve on the results of Brezis and Nirenberg 
is because the use of multiple Fourier series enables one to make sharper 
estimates and thus obtain a better compactness lemma. The second theorem 
we present in this area involves a conventional result involving weak solutions 
to the reaction-diffusion system. 

The third case we consider is in the area of quasilinear elliptic partial 
differential equations and resonance theory. We deal with an elliptic operator 
of the form 

N N 

Qu = — D,;[a* J (x', u)Dju] + V(x, u, Du)Dju 

i,j=l j =1 

and establish a resonance result based on the work of Defigueredo and Gossez 
in a Journal of Differential Equations paper and on the work of the author in 
a Transactions of the AMS manuscript. The resonance result obtained is the 

vii 
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best possible and is proved via a Galerkin type argument that illustrates once 
again the power of Fourier analysis in handling tough problems in nonlinear 
PDE. The second and third theorems that we present give necessary and 
sufficient conditions for the solution of certain other equations at a resonance 
involving the above operator Qu. 

Another aim of this book is to establish the connection between multiple 
Fourier series and number theory. We present an iV-dimensional, N > 2, 
number theoretic result, which gives a necessary and sufficient condition 
that 

C^i) x • • • x C(£ n ) 

be a set of uniqueness for a class of distributions on the W tor us, Tn- The 
ideas behind this result come from a paper published in the Journal of 
Functional Analysis. 

Here, C(£j) is the familiar symmetric Cantor set on [— 7r, 7t] depending 
on the real number ^ where 0 < < 1/2. The condition is that each 

be an algebraic integer called a Pisot number. What is important about this 
result is that the considered class of distributions, labeled A(Tr\r). does not 
necessarily have Fourier coefficients that go to zero as the spherical norm 
\m\ = (m 2 + • • • + m 2 N ) 1 / 2 —> oo but as min(|mi| ,..., |mjv|) —> oo. This gives 
rise to a wider class of distributions; when it appeared, it was the first result 
of this nature in the mathematical literature. 

As a corollary to the result just mentioned, we have the following: 

Let p and q be positive relatively-prime integers with p < 2 q. Then a 
necessary and sufficient condition that 

C(—) x • • • x C (—) 
qi qn 

be a set of uniqueness for the class A(T Xr) is that pj = 1 for j = 1,..., N. 

An additional aim of this book is to present the periodic C^-theory 
of Calderon and Zygmund. We deal with a C alder on-Zygmund kernel of 
spherical-harmonic type, called K* (x), and show that it has a principal¬ 
valued Fourier coefficient K* (m). We set f = f * K* and show that the 
following very important theorem prevails: 

/ G C a (T n ) , 0 < a < 1, =► / G C a (T n ) . 

We also give an application of this theorem to a periodic boundary value 
problem involving the Laplace operator and later use it to obtain the regu¬ 
larity result mentioned above for the stationary Navier-Stokes equations. 

Another aim of this book is to present the recent (2006) article in 
the Proceedings of the AMS, which extends Fatou’s famous work on anti- 
derivatives and nontangential limits to higher dimensions. The big question 
answered is “How does an individual handle a concept that depends on the 
one-dimensional notion of the anti-derivative in dimension N > 2?” Our 



PREFACE 


IX 


answer to the question is 

“Generalize the notion of the Lebesgue point set and show 
that the concepts are the same in one-dimension.” 

Chapter 1 of the book deals with four different summability methods 
used in the study of multiple Fourier series, namely the methods of (i) it¬ 
erated Fejer, (ii) Bochner-Riesz, (iii) Abel, and (iv) Gauss-Weierstrass. The 
iterated Fejer method in §2 gives a global uniform approximation for con¬ 
tinuous periodic functions as well as a global L v approximation theorem. 
In §3, the classical Bochner theorem for pointwise Bochner-Riesz summabil¬ 
ity of multiple Fourier series is established. To understand the proof of this 
theorem, a knowledge of various Bessel identities and estimates is essential. 
This Bessel background material is presented in §1 and §2 of Appendix A. 

Several Abel summability theorems, which are important in the study of 
harmonic functions including the nontangential result discussed above, are 
also presented in Chapter 1, §4. In §5 of Chapter 1, the Gauss-Weierstrass 
summability method, which is fundamental in the study of the heat equa¬ 
tion, is developed; it includes a theorem necessary for a subsequent number 
theoretic result appearing later in the book. 

Chapter 2 is devoted to the study of conjugate multiple Fourier series 
where the conjugacy is defined by means of periodic Calderon-Zygmund ker¬ 
nels that are of spherical harmonic type. In particular, the periodic Calderon- 
Zygmund kernel, K*(x), is defined, and it is proved that its principal-valued 
Fourier coefficient K*(m ) exists. The conjugate function of / is designated 

by /, and it is shown that if things are good, / ( m ) = K*(m)f(m), which is 
similar to the one-dimensional situation. The main result established is the 
following: If f £ C a (Tjv), then / e C a (Tjv) • This C a - theorem is presented 
in complete detail in §4 of Chapter 2 and is based on a paper published by 
Calderon and Zygmund in the Studia Mathematica. 

In §5 of Chapter 2, an application of this C a - result to a periodic bound¬ 
ary value problem involves the Laplace operator. Also, a Tauberian conver¬ 
gence theorem for conjugate multiple Fourier series motivated by an interest¬ 
ing one-dimensional result of Hardy and Littlewood is given in §3 of Chapter 
2. The Tauberian background material is developed in Appendix B. 

Chapter 3 contains the details of the solution to a one hundred year old 
problem , namely 

Establish the two-dimensional analogue of Cantor’s famous 
uniqueness theorem dealing with the convergence 
of one-dimensional trigonometric series. 

The solution depends upon an elegant paper published by Roger Cooke 
in the Proceedings of the AMS establishing the two-dimensional Cantor- 
Lebesgue lemma joined with a manuscript of the author that appeared in 
the Annals of Mathematics. 
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Chapter 3 also contains the A-dimensional number theoretic theorem 
discussed above giving a necessary and sufficient condition that 

C(C i) x • • • x Cfov) 

be a set of uniqueness for the class of distributions A(T Xr) on the N-torus. 
In addition, Chapter 3 contains the recent (2004) article about fractal sets 
called generalized carpets that are not Cartesian product sets but are sets of 
uniqueness for a smaller class of distributions on the N-torus labeled B(Tjy). 
These fractal results come from a paper published in the Proceedings of the 
AMS. 

The analogous problem to Cantor’s uniqueness theorem for a series of 
two-dimensional surface spherical harmonics on S 2 is still open and is pre¬ 
sented in complete detail in Chapter 3, §2. This problem has been open now 
for 140 years. The background material in spherical harmonics, which plays 
an important role throughout this monograph, is presented in Appendix A, 
§3. 

The material in Chapter 4 is motivated by Schoenberg’s theorem in¬ 
volving positive definite functions on S 2 and surface spherical harmonics 
published in the Duke Journal of Math. It turns out that part of Schoen¬ 
berg’s theorem is highly useful in studying the kissing problem, k( 3), in 
discrete geometry, as Musin’s 2006 result shows. Here, k(3) is the largest 
number of white billiard balls that can simultaneously kiss (touch) a black 
billiard ball and represents a problem going back to Isaac Newton’s time in 
1694. 

Chapter 4 presents Schoenberg’s theorem on Sn-i, then on T/v, and 
finally on S^-i x T/v. The proof on S/Vi-i x Tjy makes use of a number of 
different concepts that occur in this monograph. 

Chapter 5 presents five theorems dealing with periodic solutions of non¬ 
linear partial differential equations. As mentioned earlier, the methods em¬ 
ployed illustrate the huge power of Fourier analysis in solving seemingly 
impenetrable problems in a nonlinear analysis. Chapter 5, §1 presents, in 
particular, periodic solutions in the space variables to a system of nonlinear 
reaction-diffusion equations of the form 

( ^ - Auj = fj(x,t,ui, inT N x(0,T) 

\ Uj(x , 0) = 0 

3 1 . v. 

Two theorems are established with respect to this nonlinear parabolic 
system. The first theorem deals with one-sided conditions placed on the fj , 
and the second deals with two-sided conditions on the fj. As discussed above, 
the first theorem strongly improves (for periodic solutions) on a one-sided 
classical theorem previously established by Brezis and Nirenberg. 

In §2 of Chapter 5, we deal with the equation 

Qu = f (x, u ) 
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where Qu is the partial differential operator discussed above. We set 

T± (x) = lim sup f(x,s) /s, 

S —>dz(X) 

and show that if 



J~ + (x) dx < 0 and 



T-(x)dx < 0 


and certain other conditions are met, then a distribution solution u G 
W 1,2 (TV) of Qu = f (x , u) exists. We also show that this is the best possible 
result. 

In §2 of Chapter 5, we also handle the equation 


Qu = g (u) — h (x) 


and define 


lim g (s) = g (oo) and lim g (s) = g (—oo). 

5—>00 S —» — OO 

We show that if certain other assumptions are met, then the condition 

(2tt) n g (oo) < f h (x) dx < (2 tt) N g (—oo) 

Jt n 

is both necessary and sufficient that a distribution solution u G W 1,2 (TV) 
of Qu = g (u) — h (x) exists. 


In §1 of Chapter 6, we handle the stationary Navier-Stokes equations 
with a nonlinear driving force: 

— i/Av (x) + (v (x) • V) v (x) + Vp (x) = f (x, v (x)) 


(V • v) (x) = 0 

where v is a positive constant, and v and f are vector-valued functions. 
In particular, f = (/i,..., /,y) : T V x R jV —> R iV . We set 

Ej{ f) = {x G T n : limsup| s . /,• (x,s) jsj < 0 


uniformly for s\~ G H,k ^ j, k = 1,..., N} 

and show that if certain other assumptions are met, then 

\Ej(f)\>0 for j = 1,..., N, 

is a sufficient condition for the pair (v,p) to be a distribution solution of 
the stationary Navier-Stokes equations with Vj&W 1 ' 2 (TV) and p G L 1 (Tn)- 
Here, |£)(f)| represents the Lebesgue measure of Ej( f). We also demonstrate 
that this is the best possible result. 

Another theorem that we establish in §1 of Chapter 6 handles the situ¬ 
ation when 

fj (x, s) = gj ( sj ) - hj (x). 
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In particular, we prove that if certain other conditions are met, then 
(2n) N gj (oo) < / hj ( x ) dx < {2it) N gj (— 00 ) 

Jt n 

for j = 1, ...N, is both a necessary and sufficient condition that the pair 
(v,p) be a distribution solution of the stationary Navier-Stokes equations 
with Vj€W 1,2 (TV) and p G L 1 (TV). 

In §2 of Chapter 6, we deal with the classical solutions of the stationary 
Navier-Stokes equations. The main tool for proving the theorem involved is 
the C^-theory of Calderon and Zygmund established earlier in Chapter 2. 

Given f G [C'(Tat)] 7V , we will say the pair (v,p) is a periodic classical 
solution of the stationary Navier-Stokes system provided: 

v € [C 2 {T n )] N and p G C 1 (TV) 

and 

—pAv (x) + (v ( x ) • V) v (x) + Vp (x) = f (x) Vx G TV 
(V • v) (x) = 0 Vx G 

To obtain the classical solutions of the Navier-Stokes system, we require 
slightly more for the driving force f than periodic continuity. In particular, 
we say /1 G C a (TV), 0 < a < 1, provided the following holds: 

(?) he C (TV); 

(**) 3 ci > 0 s. t. |/i (x) -/1 (y)| <ci|x-y|" Vx,yGR A '. 
Working in dimension IV = 2 or 3, we show in §2 of Chapter 6 that if 
fj <E C a (Tjv) , 0 < a < 1 for j = 1, ...IV, 

then there is a pair (v,p) which is a periodic classical solution of the sta¬ 
tionary Navier-Stokes system with Vj G C 2+a (TV) and p G (7 1+a (Tat). 

I have lectured on the mathematics developed in this book at various 
mathematical seminars at the University of California, Riverside, where I 
have been a professor for the last 45 years. Also, I would like to thank my 
colleague James Stafney for the many discussions that we have had about 
spherical harmonics and related matters. 

I had the good fortune to write my doctoral thesis with Antoni Zyg¬ 
mund at the University of Chicago. Also, I did post-doctoral work with Arne 
Beurling at the Institute for Advanced Study and with Salomon Bochner 
from Princeton University. My subsequent mathematical work was backed 
by Marston Morse from the Institute for Advanced Study. I am indebted to 
these four outstanding mathematicians. 

Victor L. Shapiro 
Riverside, California 
January, 2010 



Contents 


Preface vii 

Chapter 1. Summability of Multiple Fourier Series 1 

1. Introduction 1 

2. Iterated Fejer Summability of Fourier Series 2 

3. Bochner-Riesz Summability of Fourier Series 8 

4. Abel Summability of Fourier Series 16 

5. Gauss-Weierstrass Summability of Fourier Series 29 

6. Further Results and Comments 36 

Chapter 2. Conjugate Multiple Fourier Series 39 

1. Introduction 39 

2. Abel Summability of Conjugate Series 48 

3. Spherical Convergence of Conjugate Series 56 

4. The C“-Condition 66 

5. An Application of the C°-Condition 70 

6. An Application of the L p -Condition 74 

7. Further Results and Comments 78 

Chapter 3. Uniqueness of Multiple Trigonometric Series 79 

1. Uniqueness for Abel Summability 79 

2. Uniqueness for Circular Convergence 96 

3. Uniqueness, Number Theory, and Fractals 102 

4. Further Results and Comments 136 

Chapter 4. Positive Definite Functions 139 

1. Positive Definite Functions on Syr_i 139 

2. Positive Definite Functions on Tyr 143 

3. Positive Definite Functions on Syq-iX Ty 148 

4. Further Results and Comments 156 

Chapter 5. Nonlinear Partial Differential Equations 159 

1. Reaction-Diffusion Equations on the IV-Torus 159 

2. Quasilinear Ellipticity on the A-Torus 186 

3. Further Results and Comments 215 

Chapter 6. The Stationary Navier-Stokes Equations 219 

1. Distribution Solutions 219 

xiii 


CONTENTS 


2. Classical Solutions 259 

3. Further Results and Comments 271 

Appendix A. Integrals and Identities 277 

1. Integral Identities 277 

2. Estimates for Bessel Functions 281 

3. Surface Spherical Harmonics 284 

Appendix B. Real Analysis 299 

1. Convergence and Summability 299 

2. Tauberian Limit Theorems 301 

3. Distributions on the IV-Torus 305 

4. Hj (. x ) and the C"-Condition 310 

Appendix C. Harmonic and Subharmonic Functions 315 

1. Harmonic Functions 315 

2. Subharmonic Functions 326 

Bibliography 331 

Index 335 



CHAPTER 1 


Summability of Multiple Fourier Series 


1. Introduction 

We shall operate in real A-dimensional Euclidean space, R ;V , N > 1, 
and use the following notation: 

x = (xi,..., x N ) y = (yi,..., vn) 

ax + (3y = (axi + (3yi,axN + Pvn) 

x-y = xryi + ... + x N y N , \x\ = (x-x)*. 

With T/v, the A-dimensional torus, 

T n = {x : -7T < Xj < 7 T, j = 1 , N} , 

we shall say / € L p (Tjv),1 < p < oo, provided / is a real-valued (unless 
explicitly stated otherwise) Lebesgue measurable function defined on of 
period 27r in each variable such that 



\f\ p dx < oo. 


A similar definition prevails for / 6 L 00 (T/v). 

With m as an integral lattice point in R w and A tv representing the set 
of all such points, we shall designate the series 


meAjv 


by S[f] and call it the Fourier series of / where 

f(m) = (2v t)~ n [ e- im ' x f{x)dx. 

Jt n 

In this chapter, we study the relationship between / and its Fourier series 

To begin, we let A = d 2 /dx\+- ■ -+d 2 /dx 2 N be the usual Laplace operator 
and observe that Ae tm ' x = — | m\ e irn ' x . Consequently, from an eigenvalue 
point of view, it is natural to ask, “In what manner does the series 


( 1 . 1 ) 


OO / 

n =0 \|m| 2 =n 


1 
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approximate /?” Bearing in mind the classical counter-examples of both 
Fejer and Lebesgue concerning the convergence of one-dimensional Fourier 
series, [Zyl, Chapter 8], we see that the answer to the previous question 
should involve some spherical summability method of the series given in 

(i-D- 

The two most natural methods involving spherical summability are those 
of Bochner-Riesz and Abel. In particular, we say that S[f] is Bochner-Riesz 
summable of order a, henceforth designated by (B — R , a) to f(x ) if 

(1.2) lim V f{m)e im ' x (1 — \m\ 2 /R 2 ) a = f(x). 

R —>oo ^' 

\m\<R 

Bochner-Riesz summability plays the same role for multiple Fourier series 
that Cesaro summability plays for one-dimensional Fourier series. In §3 
of this chapter, we shall establish a fundamental result for Bochner-Riesz 
summability of Fourier series. 

S[f] is Abel summable to f(x), this means that the 

(1.3) lim y /(m)e im —H* = /(*). 

The reason for calling this method of summability Abel summability is mo¬ 
tivated by the fact that the series 

y /(m)e im,x -l ro l t 

mG Ajv 


is harmonic in R^ +1 , i.e., in the variables (x,t) for t > 0. 

We shall discuss Abel summability in detail in §4 of this chapter. Also, 
in Chapter 2, we shall deal with the Abel summability of conjugate multiple 
Fourier series. But first, it turns out that we can get some very good global 
results connecting / and S[f] by iterating well-known one-dimensional re¬ 
sults involving the Fejer kernel, and we will now show this iteration. 


( 2 . 1 ) 


2. Iterated Fejer Summability of Fourier Series 

We leave D n (t ) as the well-known one-dimensional Dirichlet kernel 

sin (n + |)t 


Dn(t) = y 


e ijt = 


]=-n 


sin(f/2) ’ 

and K n (t ) as the well-known one-dimensional Fejer kernel [Rul, p. 199], 

(2-2) K n (t) = ± Dj(t) = -L- 1 - C ° S( " +1)t . 

n + 1 ^ n + 1 1 — cos t 

j=0 
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We also observe from [Rul, p. 199] that K n (t) has the following three prop¬ 
erties: 

(a) K n (t) >0 Vt G R, 

(2.3) (b) ±Z*K n {t)dt = 1, 

(c) K n {t) < ^ if 0 < 5 < |t| < vr. 

It follows from (2.1) and (2.2) that 

(2.4) K n (t) = E e« e (l - Jdy), 

j=-n 

and we shall refer to 

(2.5) K%(x) = K n (x 1 )---K n (x N ) 

as the iterated IV-dimensional Fejer kernel. 

For / G L 1 {Tn) with S[f] as its Fourier series, we shall prove three 
global theorems involving (x) and the iterated Fejer summability of S[f], 
In particular, we call a%(f,x) the iterated Fejer partial sum of S[f] where 
m= (mi,...,mjv) and 

n n II II 

(2.6) 4 (/.x)= E ••• E • • • a - 

mi =—n rriN=—n 

With / G C(Tjv) signifying that / is a real-valued continuous function 
defined on R w of period 2ir in each variable and with B{x,r) designating 
the open N-ball with a center x and radius r, the first theorem we shall prove 
is the following: 


Theorem 2.1. Let f G C{T V) and suppose a%(f,x) is defined as in (2.6). 
Then 

lim a%(f,x) = f{x) uniformly for x G Tjy. 

n—>oo 

Proof of Theorem 2.1. We observe from (2.3)-(2.6) that 

( 2 -7) oi(/,x) - f{x) = (2 tt)- n f [fix -y)- f(x)]K%{y)dy. 

Jt n 

Let e > 0 be given. Choose 5 > 0 so that [fix — y) — fix)\ <e for y G 
Bi 0, 6) uniformly for x G Tjv. Now it is clear that Cu(0. jj) C H(0, 6) where 
Cui 0, jj) is the open N-cube with center 0 and a half-side S/N. So 

(2.8) \fix — y) — fix)\ <e for y G Cht(0, — ) uniformly for x G Tjy- 

Designating P(~ s as the rectangular parallelopiped 

Pis = {x : 5 < xi < it, -ir < Xj < it, j = 2,...,IV.} , 
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we see from (2.3) that lim^oc f p + \K%(y)\ dy = 0. Since T^\Cu(0, 4?) is 

1 ,5/N 1 1 

covered by a finite number of parallelopipeds similar to P+$/ N , we conclude 
that 

lim [ K%(y) dy = 0. 

n_>0 ° JT n \Cu{0±) 

Since f(x ) is uniformly bounded on R^, we also see from this last limit 
that no can be chosen so large that 

(2.9) f \f(x - y) - f(x)\ K%(y) dy < e for n > n 0 

Jt n \Cu( o±) 

uniformly for x S T^. 

Next, returning to (2.8), we obtain from (2.3) (b) that 



y)~f(x )| K%(y) dy < e [ K%{y) dy 

Jt n 

< e [2 tt) n Vn 


uniformly for x £ Tjy. 

Hence, (2.7) and this last fact joined with (2.9) shows that 

a^(f,x) — f(x) < 2e for n > no uniformly for x £ T/y, 

which gives the conclusion to the theorem. ■ 

The second summability theorem that we obtain using the TV¬ 
dimensional iterated Fejer kernel is the following: 


Theorem 2.2. Let / £ L p (T/y), 1 < p < oo and suppose cr%(f,x) is 
defined as in (2.6). Then 

dx = 0. 


Proof of Theorem 2.2. We prove this for the case 1 < p < oo, with a 
similar proof prevailing for the case p = 1. From (2.7) with p _1 +p /_1 = 1, 
we see that 

CnC/» - /(*) < (2vr) _Ar f \f(x-y) - f(x)\ K%(y) P P dy , 

Jt n 

and hence from Holder’s inequality and (2.3) (b) that 

( 2 . 10 ) 

[ °nU,x) ~ fix) P dx < [ K$(y) [f \f{x — y) — f(x)\ p dx\dy. 

Tjv JTn J Tn 
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Now / £ L p (T/v) and is also periodic of period 2tt in each variable. Therefore, 
it follows that given e > 0, 3<5 > 0, 



V) - f(x)\ p dx < s(2n) n 


for y £ B(0, 5). 


Consequently, we obtain from (2.10) that 



°%if,x) ~ fix) 


dx < 


It n -b(o,8) 



y) 


f(x)\ p dx\dy + e 


But / £ L p (Ttv) implies that the inner integral on the right-hand side of the 
above inequality is uniformly bounded. Therefore, since Cu( 0, jj) C B{ 0, 5), 
we infer from the limit above (2.9) and the above inequality that 


lim sup 

n—xx) 



°?i(Lx) - fix) 


p 


dx < £. 


Since e >0 is arbitrary, this gives the conclusion to the theorem. ■ 

Theorem 2.2 has three important corollaries, the first of which is the 
following: 


Corollary 2.3. {e im i the trigonometric system, is a complete or¬ 
thogonal system for L 1 (Tjy), i.e., if fgE L 1 (Tjv) and f(m) = g(m) for 
every integral lattice point m, then f(x)=g(x) a.e. in Tjv- 


Proof of Corollary 2.3. Since /, g £ L 1 (T)v) and /(m) = g(jri) for every 
integral lattice point m, it implies that cr%(f,x) = cr%(g,x) Vx £ Tjv and 
Vn. Consequently, it follows from Theorem 2.2 that 



I f{x) - g{x) | dx = 0, 


which establishes the corollary. ■ 

The next corollary that we shall prove is called the Riemann-Lebesgue 
lemma and is the following: 


Corollary 2.4 If /£ L 1 (Tjy), then /*mi m i_ >00 /(m) = 0. 


Proof of Corollary 2.4. Let e > 0 be given. Using Theorem 2.2, choose 
an n sufficiently large so that f T ^ \ a$(f,x) — f(x) | dx < e. Then, it follows 
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from the definition of f(m) given above (1.1) that 

/M < (2vr )~ N {[ <r%(f,x) - f(x) dx+ [ e~ im ' x a%(f,x) dx }, 

Jt n Jt n 

< s + f dx . 

Jt n 

Since a%(f,x) is a fixed trigonometric polynomial, it follows that there is a 
positive number so such that the integral in the second inequality is zero for 
\m\ > so- We conclude that f(m) < e for \m\ > so; which establishes the 
corollary. ■ 

The third corollary that we can obtain from Theorem 2.2 is called Par- 
sevaal’s theorem and is the following: 

Corollary 2.5. If /€ L 2 (T/v), then 

n n 2 

lim {2tt) n J2 ••• J2 =H/lli 2 - 

n—>oo zJ z ^ | 

mi=—n rriN =—n 

Proof of Corollary 2.5. From Theorem 2.2, we see that 

lim 2 = II/IIl 2 • 

n—>oo ], 2 

Also, we have that | [ | cr% \| j is an increasing sequence, and the proof 
follows easily from this last observation. ■ 

The third summability theorem that we get using the IV-dimensional 
iterated Fejer kernel is the following: 

Theorem 2.6. Let f 6 L°°(T/v) and suppose cr%(f,x) is defined as in 
(2.6). Then <J%(f,x) -> f{x) in the weak* L°°-topology, i.e., 

lim [ a%(f,x)h(x)dx= [ f{x) h(x)dx V7i 6 L 1 (Tjv). 
n—>0 ° Jt n jt n 

Proof of Theorem 2.6. Let h be a given function in L 1 (Tjv). Then it 
follows from Theorem 2.2 that 

(2.11) lim / a%(h,x) — h(x) dx = 0. 

n >oo J Tn 

Next, we set 

I n = (2tt) _jv f a%(f,x)h(x)dx, 

Jt n 
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and observe from (2.6) that 

n n I 

I n = "• J2 ' J 


mi=-n rriN=—n 
n n 

m\ ——n rriN=—n 

Consequently, 


n _ l m ^l \ 
n + l' n + l’ 


\ m i\ > I^ivk 

n+r'" 1 n + 1 ' 


>t n 


a n(fi x)h(x)dx = / cr%(h,x)f(x)dx. 


But then 


l - f(x)]h(x)dx = [ [cr%(h,x) - h(x)\f(x)dx. 

Jt n Jt n 

Hence, 

Wn(f^ x ) ~ f(x)]h(x)dx < ||/|| L oo (Tw) [ \<T%(h,x)-h(x)\dx, 


and the conclusion to the theorem follows immediately from the limit in 

( 2 . 11 ). ■ 


Exercises. 

1. With D n (t ) = e*-^, use the well-known formula for geometric 

progressions and prove that 


D n (t) 


sin(n + \)t 
sin(f/2) 


2. With K n (t ) = E"= 0 ^(0, use the familiar formula 1 — cos <fi = 

2sin 2 (^>/2) and prove that 

1 — cos(n + 1 )t 


K n {t ) = 


1 


n + l 1 — cos t 

3. Prove that K n (t ) has the following properties: 


(a) K n {t) >0 Vf G R, 


i b ) /-7T A n(t)dt = 1, 

(c) K n (t) < ^ y ^7 if 0 < 5 < |i| < 7T. 

4. Complete the proof of Corollary 2.5. 
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3. Bochner-Riesz Summability of Fourier Series 

As we observed in the introduction to this chapter, Ae im ' x = — \m\ 2 e im ' x 
where A is the usual Laplace operator. Hence, from an eigenvalue point of 
view, since the eigenfunctions with the same eigenvalue have their integral 
lattice points lying on spheres, it is a good idea to study multiple Fourier se¬ 
ries using spherical techniques. One of the most effective spherical technique 
is the method of Bochner-Riesz summation, defined previously in (1.2). With 
B(x,r ) representing the open A-ball with center x and radius r, the first 
theorem for this method of summation that we shall prove is the following 
due to Bochner [Bocl]: 

Theorem 3.1. Let / £ L 1 (Tn) and set 

(3.1) cr a R (f,x)= J2 f(m)e im - x (l-\m\ 2 /R 2 ) a . 

\m\<R 

Suppose that \B(0, p)\ 1 f B ^ 0p ^ |/(xo + x) — f(x o)| dx —> 0 as p —> 0. Then 
lim cr R (f,x 0 ) = f(x 0 ) for a > (N - l)/2. 

it—XX) 

We refer to a R (f,x) on the left-hand side of (3.1) as the 72-th Bochner- 
Riesz mean of order a. Also, |L>(0, p)\ designates the volume of the IV-ball 
of radius p, which we shall now compute. 

In order to make this computation, we introduce the A-dimensional 
spherical coordinate notation 

x\ = r cos 

X 2 = r sin 6 \ cos 62 

X 3 = r sin 6 \ sin 62 cos 03 

xn-i = r sin0i sin 02 • • • sin 0 iv _2 cos 0 
xn = r sin 0i sin 02 • • • sin 0 at _2 sin 0 

where 0 < r < p, 0 < 0j < it for j = 1,..., N — 2, and 0 < 4> < 27r. 

We label the Jacobian of this transformation, Jm( r, 0 1 , • • •, 0n-2, 4 >)• For 
example, 

cos 0i —sin 0i 0 

l73(?’, 0i, </>) = r 2 sin0icos0 cos0icos<?!> —sin0isin0 , 
sin 0i sin (j) cos0isin0 sin0icos0 

and an easy computation shows that (r. 0i, (/>) = r 2 sin0i. 
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In a similar manner, we see that Ja{t, 0i, 0 2 , </>)/V 3 is going to be the 
determinant of the following array: 

cos 6 \ —sin 0 0 

sin 6 \ cos 02 cos 0i cos 02 — sin 0i sin 02 0 

sin 0i sin 02 cos 0 cos 0i sin 02 cos (j> sin 0 1 cos 02 cos (f> — sin0i sin 02 sin <f> 
sin 0i sin 02 sin cos 0i sin 02 sin 0 sin 0i cos 02 sin 0 sin 0i sin 02 cos (j>. 

Expanding this determinant using the first row, we observe that 

Ji{r, 0i, 0 2 , <p)/r 3 = cos 2 0i sin 2 OiJ 3 (r, 0 2 , </>)/r 2 + sin 4 6 iJ 3 (r, 0 2 , 4>)/r 2 
= sin 2 9iJ 3 {r, 0 2 , </>)/r 2 
= sin 2 0i sin 0 2 . 

Hence, J 4 (r. 0i, 02, </>) = r 3 sin 2 0i sin02- 

Continuing in this manner, we compute Jn{j ’, 0i, ■ ■ ■, 0 jv- 2 , <t>) using in¬ 
duction and obtain 


(3.2) J N (r,Oi,...,0 N - 2 ,(j)) = r N 1 (sin0i) 7 

Now, is well known, 

(3.3) 

pp /*7r /*7r p2n 

\B(0,p)\= //•••// Jn(t,0 1 ,... 


(sin0Ar_3) 2 (sin0Ar_ 2 ). 


n Z7T 

Jn{t,0 1 ,..., 0AT-2, <t>)d(f>d0i ■ ■ ■ dO N - 2 dr. 


Also, it is easy to see that 

\B(0,p)\ = f P r N ~ l |S'jv-i| dr = p N |S'jy-i| /N, 

J 0 

where Sn-i is the unit (N-l)-sphere in R v and |5jv-i| is its (N — 1)- 
dimensional volume. 

In particular, we see from (3.2) and (3.3) that 


|S)v-i| = 27 t 


(sin0i)^ 2 • • • (sin0Ar_ 2 )d0i • • • dON -2 


Jo Jo 
N-2 


2vr n / (sin OydO. 


From [Til, p. 56], we obtain 

J\ S ineyM = r(i±I)r(i)/r(i±A 

Consequently, it follows from this last calculation that 

l&v-il = 2^[r(l)]' v - 2 /r(|) = 2 ( I )V 2 /r(|), 


and therefore that 


\B(0,p)\ = 2(7F ^ /2 p N . 
AT(f) 
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|SjV_i| can also be computed from the following observation: 



|SW-i| 

/»oo 

/ N—l — r 2 7 

r e dr 


Jo 

|SW-i| 

2 _ 1 / S f-i e -s 


Jo 

|SW-i| 

r <!>/ 2 ' 


Since, is well known, J 0 °° e t2 dt = the left-hand side of the above equal¬ 
ity is ( 7 r)^/ 2 , and we obtain the same value for |S)v-i| as we did before. 

In order to prove Theorem 3.1, we shall need some lemmas. The first of 
such lemmas is concerned with the Bochner-Riesz summability of Fourier 
integrals. In particular, if g £ L 1 (R jV ) and is complex-valued, we designate 
the Fourier transform of g by fj and define it in a manner analogous to the 
one used for the Fourier coefficients of a function in L 1 (Tv), namely, 


g{y ) = (2tt) n [ e iy x g{x)dx. 

Jr n 


The first lemma we prove is the following: 


Lemma 3.2. Let g E L 1 (R N ) and be complex-valued. Set 
(3.5) r a R (g, x)= [ g(y)e ix ' y (l - \y \ 2 /R 2 ) a dy. 

Suppose that |R(0, /o)| _1 ^ \g(xo + x) — g(x o)| dx —► 0 as p —> 0. Then 

lim T R (g,x 0 ) = g(x Q ) for a > (N - l)/2. 

R —>00 

Proof of Lemma 3.2. We will first prove a special case of the lemma, 
namely, when g{x) = e ~\ x ~ x °\ _ We start out by observing once again that 

e~ s2 ds = and from (1.12) in Appendix A that 

1 

e~ s cos 2 ts ds = —. 

2 

Hence, e ~ s2 e~ lst ds = 7T2e“~, and consequently 

/ oo /*oo 

■■■I e _ ( a; i+'"+ a: Ar) g-^-vdx = Tr N / 2 e~\ y \ for y € R A . 

-00 J —00 

'-v-' 

N 

On setting 2x = u and y = 0 in this last equation, we see that 

(3.7) [ e“ |u|2/4 du = tt n/2 2 n . 

J RA 
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We are now able to establish the lemma in the particular case when 
g(x) = e~\ x - x °\ . From (3.6), we obtain that 

g{y) = (2t t)~ n [ e~ ix ' y e~\ x ~ x °\ 2 dx 

J K N 


= (27 t)~ n [ e -n/-(*+*o ) e -| x \ 2 dx 

Jr n 


= {2ir)- N e- iy ' X0 Tr N/2 e- M2/4 . 

Hence, g(y) G L l { R w ), and the equality in (3.7) together with this last 
value of g(y) then implies that 

lim [ g(y)e iy ' x °(1 — \y \ 2 /R 2 ) a dy = { 2 n)- N 7 r N / 2 [ e~^ 2/4 dy 

R^°°Jb(o,r) Jr n 

= ( 27r)- N 7T N / 2 7T N / 2 2 N 

= g{x o). 

Therefore, the lemma is proved in the special case g(x) = e~^ x ~ x °^ . 

From what we have just established, we can prove the lemma. Without 
loss of generality we can assume from the start that 


(3.8) g(x 0 ) = 0. 

Otherwise, we could work with the function 

h{x) = g(x) - g(x 0 )e-\ x ~ xo \ 2 . 


In order to prove the lemma, we will need two estimates concerning 
Bessel functions that are established in Appendix A. The first estimate we 
need is 

(3.9) \J v {t)\ < K u t u for 0 < t < 1 and v > — 
and the second is 

(3.10) \J v (t)\ < K v t ~2 for 1 < t < oo and v > —1, 

where K v is a positive constant. The estimates (3.9) and (3.10) correspond 
respectively to (2.1) and (2.2) in Appendix A. 

Continuing with the proof of the lemma, we set 

(3.11) (2? t) n H%{x) = f e iy ' x (l - \y\ 2 /R 2 )° dy , 

Jb(o,r) 

and observe from (3.5) and Fubini’s theorem that 


T%{g,x o) = / g{x)H%(x - x 0 )dx. 

•/R. v 


Hence, 


(3.12) T%(g,x 0 )=[ g(x + x 0 )H%(x)dx. 

•/R ;V 
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In (1.11) in Appendix A, it is shown that 

(3.13) H%(x) = c{N,a)JN +a (R\x\)R%- a /\xfi +a , 

where c(N, a ) = ( 2tt)~ n uJN-22 a T(a + 1) = 2°T(a + 1)/ (2ir) N / 2 . We there¬ 
fore conclude from (3.12) and (3.13) that 


(3.14) T%(g,x 0 ) = c(N,a)R N [ g{x + x Q )JN +a (R\x\)/(R\x\)* +a dx. 

Jn N 2 

Next, we set 

G(r) = / \g(x + x 0 )\dx, 

and observe from (3.8) and the hypothesis of the lemma that 
(i) G(r) = o(r N ) as r —> 0, 


(3.15) 


(ii) G(r) is uniformly bounded for 0 < r < oo, 
(in) G(r) is absolutely continuous on 0 < r < oo, 


(iv) dG(r)/dr > 0 a.e. on 0 < r < oo. 

From the definition of G(r) above, we see from (3.14) and (3.15)(iii) and 


(iv) that 

(3.16) \T%(g,x 0 )\<c(N,a)R N 


dG(r) 

dr 


Jn_ + (Rt) /(Rr)2 +a dr. 


Also, we see that the statements in (3.15) together with a > (N — l)/2 
imply that for any 5 > 0, 

poo 

R.n/ 2 ~( a + 2 ) J r~^ +a+ ^dG(r)/dr dr = o(l) as R —> oo. 

Hence, we obtain from (3.12) and (3.16) that 


(3.17) lim sup \T^(g, xq) \ /c(N, a) <R 

R —xx) 


N 


f s dG(r) 

JN+a(Rr) 

Jo dr 

(Rr)~ 2 +a 


dr. 


Next, given e > 0 and using (3.15) (i), we choose 6, with 0 < 5 < 1, so 
that 

|G(r)| < er N for 0 < r < S, 
and observe after an integration by parts that 

pS | 1 | TV 

lim sup R N / 2 ~( a +h) r~^ +a+ ^dG(r)/dr dr <e a 2 2 

Jr - 1 


R—> oo 


a + i-f' 


So using (3.10) and this last computation, we obtain 


lim sup R 

R —>oo 


TV 


f s dG(r) 

J»+a( Rr ) 

Jr- i dr 

(Rr)% + ° 


dr < sKn 

2 a 


“ + 5 + T 


1 _ N 

2 2 
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Also, using (3.9) and (3.15) (iii) and (iv), we see that 

rN r l J f+« (Br) l n Rr d + ° * < +« 

for R sufficiently large. 

Hence, on writing the integral on the right-hand side of the inequality in 

(3.17) in the form = f (j R + f R -i, we see from these last two inequalities 
that 

a + l + K 

limsup \Tft(g,xo)\ /c(N,a) < eKN +a { - \ - |r + 1). 

R—>oc 2 a + 5 - y 

Since e is an arbitrary positive number, we conclude that 

lim \T%(g,x 0 )\ = 0, 

jTL —>oo 

which finishes the proof of the Lemma 3.2 because g(x o) = 0. ■ 

The next lemma that we need for the proof of Theorem 3.1 is the fol¬ 
lowing: 

Lemma 3.3. Let S(x) be the trigonometric polynomial X^|m|<.Ri d w e vm ' x , 
i.e., S(x)=J2 meAN bme zm ' x where b m = 0 for \m\ > R\. For R>0, set 

a a R (S,x) = J2 bme im - x (l - \m\ 2 /R 2 ) a . 

\m\<R 

Then for a > (N — l)/2, 

r Jn, n (R \x — y\) 

(3.18) a%(S,x) = c(N , a)R N l 2 ~ a / S{y)-*± -^- dy 

Jn N |®-2/| T+a 

where c(N,a) is the constant in (3.13). 


Proof of Lemma 3.3. Define <j>[t) = (1 — t 2 ) a , 0 < t < 1, and fit) = 0 
for t > 1. Then since S(x) is a finite linear combination of exponentials, it 
is clear that the lemma will follow if we can show that for fixed x and every 
u e R n , 


(3.19) 


M\u\/R) = r>N/ 2-a 

c(N, a) 


Jn + (R, \x - y\) 
\x-y\% +a 


Set g{u ) = e tw ' x (j)(\u\ /R). Then g(u) is a continuous function which is 
also in L 1 (R JV ). If g(y) is also in L 1 (R N ), it follows from Lemma 3.2 and 
the Lebesgue dominated convergence theorem that 
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For fixed x , (3.9) and (3.10) let 

Jn +a (R I® — y\)/ \ x ~ y\^ + ° £ F 1 (R iV ) with respect to y. 

So (3.19) will be established if we show that 

d(y) = r?W 2-„ - f f+« (fl|x ~ ill> 

c(N,a) | x _ y |f+« 

But from (3.11), we see that g{y ) = H R (x — y); this last fact follows from 
the equality in (3.13). ■ 


Proof of Theorem 3.1. We first observe from (3.9), (3.10), and (3.13) 
that there is a constant K(a, R ) and an r) > 0 such that for fixed R, 

(3.20) <K(a,R)/(l + \x\) N+v for x G R N , 

where K(a. R) is a constant depending on a and R. Consequently, the series 

E H r( x + 2 *m) = H* R a (x) 

mG Ajv 

is absolutely convergent, and furthermore 


(3.21) 


E h r( x + 2?rm ) = h r ( x ) 


\m\<Ri 


uniformly for x in a bounded domain. 

Set S ] {x) = a^(f,x), which is the trigonometric polynomial defined in 
(2.6). Then by (3.20), S\y)H R (x — y) G L 1 (R Ar ) with respect to y, and we 
obtain from Lemma 3.3 and (3.21) that for x in a bounded domain, 


a^(S J ,x) = [ S 3 (y)H%(x-y)dy 

Jn N 

= lim / S\y + 2irm)H R (x — y — 2Tim) dy 

^°°i4iV T - 

= lim [ S J (y)( E h r( x ~ V ~ 2irm))dy 

= [ Si(y)H* R a (x-y)dy. 

Jt n 

By Theorem 2.2, S'- 7 — / in L 1 (Tjv). Also, H € C'(Tjv). So from this 
last computation we can see by passing to the limit as j —> oo, that 

(3.22) a a R {f,x)= j f(y)H*£{x-y)dy. 

Jt n 
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But f(y) is defined in R w by periodicity of period 2n in each variable. 
So we see that 

(3.23) [ \f(y)\dy = 0(Rf _1 ) as Ri -> oo. 

JR(0,Ri+l)\B(0,Ri) 

This fact in conjunction with (3.20), implies that f(y)H^(x — y) G L 1 (R iV ) 
with respect to y. 

Hence, using (3.22), we can reverse the previous calculation and obtain 

(3.24) a %{f,x 0 )= [ f (y)Hft(xo — y)dy = f f (x + x 0 )H%{x)dx. 

Jr n Jr n 

Since the theorem is obviously true if f{x) is a constant function, we can 
prove the theorem, with no loss in generality, if we assume that f(x o) = 0. 
Therefore, from the hypothesis of the theorem, 

[ \f{x + x 0 )\dx = o(r N ) as r —> 0. 

Jb{ 0,r) 

So using (3.15) and comparing (3.24) with (3.14), we see that locally the 
same proof will apply here as it was applied in the proof of Lemma 3.2. 
Consequently, to complete the proof of the theorem, we must to show that 
for fixed 5 > 0, 


(3.25) lim / f(x + xo)H^(x)dx = 0. 

Jr. n \b(o,S) 

Using (3.13) in conjunction with the estimate in (3.12), we see that 


L 


R JV \B(0,5) 


f(x + Xq) 
A(IV, a) 


Hft(x)dx 


< 




f \f(x + x 0 )\ 

L»\B(0,5) \ x \^+m aX 


where X(N,a) = c(N,a)KN_ +a is a constant. Since a > ( N — l)/2, we see 
from (3.23) that the integral on the right-hand side of this last inequality is 
finite. Also we see that (N — l)/2 — a is strictly negative. Consequently, the 
right-hand side of this last inequality is o(l) as R —► oo. 

We conclude that the limit in (3.25) is indeed valid, and we complete 
the proof of Theorem 3.1. ■ 


a = (N— l)/2 is called the critical index for Bochner-Riesz summability. 
What is very interesting about Theorem 3.1 is that it fails at the critical 
index for N > 2, even if / = 0 in a neighborhood of xo- Bochner has shown, 
in particular that with 0 < 6 < 1, 

ro on 3 f G L\T n ),N> 2, with / = 0 in B(0,S) 


such that 
lim sup ^,,0 


(JV—1)/2 
a R 


(/, o) 


= oo. 
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To see this ingenious counter-example, we refer the reader to [Boc, p. 
193] or [Shi, pp. 57-64], 

It is clear from the Riemann-Lebesgue Lemma and the form of the 
Dirichlet kernel given in (2.1) that Bochner’s counter-example itself does 
not hold when N = 1. 

We close this section with the following corollary of Theorem 3.1: 


Corollary 3.4. Suppose f G L 1 (T/v) • Then for a > (N — 1) /2, 
lim af { (x) = f ( x ) for a.e. x G T/v- 

R —xx) 

Proof of Corollary 3.4. Since almost every x G T/v is in the Lebesgue 
set of / (see page 22), Corollary 3.4 follows immediately from Theorem 3.1. 


Exercises. 

1. Show that Bochner’s counter-example does indeed fail in dimension 
N = 1. 

2. Find the third and fourth rows in the determinant corresponding to 
Jn(t, Oi, ..., 0 N - 2 , (f) when N = 5. 

3. By direct calculation, show that the following formula is true when 
3 = 3: 

(smOydd = 

4. Given that G (r) satisfies the conditions in (3.15) and that a > 
(N — 1) /2, 5 > 0 prove that 

/•OO 

rN/ 2-(a+ 5 ) j r -(- 2 - +Q: + 2 ) dG(r)/dr dr = o(l) as R —> oo. 



4. Abel Summability of Fourier Series 

The Abel summability of Fourier series was defined in (1.3) of this chap¬ 
ter, and in this section, we shall prove three theorems regarding this method 
of summation. The first theorem we establish is an A-dimensional version 
of a well-known theorem in one dimension originally due to Fatou [Zyl, p. 
100 ], 


Theorem 4.1. Let /eT 1 (T/v), and for t > 0, set 

A t (f,x)= ]T f(m)e imx ~ H*. 

me Ajv 
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Also, set 

rw = limsup Wto* Ml) = lim ^ 


m \B(x,r)\ 


0 |L>(,T,r)| 


Then 


(3_(x) < liminf A t (f, x) < limsupA t (/, x) < /3 ( x ). 

t^o 


Of course, this theorem implies that in case /3 (x) = f3_(x ), then the 
Fourier series of / is Abel summable at x to this common value. 


Proof of Theorem 4.1. To prove Theorem 4.1, we proceed in a manner 
similar to the proof given in Theorem 3.1. First, let geL 1 ( R w ), and set 

(4.1) A t (g,x) = ( g(y)e iy ' x ~ Mt dy for t > 0, 

Jr n 

where g(y) is the Fourier transform of g and is defined above Lemma 3.2. 
Then, for t > 0, by Fubini’s theorem, 


ra 


(4.2) A t (g,x ) = (2tt)~ n / g(u)[ 

But, for N > 2, 

f e iy ^ x - u) -\y\t dy = |S' 7V _ 2 | 

Jr n Jo 

Consequently, 

(4.3) [ v\t dy = wjv _ 2 f 

Jr n Jo 


0 iy-(x-u)- 


i ra 


^dy]d 


u. 


e~ rt r N - 1 


e i\x-u\ r cos e^ in0 ) N -2 dQ 


' rt N ^ J(N-2)/2(r\x-u\) 

(r |x — ■u|)( Ar_2 )/ 2 ’ 


where we have made use of the integral identity in (1.5) in Appendix A and 
ixn -2 = (2n) N A is the constant defined below (1.11) in Appendix A. 

For N = 1, the equality in (4.3) continues to hold with w_i = (27r) 1 / 2 . 
This follows from a direct calculation that uses the well-known fact that 


cos t = (7r/2) 1/2 t 1/2 J„ 1 / 2 (t) for t > 0. 

Next, we use the integral identity (1.7) in Appendix A and conclude 
from the equality in (4.3) that 



e iy(x-u)-\y\i dy = bNt ^.2 + | x _ u |2j-(7V+l)/2 


where bjy = (2) 7V//2 r(^±i)u;Ar_2(7r) _ 2 . 

This last equality, in conjunction with (4.2), establishes the useful fact 
that for t > 0, 


(4.4) A t (g,x) = (2tt) N b N [ g(y)t[t 2 + \x - y\ 2 } [N+l)/2 dy . 

Jn N 

Next, we observe that the analog of Lemma 3.2 holds for At(g,x). 
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Also, we see that the analog of Lemma 3.3 holds, namely, if S (x) is a 
trigonometric polynomial, then 

(4.4') A t (S,x) = (2ir)~ N b N [ S(y)t[t 2 + \x - y\ 2 ]- {N+1)/2 dy. 

■ln N 

To show that this is indeed the case, we need to only establish, as in the 
proof of Lemma 3.3, that 

e iux e -\u\tj bN = ( 2 rf-N f e iu ' y t[t 2 + \x - y\ 2 ]-^ N+1 ^ 2 dy 

Jr, n 

for u £ R jV and t > 0. This equality will follow from the fact that the Fourier 
transform of e iu ' x fb^ is 

(2tt )~ N t[t 2 + \x - y\ 2 }~ {N+1)/2 , 

which is the statement three lines above (4.4) when u and y are interchanged. 

Using the same technique that we used in the proof of Theorem 3.1 (i.e., 
see (3.25) through (3.27) in §3), to pass from Fourier integrals to Fourier 
series, we obtain from (4.4 ) that for / e L 1 (Tjy ), 

(4.5) A t (f, x ) = (2tt )~ N b N [ f(x + y)t[t 2 + \y\ 2 }~ (N+1)/2 dy. 

Jr n 

To prove Theorem 4.1, it is sufficient to just establish the last inequality 
stated in the conclusion, namely, 

(4.6) limsup At(f,x) < /3~(x). 

t-> o 

For then the first inequality follows from a consideration of —/. 

If /3~(x) = oo, (4.6) is established. So we need only consider the two 
cases: (i) (d~{x ) is finite, or (ii) /3~(x) = —oo in establishing (4.6). It is clear 
that the inequality in (4.6) will follow in both these cases if we show that 
the following holds for yeR : 


(4.7) (3 (x) < 7 =^> limsup A t (f, x) < 7 . 

t-> 0 

We now establish (4.7). To do this, first of all, we observe from (4.5) 
that f(y) identically one implies that 

(4.8) (2tt )~ N b N t [ [t 2 + \y\ 2 }~ (N+l)/2 dy = 1 for t > 0. 

Jr, n 

Next, we set 


(4.9) 


f[r](x) = 


f B ( 0 ,r) f( x + y^y 


|R(0,r)| 1 

and use the hypothesis in (4.7) choose 6 > 0 so that 
(4.10) /[ r ](x )<7 for 0 < r < 5. 
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Observing that f(x + y) |y|~^ 7V+1 ^ eL 1 (R Ar \i?(0, 5)) with respect to y 
(because for fixed x, f(x + y)eL 1 (T ^) and is periodic of period 2ir in each 
variable), we see that 

lim t [ f (x + y)[t 2 + \y\ 2 Y (N+l),2 dy = 0 . 

t ^° Jn N \B(p,8) 

Consequently, we obtain from (4.5) that 

(4.11) 

lim sup A t (f, x) < {2n)~ N b]s[ lim sup [ tf(x + y)[t 2 + \y\ 2 ]~^ N+V)/2 dy. 
t-» o t-s-0 J b(o,S) 

From (4.9), we next observe that the integral on the right-hand side of 
this last inequality can be written as 

t f S [t 2 I r ^-(N+i)/2 d[\ B ( 0 ^ r )\ f[r]( x )] dr 

Jo dr 

So we conclude from (4.9) and (4.10), after performing an integration by 
parts on this last integral, that 

(4.12) 

1*5 jy. 

limsup^4t(/, x) < 7(27r) _JV 6ivlimsup(A?'-|- \)t / r[t 2 + r 2 } \B(0,r)\dr. 

t— >0 t— >0 Jo 

Likewise, after integrating by parts, we see from the identity in (4.8) 
that 

PS N 

(2ir)~ N b]y lim(IV + l)t / r[t 2 + r 2 ] \B(0,r)\dr = 1. 

Jo 

This last equality together with the inequality in (4.12) establishes the 
implication in (4.7) and concludes the proof to Theorem 4.1. ■ 


The next theorem that we establish involves the concept of nontangential 
Abel summability. With xoe and 7 > 0, let C 7 (x 0 ) stand for the cone in 
R + +1 with vertex (®o,0) given as follows: 

(4.13) C 7 (x 0 ) = i(x,t) :t> 0 and -j-- > 7 } . 

| a: — rco | 

We say that the Fourier series of /, namely S[f], is nontangentially Abel 
summable at xq to the limit l if for every 7 > 0 , 


lim A t ( f , x) 

(x,t)-*((x Q, 0 ) 


l 


where (x,t) tends to (xo, 0 ) within the cone C 7 (xo). 

The nontangential Abel summability theorem that we shall present here 
is an improvement (for N > 2) over the usual one presented in books related 
to this subject (e.g., see [SW, p. 62]). In order to do this, we introduce the 
cr-set of / where / £ L 1 (T/v). We say xq is in the a-set of / provided the 
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following holds: Ve > 0, > 0 such that \x — xq\ <5 and r < 5 implies 

that 

(4.14) [ [f(y ) - f(x 0 )]dy < e(\x - x Q \ + r) N . 

J B(x,r) 

We prove the following theorem (see [Sh4]): 

Theorem 4.2. Let /eL 1 (Tjv), and suppose that xo G cr-set of f. Then 
£[/] is nontangentially Abel summable at xq to f(x o). 

For N = 1, this result is the same as the result given in [Zyl, p. 61] 
which is evidently due to Fatou and states that if F=f f and F has a finite 
derivative equal to f{x o) (henceforth referred to as the Fatou condition at 
xq), then nontangential Abel summability occurs at xq. It is not difficult to 
show that for N = 1, xq G cr-set of / if and only if the Fatou condition holds 
for / at xq. 

For N > 2, this result about xo G cr-set of / has not appeared previously 
in any book and is due to the author (see [Sh 4]). The usual theorem proved 
is that if xo GLebesgue set of /, nontangential Abel summability occurs 
at xq, [SW, p. 62]. After we prove the above theorem, we shall show xo G 
Lebesgue set of / implies that xo G cr-set of /. Also, we shall give an example 
of an / G L°°(r 2 ) such that xq is not in the Lebesgue set of /, but xq is in 
the cr-set of / . 

Proof of Theorem 4.2. To prove the theorem, it is easy to see from the 
start that we can assume that xo = 0. Therefore, to prove the theorem, we 
assume that 7 > 0 and that {(x n , t n )}, c ]]L 1 C C 7 (0) with x n —> 0 and t n —> 0. 
The proof will be complete when we show that 

(4.15) lim A tn (f,x n ) = /(0). 

n—xx) 

Given e > 0, it is clear that the limit in (4.15) will follow if we show that 

(4.16) lim sup Atn [{ ,X i n) ~ /(0) < 2 (N + l)g(- + 1)”. 

n—>oo (2vr) N bx 7 

It follows from (4.5) and (4.8) in the proof of Theorem 4.1 that 

7 /(0> = / [/(*» + V) - /(0)]t„K + \yf]-< K +Wdy 

(2tt) bN Jrn 

where bjy = and ojn- 2 = {2-k) N ^ 2 . Hence, the 

inequality in (4.16) will follow if we show that 

(4.17) 

lim sup f lf(x n + y) - f(0)}tn[t 2 n + \y\ 2 }- {N+1)/2 dy < 2(N+ l)s(- + l) N . 

n —>00 JR N 7 
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Next, we set 
(4-18) 

F n{r)=[ if(x n +y) - f(0)\dy = [ dp f [f(x n + y)-f(0)]dS(y), 
JB( 0 ,r) JO Js(0,p) 

where S(0, p) = <95(0, r). Using the fact that 0 £ cr-set of /, we invoke (4.14) 
and choose a 5 > 0, so that 

(4.19) |F n (?’)| < e[\x n \ + r) N for \x n \ < 5 and r < 5. 


Also, we observe that 


| f(x n + y) — /(0)I / \y\ N+1 dy is uniformly bounded in n. 


Ir. n \b(o,5) 


Furthermore, for |y| > 5, [ t 2 + \y\ 2 ] ( N + 1 )/ 2 < |y| l iV + 1 )_ Hence, it follows 

that the inequality in (4.17) will be established if we show that 

(4.20) 


lim sup 

n—xx) 



X n +y)~ f(0)]t n [tl + \y\ 


N +1 

2 dy 


< 2(1V + l)e(— + 1) 
7 


N 


From (4.18), we see that F n {r ) is absolutely continuous on the interval 
(0,(5) with dF j^ existing almost everywhere in (0,5) and also in L 1 (0, 5). 
Therefore, the integral in (4.20) is equal to 


tn [‘ ^p-(t 2 n + r 2 )- (N+1)/2 dr. 

Jo dr 

We conclude after integrating by parts, that the inequality in (4.20) will be 
established if we show 


(4.21) 


lim sup 

n—xx 


tn [ S rF n (r)(tl + r 2 )~^ N+3 ^ 2 dr 

Jo 


< 2 ( 7“ 1 + 1 )^ 6 . 


Next, we observe that f () = f () n + J f . We shall deal with each of these 
cases separately and show 

rtn 


(4.22) lim sup 

n—xx 

and 

(4.23) lim sup 


[‘ tn 

t n rF n {r){tl + r 2 )-^ N+3F2 dr 

Jo 


t n rF n (r)(tl + r 2 ) (W+3)/2 dr 


< (7" 1 + l) N e 

< (7” 1 + 1)^- 


Once the inequalities in (4.22) and (4.23) are established, then the inequality 
in (4.21) follows. So, to complete the proof of the theorem, it remains to show 
that the inequalities in (4.22) and (4.23) are valid. 

We proceed with the situation in (4.22). For this case, t n < 5 , and 
0 < r < t n . Also, from (4.13) with xq = 0, \x n \ < 7 ~ 1 t n . For this case 
Consequently, we see from (4.19), that 

\F n (r)\ < e(|(x n | +r) N < e{^~ l t n + t n ) N . 
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Therefore, 

r tn 

/ rF n {r){t 2 n + r 2 )-( N+3 ^ 2 dr 

Jo 


< 

< 

< 


e(7 _1 + l ) N tZ I'" r{tl+r 2 )~^dr 

Jo 

e( 7 - 1 + 1 ) N t% [ " rt-^+Vdr 
Jo 

e(7 _1 + 1 ) N t~ 1 /2, 


and we conclude that the inequality in (4.22) does indeed hold. 

So to complete the proof of the theorem, it remains to show that the 
inequality in (4.23) is valid. For this case, t n < r < 5, and from (4.13) with 
xo = 0, we also see that \x n \ < 7 _ 1 t n < 7 _ 1 r. Consequently, we infer from 
(4.19) that 

\F n (r)\ < e(|(x n | + r) N < e(q _1 r + r) N . 

Therefore, 


[ rF n (r){t 2 n + r 2 )“ (7V+3)/2 dr 

J t n 


< e( 7 _1 + l ) N j r N+1 (tl + r 2 )~^dr 

J t n 

< e( 7 _1 + 1 )^ f r N+i r -(N+3) dr 

J t n 

< e(7 _1 + l ) N tn\ 


and, we conclude that the inequality in (4.23) is indeed valid. The proof of 
the theorem is therefore complete. ■ 


Next we show that xo G Lebesgue set of / implies that xo G cr-set of /. 
We recall that xq is in the Lebesgue set of / means that 


lim p 

P ^o r 


-N 


/ I f{y) - f(x 0 )| dy = 0. 

' B(xo,p) 

Hence, given e > 0, there exists 5 > 0 such that p < 5 implies that 

/ 1 /( 2 /) - f( x o)\ dy < ep N . 

J B(x 0 ,p) 

Since B(x,r ) C H(xo, |x — xo| + r), we see from this last observation 
that given e>0, |x — xq| <5/2 and r < 5/2 implies that 


' B(x,r) 


[. f{v ) - f(x 0 )]dy 


< 


' B(xo 1 \x-xo\-\-r) 


\f(y ) - /(®o)| dy 


< e(|x — xo| + r) N . 

Hence, from (4.14), we infer that xq is indeed in the cr-set of /. 


Next, we give an example of an / G L°°(T 2 ) such that 0 is not in the 
Lebesgue set of /, but 0 is in the cr-set of / . 
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To exhibit our example, we first consider the function h n (s) defined on 
the interval (n + 1 ) _1 < s < n _1 Vn > 1. In order to this, we first introduce 
the five points {£”}j =0 that subdivide the interval [(n + l) _ 1 ,n _1 ] into four 
equal intervals, namely, 

e? = —*-r+ , ( 3 , u j = 0,1, 2,3,4. 

J n + 1 4n(n + 1) 

For example, when n = 1, we have the following subdivision where the 
first dot after \ is |, the next |, and the next | : 


S° Co ~ b — |) £2 — | > £3 — I > £4 — 1 - 

For the general situation, we have 


n + 1 n 

where the first dot after j s £” = _i_ _|_ -j—L—^ the next dot £2 = 

HTT + iIRT)- and the next £3 = FTT + MF+T)- 

We then define h n (s ) to be linear in each of the intervals [ £q , £”], [£”, £ 3 ] , 
and [ ££,£ 4 ] with M£o) = h n ( £ 2 ) = MC2) = 0 and M£") = 1 and 
h n (£ 3 ) = —1. In other words, 


M«) = 477,(77, + l)(s — Co) 

= 4n(ra + 1)(^2 - s) 
= 4n(n + l)(s — £ 4 ) 


for Co < « < £? 
for Ci < « < £3 
for C3 < « < £4 • 


In particular, with \ = .5, | = .625, | = .75 , and | = .875, we get the 
following picture for h\(s): 
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Next, we define g(s) on the half-open interval (0,1] as follows: 

(4.24) g(s) = h n (s) for se[(n + l) -1 , n' 1 ] n = l,2,..., 
and then on R in the following manner: 

g(s) = 0 for s = 0 and s > 1, 

= —g(—s) for s < 0. 

It is clear that g(s) is uniformly bounded in R and continuous every¬ 
where except s = 0. However, if we define G(s)=fy g(t)dt for s £ R, we see 
that G(0) = 0, that G(s) is an even function, and that 

(4.25) |G(s)| < [4n(n + l)]^ 1 for se[(n + 1) _1 , nT 1 ] n = l,2,.... 
Therefore, 

< A < « for se[(n + l) _1 ,ra _1 ] n = l,2,..., 

s 4 n[n + 1) 

and consequently, this last inequality plus the fact that G is an even function 
implies that 

(A o a\ l^( S )l ^ |„i __I „l i 


(4.26) 


< Isl for 0 < |s| < 1. 


Since G(0) = 0, we obtain from (4.26) that the derivative of G exists 
at 0 with (jf (0) = 0. But then from the definition of G and the fact that 
g(0) = 0, we have that 


(4.27) 


s ) = g( s ) VseR. 


Also, we see that 

rs oo -| 

1 m]dt > s 2UF 

k=n+1 v 


for se[(n + 1) 1 ,n *] n = l,2,..., 


LXJ ^ LaJ ^ ^ 

771-r> ^ To > - > - for seUn + 1) _1 , nT 1 ] 

^ k(k + l) ~ ^ k 2 ~ n+ 2 ~ 3 LV ' ’ J 

k=n-\-1 k=n-\- 2 

and n = 1,2,.... 

From these last two sets of inequalities, it follows that 


(4.28) 


f \g(t)\dt>6 1 for 0 < s < 1. 

Jo 


We now define the function for our example, namely, f(x\,x 2) eL 00 ^) 
as follows: for x G T2, 


(4.29) 


f(xi,x 2) = g(x 1) for (x\ + X 2) 2 < 2 

= 0 for xeT- 2 \B( 0 , 2 ). 
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We define f(x\, x 2 ) in the rest of R 2 by the periodicity of period 27r in each 
variable. 

Next, we let Sq(0, r) be the square of side 2r centered at 0, and observe 
that Sq( 0, r) C B( 0, 2r). Therefore, from (4.29), we have that for 0 < r < 1, 


I B(0,2r) 


\f(x)\dx > 


' Sq(0,r) 


\f(x)\dx 


> 


/ r rr 

[ \f(xi,x 2 )\dxi]x 2 

-r J —r 


>4 r \g(s)\ds. 

Jo 

Also, recalling that g(0) = 0, we have that /(0) = 0. Hence, we infer from 
this last set of inequalities and the inequality in (4.28) that 


„-2 


I B(0,2r) 


| f(x) — /( 0 )| dx > - for 0 < r < 1 . 


Consequently, 


lim inf r 2 

r—>0 


B(0,2r) 


I f(x) ~ f (0)| dx > -, 


and we conclude that 0 is not in the Lebesgue set of /. 

To complete our example, it remains to show that 0 is in the cr-set of /. 
To accomplish this, we set 


(4.30) 


F{xi,x 2 ) = G(xi) for (xi,x 2 )eR 2 , 


and infer from (4.27) and (4.29) that F has a total derivative at each point 
of B( 0, 2), and furthermore, if (x 2 + x 2 ) 5 < 2, then 

dF 8F 

(4.31) -— (xi,x 2 ) = f(xi,x 2 ) and -— (xi,x 2 ) = 0. 

OXi OX 2 

We next invoke the version of Green’s theorem given in [Sh 8 , p. 262] and 
obtain that for (xf + x|) 2 < 1 and r < 1 , 


(4.32) 


I dB(x,r) 


F{yi,y 2 )dy 2 = 


' B(x,r) 


[. fid ) - f(0)}dy, 


where we also have made use of the fact that /( 0 ) = 0 . 

Now, 

/ F(yi,y 2 )dy 2 = r F(x\ + r cos 9, x 2 + r sin$) cos Odd 
JdB(x,r) Jo 




= r 


G(x 1 + r cos 6) cos 6d6. 



26 


1. SUMMABILITY OF MULTIPLE FOURIER SERIES 


So, from (4.32) and this last computation, we have that 

r 2 n 

<r \G{x\ + r cos 0)| dO. 

Jo 

Next, from the inequality in (4.26), we see that 

(4.34) \G(x\ + rcos0)| < \x\ + ?’cos #| 2 for \x\ + j’cos#! < 1 . 

Consequently, given e > 0 with e < 1, we choose 8 = j-. Then, from 
(4.33) and (4.34), we obtain that 


(4.33) 


' B(x,r) 


lf{y) ~ f(0)\dy 


for |x| < 8 and r < 8, 


’ B(x,r) 


[f(y ) - f(0)]dy 


< e(|a;| + r) 2 , 


and we conclude from (4.14) that 0 is indeed in the cr-set of /. Therefore, 0 
is not in the Lebesgue set of /, but it is in the cr-set of /, and our example 
is complete. 


Next, with 

(4.35) A t (f,x) = /(m)e im '* _|m|t where t > 0 , 

m£ Ajv 

we shall prove the following theorem that we shall need in Chapter 2. 

Theorem 4.3. Let f £ L 1 (T/v) and suppose A t (f,x ) is defined as in 
(4-35). Then 

(4.36) lim [ \A t (f,x) - f(x)\dx = 0 . 

Jt n 

To prove the theorem, we will first need the following lemma, which is 
sometimes known as the Poisson summation formula. 


Lemma 4.4. Set 


(4.37) 


Then 

(4.38) 


P(x,t)= J2 e im ' x ~\ m \ t for t > 0. 

m£ A^V 


P(x,t) = bNt ^ [t 2 + \x + 2'Km\ 2 ] l Ar+1 )/ 2 ) 
mG Ajv 


for t > 0 where bjsr = 2 n T(JJAlL)tt { ' N l ^ 2 . 
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Proof of Lemma 4.4. We shall call P(x, t), which is dehned in (4.37), the 
Poisson kernel and shall set 

(4.39) P*(x,t) = b N t J2 + \x + 2irm\ 2 ]- iN+1)/2 . 

mG Ajv 

The proof of the lemma will be complete when we succeed in showing that 

(4.40) P(x,t) = P*(x,t). 


In order to show that the equality in (4.40) is true, we observe from (4.37) 
and (4.39), for t > 0, that both functions are continuous and also periodic of 
period 27r in each variable. So from Corollary 2.3 (i.e., the completeness of 
the trigonometric system), to establish the equality in (4.40), it is sufficient 
to show 

(4.41) (2 ir)~ N [ P*(y,t)e- im *- y dy = e- lm * lt for t > 0 and m* G A N . 

Jt n 

From (4.39), we see that 

(4.42) [ P*(y,t)e~ im *' y dy = b N t f [t 2 + \ y \ 2 }- {N+l ^ 2 e~ im *- y dy. 

Jt n J r n 

On the other hand, from the formula four lines above (4.4), we see that the 
Fourier transform of e~ is 

(2ir)- N b N t[t 2 + \y\ 2 ]~ {N+1)/2 . 

Therefore, from Lemma 3.2 coupled with the Lebesgue dominated conver¬ 
gence theorem, we see that 

{2ir)~ N b N t [ [t 2 + \y\ 2 ]~( N+1 ^ 2 e~ im *' y dy = 

J R N 

So (4.42) joined with this last equality shows that the equality in (4.41) is 
indeed true and completes the proof of the lemma. ■ 


Proof of Theorem 4.3. We first observe from (4.37) and (4.38) that the 
Poisson kernel, P(x,t), has the following properties: 

(i) P(x, t) > 0 for x e Tn and t > 0; 

(4.43) 

(■ U)(2tt)~ n J Tn P(x,t)dx = 1 for t > 0. 

Also, we see that 

\x + 2Txm\ > |27rm| — \x\ for x G T/v and \m\ > 1. 
Consequently, it follows from the equality in (4.38) that for 0 < 5 < 1, 


(4.44) 


sup \P(x,t)\ —>0 as t —> 0. 

x ETn— B(0,5) 
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Continuing with the proof of the theorem, we observe from (4.35) and 
(4.37) that 

A t (f, x) = (2n)~ N [ f(x - y)P(y, t)dy for t > 0 . 

Jt n 

Hence, it follows from (4.43) (i) and(ii) that 
( 27T ) N It n I Mf,x) - f(x)\dx 


< I Tn p (y^) d y It n I f( x ~y)~ /0)| dx. 

Let e > 0 be given. To complete the proof of the theorem, we conclude 
from this last inequality that it is sufficient to show that 


(4.45) 


lim sup 

t-> o . 


P(y,t)dy I \f(x - y) - f(x) \ dx < (2ir) N s. 


t n 


>t n 


Since / £ L 1 (T/v) and we have a periodic of period 2 n in each variable, 
it follows that there is a 5 with 0 < 6 < 1 such that 


(4.46) / \f(x 

Jt n 


Also, we see that 


y ) — f(x)\ dx < e for \y\ < 5. 



y) - f{x)\dx <2\\f\\ Ll(TN) for ye H N . 


So it follows from (4.46) and this last inequality that the iterated integrals 
on the left-hand side of the inequality in (4.45) are majorized by 


2 II/IIli(Tjv) It n \b(o,s) p (y,t)dy 


+ £ /b(o,s) p (y^) d y- 

We conclude from (4.43) (i) and (ii) and from (4.44) that the lim sup of 
this last sum as t —> 0 is less than or equal to ( 2n) N £. Hence, the inequality 
in (4.45) is indeed true, and the proof of the theorem is complete. ■ 


Exercises. 

1. Prove that if g e L 1 (R/ v ) and if g is continuous at xo, then 

lim A t (g,x 0 ) = g(x 0 ) 

where At(g,x o) is defined in (4.1). 

2. Using the result established in Exercise 1 and the identity three lines 
above (4.4), prove that 

e-H l /b N = (2 tt)~ n [ e iuy t[t 2 + \y\ 2 ]~ {N+1)/2 dy 

Jr n 

for u e R a and t. > 0 where bjy is defined three lines above (4.4). 
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3. Using the identity in (4.8), prove that 

pS 

(27 t) _jv 67v lim(iV + l)f / r[t 2 + r 2 ] \B(0,r)\dr = 1. 

Jo 

4. Given / £ L 1 (7\). Prove that / satisfies the Fatou condition at 0 if 
and only 0 £ cr-set of /. 

5. Given / £ C (T)v). Using the properties of the Poisson kernel enu¬ 
merated in (4.43) and (4.44), prove that 

limAt(f,x) = f (x) uniformly for x £ Tat. 

6 . Using the mean-value theorem for harmonic functions (see Appendix 
C), prove the maximum principle for harmonic functions, i.e., if U C R w is 
an open connected set with xo £ v (x'o) = M , and v ( x ) < M Vx £ 0, 
then 

v (x) harmonic in Q v (x) = M Vx £ fh 

7. Solve the following boundary-value problem: Given / £ C (T/v) with 
J Tn fdx = 0, prove there exists a unique v (x, f) where x £ and t > 0 
such that 

( i) v (x,f) is harmonic in R(^ +1 , 

(ii) for t. > 0, v (x, t ) is periodic of period 27 t 

in the x^-variable for j = 1_, N. 

{in) lim^oo v (x, t) = 0 uniformly for x £ Tat, 

(iv) lirn^o v (x, t) = f (x) uniformly for x £ T/y. 


5. Gauss-Weierstrass Summability of Fourier Series 

Because of its importance in dealing with problems involving solutions 
to the heat equation, in this section, we present the Gauss-Weierstrass (G-W 
for short) method of summability. Given feL l {Tp]), for t. > 0, we set 

W t (f,x)= J2 
me An 

and say S[f] is G-W sumnrable at xo to /(xo) if 

lim W t (f,xo) = f{x 0 ). 

We shall be primarily interested in nontangential G-W summability. In 
particular, we say S[f] is nontangentially G-W summable at xo to /(xo) if 
for every 7 > 0 , 

(5.1) lim W t (f,x) = /(x 0 ) 

(x,t)^(a;o,0) 

where (x,t) tends to (xo,0) within the cone C 7 (xo). (The cone C 7 (xo) is 
defined in (4.13) above.) 
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We shall prove the following theorem regarding nontangential G-W 
summability of S[f] and the a-set of f. (The a-set of f is defined in (4.14) 
above.) 

Theorem 5.1. Let /eL 1 (T/v), N > 1, and suppose that xq £ a-set of f. 
Then 5[/] is nontangentially G-W summable at xq to f(x o). 


Proof of Theorem 5.1. To prove the theorem, we first observe from 
(3.6) above that for t > 0, 


(5.2) 


f e W-(x-u)-\y\ 2 t^y _ /2 e -\x-u\ 2 /At' 

JR N t 

e ! At dy = 1 for t > 0 . 


Also, we observe from (3.7) that 

(5.3) (Ant)- N/2 f '"' 2 

Jr n 

Next, let geL 1 (R N ), and set 


(5.4) -W t (g, x )= [ g(y)e iy ' x H t dy for t > 0, 

./r v 

where fj{y) is the Fourier transform of g and is previously defined above in 
Lemma 3.2. Then, for t > 0, by Fubini’s theorem, 


W t {g,x) = (27t) n [ g(u)[ [ e iy '^ x |j/l t dy\du. 

Jr n Jr n 

Consequently, we see from (5.2) that 

(5.5) W t (g, x ) = (4vr t)- N / 2 [ g{y)e-\ x - y \ 2 / At dy. 

JR N 

Using the same technique to pass from Fourier integrals to Fourier series 
that we used in the proof of Theorem 4.1 (i.e., see (4.4') and (4.5) in §4), 
we see from (5.5) that for / satisfying the conditions in the hypothesis of 
the theorem, 


(5.6) W t {f,x) = (Ant) N/2 [ f(x + y)e |y|2/4< dy. 

Jr n 

To prove the theorem, we proceed in a manner similar to that used to 
previously prove Theorem 4.2. It is easy to see from the start that we can 
assume that xq = 0. Therefore, to prove the theorem, we assume that 7 > 0 
and that {(x n , C C 7 (0) with x n —> 0 and t n —* 0. The proof will be 

complete when we show that 


(5-7) lim W tn (f,x n ) = f(0). 

n—xx) 

Given e > 0, it is clear that the limit in (5.7) will follow if we show that 


(5.8) 


lim sup 

n—xx 


WtM,x n )-f( 0 ) 


(47t) N / 2 


1 


< 2 s (—b 1) r/ N , 
7 
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where q N = J 0 °° r N+1 e r2 / 4 dr. 

It follows from (5.3) and (5.6) that 

= t Z N/2 j R Jf(xn + y) - 

Hence, the inequality in (5.8) will follow if we show that 
(5.9) limsup t~ N/2 [ [f(x n + y) - f{0)]e~ M2/4tn dy < 2~ 1 e(- + l) N r] N . 

n— >oo J RJV 7 

Next, we set 
(5- 10 ) 

F n(f) = [ [f(x n + y) - f(0)]dy = f dp f [ f{x n + y)~ f(0)\dS(y ), 
JB( 0 ,r) Jo Js( 0 ,p) 

where 5(0, p) = <95(0, r). Using the fact that 0 € cr-set of /, we invoke (4.14) 
and choose a 5 > 0 , so that 

(5.11) \F n (r)\ < e{\x n \ + r) N for \x n \ < S and r < 6. 

Also, we observe that 

t~ N/2 f | f(x n + y)~ /(0)| e~^ 2/stn dy 

Jn N \B{o.s) 

is uniformly bounded in n. Hence, since t n —> 0 as n —> oo, 

limsup t ~ N/2 [ [f(x n + y)~ f{0)}e~ M2/4tri dy = 0 , 

n—>oo JR N \B(0.S) 

and we conclude that the inequality in (5.9) will follow if we show that 

(5.12) 

limsup t~ N/2 [ [f(x n + y)~ f {t))]e~^ 214tn dy < 2 _ 1 e(- + 1 )^^. 
n^oo J B(0.S) 7 

From (5.10), we see that F n {r ) is absolutely continuous on the interval 
(0,d) with dF 2} r ^ £ L 1 (0,<5). Consequently, we see that the expression inside 
the absolute value sign on the left-hand side of the inequality in (5.12) is 
equal to 

t - N /2 [ S dFjj)_ e -rV4t ndr 
Jo dr 

We integrate by parts and see that the inequality in (5.12) will be es¬ 
tablished if we show that 

(5.13) limsup t^ N d 2 f F n (r)—e~ r2 ^ 4tn dr < e(— + 1) JV rj N . 

n—too J o tn 7 

Next, we observe that = f* n + J f S . We shall deal with each of these 
cases separately and show 

P tn fp ~ 

(5.14) limsup t n ~ N ^ 2 / F n (r) — e~ r / 4tn dr < 0 

n—>oo Jo t n 
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and 

(5.15) 


lim sup 


t n ~ N/2 / F n (r)f e- r2 ^dr 

J tn Tl 


< e (—I - 1) N Vn- 
7 


Once the inequalities in (5.14) and (5.15) are established, then the in¬ 
equality in (5.13) follows. So to complete the proof of the theorem, it remains 
to show that the inequalities in (5.14) and (5.15) are valid. 

We proceed with the situation in (5.14). For this case, t n < 5 , and 
0 < r < t n . Also, (. x n ,t n ) G Cy( 0). Therefore, from (4.13), \x n \ < 7 - 1 f n 
where t n —> 0. Hence, we infer from (5.11), for this case, 

I F n (r)\ < s(\(x n \ +r) N < e(q L t n + t n ) N . 


Therefore, 


t n ~ N/2 / F„(r)f e~ r2 / 4tn dr 

.1 n tn. 


< e(7 _1 + l ) N t n N / 2 

< + l) N t%H n 2- 1 . 


—dr 


0 tn 


It is clear from this last inequality that the inequality in (5.14) is indeed 
true. 

So to complete the proof of the theorem, it remains to show that the 
inequality in (5.15) is valid. For this case, t n < r < 5, and from (4.13), we 
also see that \x n \ < 7 - 1 t n < 7 _ 1 r. Hence, we infer from (5.11) that 

\F n (r)\ < £(\{x n \ + r) N < e( 7 _1 r + r) N , 


and obtain from the definition of rj N below (5.8) that 


t n ~ N/2 f F n (r)^e- r2 ^dr 
J tn 


C g (7 1 + 1 ) N [ 5 r N +i e ~ r2 /4tn dr 

~ t n t n m J tn r 

/»oo 

< e ( 7 - 1 + l) iV L r N+1 e~ r2/4 dr 

■) tn 

< e(7 _1 + 1) N Vn- 


So the inequality in (5.15) is indeed valid, and the proof of the theorem is 
complete. ■ 


In the sequel, we shall also need the following theorem regarding the 
G-W summability of the Fourier series of Borel measures on T/y. 


Theorem 5.2. Let /q and ji 2 be nonnegative finite Borel measures on Tn, 
N > 1, and set fi = /x 1 — fi 2 ■ Also, define 

fi(m) = ( 2 v t)~ n [ e~ im - x dfi(x). 

Jt n 
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Suppose Hk[B( 0, ro)] = 0 for k = 1, 2 and 0 < ro < 1. Then if 0 < r\ < ro, 
lim ^ p(m)e im ' x ~^ * = 0 uniformly for x G 5(0, ri). 

me Ajv 

Define ,S[d/j] = YlmeA N M(ra)e* m ' x . Then the theorem says that if the 
total variation of p in 5(0, ro) is zero and if 0 < ri < ro, the series <S[d/r] 
is uniformly G-W summable to zero in 5(0, ri). 


Proof of Theorem 5.2. For t > 0, set 

(5.16) W t (dp,x) = J2 l*(™)e"' lHm|2 ‘, 

meAjy 

and extend each p k by periodicity of period 27 t in each variable to all of 
R jV , i.e., for E C Tjy, p k (E + 2-irm) = p k (E) Vm G A^r and for k = 1,2. 
Then with p = p 3 — p 2 , use the same technique that we used to obtain the 
formula for Wt(f,x ) in (5.6); we can show that 

W t (dp,x) = (4tt t)~ N / 2 [ e -|*- 2 /l 2 / 4t dp(y) 

J r n 

= (4irt)~ N ^ 2 f e ~\ x ~v\ / At dp(y). 

Jr n \B(0,to ) 

For x G 5(0, ri) and \y\ > r o, it follows that |x| < ri |y|/ro- Set 5 = 
(1 — t^) 2 . Then 6 > 0, and we see from the above that 

(5.17) \W t (dp,x)\ < (A7rt)- N / 2 [ e~ s \ y \ 2/At dp 3 (y), 

JR N \B(0,ro) 

for x G 5(0,ri), where p 3 = Pi + P‘i- 
It is clear that 

lim( 47 rf )- JV / 2 [ e~ s ^ 2 / 4t dp 3 (y) = 0. 

J B(0,2)\B(0,ro) 

So we see from (5.17) that to establish the theorem, it is sufficient to show 

(5.18) limsupf -Ar,/2 f ! 4t dp 3 (y) <0. 

t-> o Jr n \b(o,2) 

Since the number of integral lattice points in the annulus, 

{y :R< \y\ <5+1} is 0(5^), 
we infer that there is a positive constant c such that 

f dp 3 (y) < cR 1 ^- 1 for R > 1. 

J B(0,R+1)\B{0,R) 
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Consequently, 

r. OO 

t~ N/2 / e- s M 2 / 4t dii 3 (y) < ct-mX'e-mVUjN-i 

Jr n \B{ 0,2) j—2 

oo -2 

< cJ2e~ Sljl2/4t (-) N/2 - 

3 =2 

Since e^ Ss ^ A s N J 2 is a decreasing function for s > so, we see from this 
last set of inequalities and the integral test for dealing with series that there 
is a to > 0 such that 

t~ N ' 2 [ e-%1 2 ^dfi 3 (y) < c [°° e~ s ^/ 4t (s 2 /t) N / 2 ds 

Jr, n \b(o,2) Jo 

for 0 < t < to- Hence, 

t~ N / 2 [ e-^^d^y) < ct 1 ' 2 [°° e~ S ^ 2 / 4 s N ds 

Jr, n \b(o,2) Jo 

for 0 < t < to- The lim sup inequality in (5.18) follows immediately from 
this last inequality, and the proof of the theorem is complete. ■ 


In Chapter 3, in the section on the sets of uniqueness, we will also need 
the following theorem concerning the G-W summability of the Fourier series 
of a Borel measure on T^r. 


Theorem 5.3. Let p be a nonnegative finite Borel measure on Ty, N > 1, 
and define 

p{m) = (2 tt)~ n [ e~ imx dp{x). 

Jt n 

Suppose p[B(0, ro)] = 0 where 0 < ro < 1. Suppose, also, that j is a 
positive integer and that for t > 0, W t (dp,x) is defined by (5.16). Then if 
0 < ri < r 0 , 

lim A 3 Wt(dp,x) = 0 uniformly for x £ B(0,r\), 
where A- 7 stands for the j-th iterated Laplace operator. 


Proof of Theorem 5.3. Extend p by periodicity of period 2-k in each 
variable to all of R^, i.e., for E C Ty, p(E + 2-jrm) = p(E) Vm £ Ay. 
Then, as in the proof of Theorem 5.2, we can show that 

W t (dp,x) = (4irt)- N / 2 [ e-\ x - y \ 2/At dp{y). 

Jn N \B(0,r 0 ) 
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Now, for x € -8(0, ri) and |y| > ro, t N / 2 e \ x y\ 2 / u satisfies the heat 
equation A u = du/dt , where A is with respect to x. So, with t > 0, 

(5.19) t -N/2 A j e -\x-y\ 2 /At = gj t —N/2 ^—\x—y\ 2 /4t j 

Consequently, 


(5.20) A j W t (dy,,x) = d j [(4TTt)- N/2 e~ lx - yl2/4t }/dt j dy(y), 

Jr. n \B(0xo) 

for x £ .8(0, ri). 

It is easy to see that the right-hand side of the equality in (5.19) is a 
finite linear combination of terms of the form 

(\x-y\ 2k t -^ t ~N/2 e -\x-y\ 2 /4t 

where k = 0,.. j and n = 1,..., 2 j. 

Also, for 0 < |x| < r\ and r\ < ro < \y\, we observe there is a constant 
c such that 

\x — y\ 2k < c |.t — y| 2j for k = 0,...,j — l. 

Likewise for 0 < t < 1, 

t~ n <t~ 2j for n = 1,..., 2j — 1. 

We conclude from (5.20) that to establish the theorem, it is sufficient to 
show 


(5.21) lim / |x - y\ 2j t~ 2j (t~ N / 2 e -N-y| 2 /4t) = 0 

JR N \B(0,ro) 

uniformly for x £ -B(0, ri). 

As in the proof of Theorem 5.2, we set 5 = (1 — ^) 2 and observe that 
the integral in (5.21) is majorized by 


(5.22) 4 j t~ 2j t~ N/2 I \y\ 2j e~ 5lyl2/4t dy{y) 

JR N \B(0,r 0 ) 

uniformly for |x| < ri and 0 < t < 1. 

Also, as in the proof of Theorem 5.2, we see there is a constant c\ such 
that 

[ dfiiy) < c\R N ~ l for R > 1. 

J B(0,R+1)\B(0,R) 

Consequently, the expression in (5.22) is in turn majorized by a constant 
(independent of t) multiple of 


12/1 


dy(y) 


GO 2 

^(P_)2j+IV/ 2 


D —Sp 2 /At 


+ 0 ( 1 ), 


for |x| < r\ and 0 < t < 1, where the o(l) comes from the part dealing with 
the integral over B(0,2)\B(0,ro). 

As in the proof of Theorem 5.2, it follows from the integral test for series 
that the limit of this last summation is zero as t —> 0. Therefore, the limit 
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of the expression in (5.22) is zero as t —* 0. But then the limit in (5.21) is 
also zero uniformly for s 6 B(0,ri). ■ 


Exercises. 

1. Using the identity in (3.6), prove that for t > 0, 

f e W'{x-u)-\y\ 2 t^y _ /2 e -\x-u\ 2 /At' 

JR N t 

2. Given / G C (T/v), prove 


lim Wt(f,x) = f (x) uniformly for x G T/v, 
where Wt (/, x) is defined by (5.6). 

3. Using the stong maximum principle for the heat equation [Ev, p. 55], 
solve the following periodic boundary-value problem: Given / G C (T/v) 
with J Tn fdx = 0, prove there exists a unique v ( x , t) where x G R iV and 
t > 0 such that 

(i) Oft (x, t ) = Av (x, t) \/x G H N and Vt > 0, 

(ii) for t > 0, v (x, t ) is periodic of period 27 t 

in the Xj — variable for j = 1,..., N, 

(in) lirn^oo v (x,t) = 0 uniformly for x G T/v, 

(iv) lirn^o v (x, t) = f (x) uniformly for x G Tjy. 


6. Further Results and Comments 


1. There is another method of summability used by by A. Beurling called 
absolute Abel summability. In particular, let / G L 1 (Tv), N > 2. Set 

f(x,t)= f(rn)e im - x - '-I* 

mG Ajv 

for t > 0. Say / is absolutely Abel summable at the point xo provided 

f'ldf 


/ o 


dt 


(x 0 ,t) 


dt < oo. 


Let Z C Tv be closed in the torus topology. Say Z is of ordinary capacity 
zero provided that 




H 0 (x 


y) dy (x) d/x (y) = oo 


for every fi which is a nonnegative finite Borel measure on Tv with 


H (Tv) = 1 and y (Tv\Z) = 0 


where Hq (x) is the function introduced in Lemma 1.4 of Chapter 3. Moti¬ 
vated by the work of Beurling in [Beu], the following two results connecting 
absolute Abel summability and ordinary capacity were established in [LS]. 



6. FURTHER RESULTS AND COMMENTS 


37 


Theorem A. Let Z C T/v be a closed set in the torus topology, N > 2, 
and let f G L 2 (T/v). Suppose that 


(i) M 

mgAjv 

rl \df 


(**) 


dt 


2 f(m 
(xo,t) 


< oo, 

dt = +oo 


T/ien Z is of ordinary capacity zero. 


Vt E Z 


Theorem B. Let Z C T/v be a closed set in the torus topology, N > 2, and 
suppose that Z is of ordinary capacity zero. Then there exists an f E L 2 (T/v) 


with E meA N H 2 f( m ) 


< oo such that 


"■ df 

, i <*»•*> 


dt = +oo Vt € Z. 


2. Arne Beurling, who was one of the leading analysts during the post 
World War II period, served as a codebreaker for the Swedish government 
during World War II itself. In a feat of the first order of magnitude, he single- 
handedly in a two-week period broke the German code that was passing 
over Swedish teephone cables going from Berlin to Norway. One can read all 
about this plus a biography of Beurling in a book published by the American 
Mathematical Society entitled “Codebreaker” by B. Beckman [Bee]. 

3. To establish Bochner’s ingeneous result at the critical index ^— 
stated in (3.26), we proceed in the following manner: Set 

^ . ( l^\ (JV - 1)/2 

q, R ( x ) = V e im ' x I 1 - 


E < 

|m|<_R 


\m\ 

~w 


( 6 . 1 ) 


and establish the result stated in (3.26). It is sufficient to show 

3xq G Tjv\B (0, 5) and {Rj}Jf 1 with Rj — > oo 
such that linij^oo 'k/y (.To) = oo. 

To see that this is indeed the case, consider the Banach space B consisting 
of all real-valued functions in T 1 (T/v) that vanish a.e. in B (0, d). Then 


i)/ 2 (/, 0 ) = ( 2 tt) n [ f(x)V Rj (x)dx 
J Jt n 

gives rise to a set of bounded linear functionals Fj on B , i.e., Fj (/) = 
a ^Rj 1)/2 (/,0). If the result stated in (3.26) is false, then supj\Fj(f)\ is 
finite for all / G B. But then by the Banach-Seinhaus theorem, supj ||T)|| is 
finite. However, 

\\Fj\\ = (27 ry N sup \^ Rj (t)| . 

xeT N \B(05) 
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So the finiteness of supj ||.F)|| is a contradiction to the statement in (6.1). 
We conclude that to establish (3.26), it is sufficient to show that (6.1) holds. 

Bochner shows that (6.1) holds via a sequence of lemmas that involve the 
notion of a countable set S = {si,S 2 >---} having numbers that are linearly 
independent with respect to integer coefficients (i.e., if {ci,..., c n } is a set of 
integers with cf + • • • + ^ 0, then )T)y =1 cjsj / 0 ). To view the statement 

and proof of these lemmas, we refer the reader to [Bocl, p. 193] or [Shi, 
pp. 57-64], 



CHAPTER 2 


Conjugate Multiple Fourier Series 


1. Introduction 


In this chapter, we shall deal with conjugate multiple Fourier series where 
the conjugacy is defined by means of C alder on-Zygmund kernels, which are 
of spherical harmonic type. 

Also, the results that we present in this chapter will take place in di¬ 
mension N > 2. In order to place this theory in its proper perspective, we 
shall first review some aspects of conjugate Fourier series in one dimension, 
which is defined via the Hilbert transform and the kernel x -1 . 

If g G L 1 (R), then the Hilbert transform of g, g , is defined as follows: 

/»oo 

g(x) = lim n~ 1 / \g(x - y) - g(x + y)\/ydy. 

Je 

Now this limit exists almost everywhere [Ti2, p. 132], and if, in addition, 
g € T 1 (R)n L 2 (R), then 

g(x) = -i(sgnx)g(x) 


where sgn x = 1 if x > 0, — 1 if x < 0, and 0 if x = 0. 

Even if g ^ L 1 (R)H L 2 (R), we still obtain [Ti2, p. 147] that for a > 0, 

lim [ —i (sgn y) g(y)e lxy (l — ^-) a = g(x) for a.e. x. 

R —xx) Jrl 

To pass from Fourier integrals to Fourier series, we first see from [Zyl, 
p. 73] that 


1 -i ^ 

/-i -i \ 1 1 \> ' | 

(L1> 2“*2 = i + F 


1 


1 


x + 27m 27rn 


for x / 2irn. 


Next, we observe that if / G L 1 (Ti), then /, the conjugate function of 
/, is defined to be 

(1.2) f(x) = lirn TT- 1 [ [f(x- y) - f (x+ y)\\cot ^-dy. 

e^o J £ 2 2 

It is well-known [Zyl, p. 131] that this limit exists almost everywhere, and 
that if / G L p (Ti), 1 < p < oo, then 


f(n) = —i(sgn ri) f(n). 


39 
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However, even if / ^ L 1 (Ti), we still obtain that J2°?oo ~i( s 9 n n)f{n)e mx is 

Abel summable to f(x ) for almost every x. 

We note also that if the limit in (1.2) exists, then using (1.1), it can be 
shown that 

r 1 y f R 1 

lim / [f(x—y) —f(x+y)\-cot—dy = lim lim / [f(x-y)-f(x+y)\-dy. 

£—*0 J e I Z £—>0 R —>oo J e y 

We shall proceed in an analogous manner to develop the theory of N- 
dimensional conjugate Fourier series, N > 2. In particular, we focus on the 
one-dimensional function 

x -1 = (sgn x) |x| _1 and sgn 1 + sgn —1 = 0. 

and generalize this function to A-space by means of the kernel 

(1.3) K(x) = W{x/\x\)\x\~ N for x 0, 
where 

(1.4) W(x/\x\) = Qn(x)/\x\ n . 

Here, Q n (x ) is a homogeneous real polynomial of degree n, n > 1, and is also 
a harmonic function, i.e., A Q n (x) = 0 V x G R A ’. In other words, Q n (x ) is 
a spherical harmonic function of degree n as is discussed in §3 of Appendix 
A. 

With Sn-i = dB{ 0,1), the unit (N — l)-sphere in RA, we observe that 

(1.5) / W(0 dS(0 = 0, 

4Sjv- i 

where dS(£) is the natural volume element on SV_i. 

To see how the equality in (1.5) actually occurs, we set x = r £ where 
£ G Sjv-i, and we see from the homogeneity of Q n that Q n (r£) = r n Q n ( £). 
Using this fact in conjunction with the familiar divergence theorem and the 
observation that div ■ VQ n {x ) = 0 gives the equality in (1.5). 

K(x) in (1.3) is a generalization of the Hilbert kernel x _1 in one dimen¬ 
sion and is called a C alder on-Zygmund kernel of spherical harmonic type. 
This generalization persists in the sense that if g(x) G //(R^), 1 < p < oo, 
then g(x) is defined to be the Calderon-Zygmund transform of g where 

(1.6) g(x) = lim / g(x - y)K{y)dy. 

£ ^°Jr. n \b(o,£) 

It is shown in [CZ1] or [SW, Chapter VI] that this limit exists almost 
everywhere. We shall state this fact as Theorem A. 


Theorem A. If L p ( R^), 1 < p < oo, then g(x), which is defined by 
(1.6), exists almost everywhere in R w . 
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For Theorem B, which is also proved in [CZ1] or [SW, Chapter VI], we 
state the following: 

Theorem B. If ge L P (R ,V ), 1 < p < oo, then g E L p ( R iV ). Also, 3i p >0 
independent of g such that 

(1-7) II5'IIlp(R jv ) ^ Ap ||<?||i>(RJV)- 


It is our intention here to show that theorems similar to Theorems A 
and B hold for every function / £ L p (T/v), N > 2, where 


T N = {x : -tt < Xj < 7T, j = 1,IV}. 

In order to do this, we introduce K*(x), the periodic analogue of K(x), as 
follows: 

(1.8) K*(x) = K(x) + lim [K(x + 2tt m) — K(2Trm)] 

i?—>oO ^' 

l<\m\<R 


for x not equal to 27r times an integral lattice point, i.e., x / 2irm, where 
K(x) is defined by (1.3) and meets (1.4) and (1.5). Since 

Q n (x + 27rm) Q n (2Trm) _ Q n (x + 2'Km) - Q n (2Trm) 

\x + 2irm\ n+N \2irm\ n+N ~ \x + 2nm\ n+N 


+Q n {2'Km)[ 


1 

x + 2nm\ n+N 


1 


\2ir7n\ n+N ' 


it is easy to see from this last equality, since Q n (x) is a homogeneous poly¬ 
nomial of degree n, that for x £ B(0, Rq), where Ro > 10, there is a constant 
c(R,q) such that 


(1.9) 


| K(x + 2-17171) — K(2mn)\ < 


c{Rp) 

\m.\ 1+N 


for |m| > 2Rq. 


It follows from this last inequality that the series in (1.8) converges uniformly 
and absolutely for x in any bounded domain. 

Next, let mo be any fixed integral lattice point. What we want to show 
is that K*{x + 2irmo) = I\*(x) for xeT^\{ 0}. To see that this is indeed the 
case, we observe from (1.8), for x £ Tjv\{0}, 


K*(x + 2irm 0 )-K*(x)\ < 


(1.10) lirn^oo Y,R-\m 0 \<\m\<R{\ K ( x + 2nm o + 2 ^) - K(2irm)\ + 

| K(x + 2-jrm) — K(2irm)\}. 

However, the closure of is contained in the ball B(0,Nir). So we infer 
from (1.9) that the absolute value inside the summation sign in (1.10) is 
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majorized by 

( 1 . 11 ) 2c(]V7r + 2-7T |?bo|) |r77.| — ( iV + 1 ) 

for x G T/v and for R sufficiently large. With A(R, m q) designating the 
spherical annulus at the bottom of the summation sign in (1.10), it follows 
that for m G A(R,mo) and for R sufficiently large, the expression in (1.11) 
is in turn majorized by 

2c(Ntt + 27t |mo|)(.R - \m 0 \) (JV+1) . 

As is well-known, the number of integral lattice points in A(R,mo ) = 
0(R n_1 ) as R —y oo. Consequently, we see that the right-hand side of the 
inequality in (1.10) is majorized by 

lim {0{R n ~ 1 )2c{Ntt + 2vr \m 0 \)(R - |mo|) (iV+1) } = 0. 

R —>oo 

Hence, K*(x + 27rmo) = K*(x) for x G Tjy\{0}, and we conclude K*(x) 
is a periodic function and is the fV-dimensional analogue of the series in 
(1.1) that is equal to | cot |. 

K*(x) is called a periodic C alder on-Zygnrund kernel of spherical har¬ 
monic type. 

For /eL 1 (T/v), we define 

(1.12) J{x) = lim(27r) _iV [ f(x - y)K*(y)dy 

£ ^° Jt n \b(o,6) 

at every point where this limit exists. This limit is the N-dimensional ana¬ 
logue of the limit in (1.2), and as we shall show, exists almost everywhere. 
f(x) is called the periodic Calderon-Zygnrund transform of spherical har¬ 
monic type. 

Using the ideas in [CZ2], we shall next establish the following two theo¬ 
rems regarding f(x). 


Theorem 1.1. ///G L 1 (T/v), then f(x), which is defined by the limit in 
(1.12), exists almost everywhere in Tjy. 


Theorem 1.2. ///E L p (T/v), 1 < p < oo, then f G L p (Tn). Also, 3C* > 0 
and independent of f, such that 


(1.13) 



Lp(T n ) 


< Cp II/IIlp(Tjv) • 


Proof of Theorem 1.1. We set 

(1.14) B N = {x = (xi,...,x N ) : \xj\ <2ir for j = 1,..., N}, 



1. INTRODUCTION 


43 


and 


g(x ) = f(x ) for xeBjy 

= 0 for xeR n \Bn. 

Also, we set 

K\{x) = lim [K(x + 27rm) — K(2Trm)} for xeTjy, 

R^oo ' 

l<\m\<R 

and observe from (1.3) and (1.9) that there exists Ck > 0 such that 

(1.15) \Ki(x)\<Ck for xeTw and \K(x)\<Ck for xeR N \T^. 

It follows from the above that 5 'eL 1 (R JV ) and that 

(1.16) f f(x-y)K*(y)dy = I g(x - y)K*(y)dy 

Jt n \b( 0,e) JT n \B(0,s) 

for xeTjy and 0 < e < 1. Since K*(x) = K(x) + K^(x), we see from (1.15) 
that the right-hand side of the equality in (1.16) is equal to 


L 


R N \B(0,e) 


g(x - y)K(y)dy + 


IT n \B( 0,e) 


g(x - y)K{(y)dy 


/R n \T n 


g(x - y)K(y)dy. 


Hence, it follows from (1.6), (1.12), and Theorem A that f{x) exists 
almost everywhere in Tv and that 

(1.17) f(x) = g(x) + [ g(x- y)K{{y)dy - f g(x - y)K(y)dy 
Jt n Jr n \t n 

for a.e. x G Tv- This gives the conclusion to the proof of Theorem 1.1. ■ 


Proof of Theorem 1.2. We use the terminology and notation just devel¬ 
oped in the proof of Theorem 1.1, and observe from the definition of Bn 
given in (1.14) that there is a constant 7 N , p independent of / such that 

( L1 8) f \f(y)\dy < 7v, p II/IIlp(7V)- 

J B n 

Also, since g G L P (R ,V ), where g is defined below (1.14), it follows from 
Theorem B that 

(1.18') [ \g(x)\ p dx < A p [ \g(x)\ p dx = 2 N A p j \f(x)\ p dx , 

J R N Jr n Jt n 

where we also have made use of the fact that / is a periodic function. 
Likewise, we see from (1.15) and (1.17) above that 


f(x) <\g{x)\ + 2C K j \g(y)\dy 


m N 
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for a.e. a; £ T/y- But then from the definition of g, (1.14), and (1.18), we 
obtain from this last inequality that 



< \g(x)\ + 2 C k [ | f(y)\dy 

J b n 

< lfl'(-' c )l + ^1n, p Ck ||/|Ilp(Tjv) 


for a.e. x 6 T/y. 

Applying Minkowski’s theorem, in turn, to this last inequality and also 
using (1.18') above, we conclude that 


{ 



~ p i 

f(x) dx}p 


< {[ \g(x)\ p dx}l +2 1 NiP (2tt) N pC k \\f\\ LP{TN) 

Jt n 

< 2 v A p \\f\\ L p(r N ^ + 2^ Np (2tt) p Ck ||/||lp(Tjv)- 


N_ N_ 

This proves Theorem 1.2 where C* = 2 p A p + 2^ N ^ p (2it) p Ck- ■ 


Next, we define the principal-valued Fourier coefficient of K*(x ) to be 

(1.19) lim(27r) _JV [ e~ imx K* (x)dx = K*(m), 

£ ^° Jt n \b( 0,e) 

and see from (1.8) and the first inequality in (1.15) that 

(1.20) (2tt) n K*(m) = lim f e~ imx K (x)dx + [ e~ iinx K^(x)dx. 

£ ^°Jt n \b{ o,e) Jt n 

For m = 0, it is clear from (1.4) and (1.15) that the limit in (1.20) exists. 
If m / 0, we observe there exists a constant 7 ( 771 ) such that 

— l| < 7 ( 777 ) \x\ for xeTtf. 

So we see from (1.3) and (1.5) that the limit in (1.20) does indeed exist. In 
any case, K*(m ) is well-defined for all integral lattice points m. 

Observing that f T ^ e~ imx dx = 0 for m / 0, and that 

B(0, 2ir(R - N))\T n C [J (T/y + 27r?n) 

l<|m|<R 

and 

|^J (Tn + 2-77777) C B( 0 , 2 ir(R + N))\T n , 

l<\m\<R 

we infer furthermore from (1.3), (1.20), and the definition of K*(x) that 

(1.21) K*(m ) = lim lim (2tt)~ n f e~ im ' x K(x)dx for m / 0. 

£ ^0 R —>00 JB(0,R)\B(0,e) 
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If m = 0, proceeding in a similar manner, the previous argument shows 
that 

K*(0) = — linr ^ K(2nrn). 

^°° l<|m|<I? 

For N = 1, iv*(0) = 0, for N > 2, K*( 0) may or may not be zero, [CZ2, p. 
258]. However, in a number of important cases, it is true that K*(0) = 0, 
e.g., for N = 2 and 

K(x) = X 1 X 2 / \x\ A or K(x) = (xi — x|)/ |x| 4 or it'(x) = x\j |x| 3 . 

This last named kernel is often referred to as the Riesz kernel. 

From Theorem 1.2, we know that if f £ L p (Tn), 1 < p < 00 , then 
/ e L p (T/v). So making use of K*(m ) as defined in (1.19), we can establish 
the following theorem: 


Theorem 1.3. If /e L p (T/v), 1 < p < 00 , t/ien /(m) = K*(m)f(m ) 
Vm G Aat. 


Proof of Theorem 1.3. If h(x) = e* m ' x , then from (1.12) we see that 


h(x) = e im ‘ x lim(27r)- !V f e~ imy K*(y)dy 

£ ^° Jt n \b( 0 ,e) 

= e imx K*(m). 

Hence, from (1.19), we see that the theorem is true in this case. Conse¬ 
quently, the theorem is true for any finite linear combination of exponentials, 
i.e., for any trigonometric polynomial. 

Given an /£ L p (T/v), let <j%(f,x) be the finite linear combinations of 
exponentials given in (2.6) of Chapter 1. Also, let mo £ Atv- By what we 
have just shown, 


(1.22) lim (2 t r)"* / e~ im °' x o£(/, *)dx = K*{m 0 )f{m 0 ). 

n —>00 

J i N 

Also, by Theorem 1.2, 


(1.23) 


e - imo .,[~0 ( /,.)_/] 


L p (T N ) 


<C P 




Lp(T n ) ’ 


From Theorem 2.2 of Chapter 1, we know that the right-hand side of the 
inequality in (1.23) goes to zero as n —> 00 . Therefore, the left-hand side of 
the inequality also goes to zero. But then it follows that the limit in (1.22) 
is equal to 


lim {2tt)~ n 



e- imo x f{x ) dx, 
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and we obtain from (1.22) that /(mo) = K* (mo)/(mo). This concludes the 
proof of Theorem 1.3. ■ 

We shall henceforth refer to 

(1.24) S K (f)= K*{m)J{m)e imx 

ttiGAtv 

as the /^-conjugate series of /, where K is given by (1.3). 

Before proceeding to the next section in this chapter, we remark that 
with K(x) given by (1.3) and (1.4), K*(m ) is computed in Corollary 3.2 of 
Appendix A where it is shown that 

(1.25) K*(m) = K n ,NQn(m)/ \m\ n for m / 0, 
with 

(1.26) K , hN = (-i)“2- w *-S 

Also, we establish the following corollary. 


Corollary 1.4. ///£ L 1 (Tn), /(0) = 0, and f(x o) exists , then 

lim lim(27r) _JV [ f(x 0 - y)K{y)dy = f(x 0 ). 

R—>oo £—>0 J B(0,R)\B(0,e) 

Proof of Corollary 1.4. Without loss in generality, we assume that xq = 0. 
Then by (1.12) and (1.15), we have that 


(1.27) (2ir) N f (0) = lim 


£—>0 


T n \B(0,s) 


f{~y)K(y)dy + / f(-y)K*(y)dy. 


>t n 


Using the fact that /(0) = 0, we see from the definition of Ki(y) that 
[ f(-y) K i(y)dy = lim V f f(-y)K(y + 2irm). 

Jt » R ^°°i <U<R Jtn 


But / is a periodic function. So, we conclude from this last limit and (1-27) 
that to establish the corollary, it is sufficient to show 

Jim [ E / f(-y) K (y)dy- [ f(-y)K(y)dy]= 0. 

R ^°° l<\m\<R^ TN+2nm jB(0,2n(R+N))\T N 

To do this, we set 

Tr= 1J (■ T n + 27 t m) 

l<\m\<R 

and observe that this last limit can be rewritten as 

(1.28) lim [f f(—y)K(y)dy— f f(-y)K(y)dy] = 0. 

R ~>°° Jr R J B(0,2-ir(R+N))\T N 
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As we have observed previously in establishing the limit in (1.21), 

B( 0, 2ir(R - N))\T n C T r C 5(0, 2vr (R + N))\T n . 

So we see that that the limit in (1.28) will hold if we show that 

(1.29) lim [ \f(-y)K(y)\dy = 0. 

J B(0,2tt(R+N))\B(0,2tt(R-N)) 

But the number of integral lattice points contained in the spherical an¬ 
nulus B(0,2ir(R +N))\B(0,2ir(R — N)) is 0(R N ~ 1 ), and for y in this same 
annulus, \K{y)\ = 0(R~ N ). Hence, 

[ \f(~y)K(y)\dy < 0(R n ~ 1 ) ||/|| l i (T jv) 0(RT n ) 

Jb(0,2tt(R+N))\B(0,2tt(R-N)) 

as R —> oo, and the limit in (1.29) is indeed valid. This concludes the proof 
of Corollary 1.4. ■ 


Exercises. 

1. Given that W(x/\x\) = Q n (x)/\x\ n for x / 0 where Q n (x) is a 
spherical harmonic polynomial of degree n, prove that 



w(0 ds(0 = o, 


where dS(£) is the natural volume element on SV- 1 - 

2. Let Q n ( x) be a spherical harmonic polynomial of degree 2 in dimen¬ 
sion N = 3. Show that if x E B (0,R 0 ), where Rq > 10, then there exists 
c (Rq) > 0 such that 


Qn(x + 277777.) - Q n (277777) 

\x + 2irm\ n+N 

where m G An- 

3. Let {Qj, n (x)} k j=1 be a set of spherical harmonic polynomials of degree 
n. Say the set of functions is linear independent if a,j G R for j = 1, ...,k 
and 

k 

' S ^ajQj tn (x) = 0 for \x\ = 1 dj = 0 for j = 1,..., k. 

3 =1 

Show that in dimension N = 3, there are five linearly independent spherical 
harmonic polynomials of degree 2. 

4. Prove that if K (x) = Q n (x) / |x| n+JV for i / 0 where Q n (x)is a 
spherical harmonic polynomial of degree n, then for m. £ An , 


c(Rq) 


- Iml 1+K 


for |m| > 2R 0 , 


lim / 

£ ^°JT n \B( 0,e) 


K(x)dx exists and is finite. 
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5. Given that Theorem 1.3 is true for a finite linear combination of 
exponentials, prove that 

lim (2tt)~ n [ e - imo ' x a%(f,x)dx = K*(m 0 )f{m 0 ) 

n XX) J Tn 

where a%(f,x) is given by (2.6) of Chapter 1. 


2. Abel Summability of Conjugate Series 

In this section, we shall prove a theorem regarding the Abel summability 
of conjugate multiple Fourier series. In particular, when K(x ) is a Calderon 
-Zygmund kernel of spherical harmonic type (i.e., K(x) meets the conditions 
in (1.3), (1.4), and (1.5)) and K*{x ) is its periodic analogue defined in (1.8), 
we set 

(2.1) S K (f)= ]T K*{m)J[m)e im ' x 

meAjv 

where / £ L 1 (Ttv) and K*(m ) is the principal-valued Fourier coefficient of 
K*{x). Also, K*(m), for m 0, takes the value given in (1.25) and (1.26). 
(See Corollary 3.2 of Appendix A.) 

The theorem, [Sh9, p. 44], which we prove regarding the series in (2.1), 
and the function / £ L 1 (Ttv), which by assumption is also periodic of period 
27 t in each variable, is the following. 

Theorem 2.1. Let f £ L 1 (T^) and S(f ) = /(wje 1 ™' 1 be its 

Fourier series. Furthermore, let K(x) be a Calderon-Zygmund kernel of 
spherical harmonic type that meets the conditions in (1.3), (1-4), and (1.5). 
Set 

(2.2) MM= E H *. 

l<|m|<oo 

Then if x is in the Lebesgue set of f, i.e., 

(2.3) lim r~ N f \f(x + y)-f(x)\dy = 0, 

r ^° Jb( 0,r) 

the following limit obtains 

(2.4) lim [A t (f,x) - lim (2^)^^ [ f(x - y)K(y)dy\ = 0. 

t ^° R—>oo J B(0,R)\B{0,t) 

Before proving the theorem, we observe that At(f , x) above only involves 
f(m) for m / 0. Also, f B ^ 0 R )_ B ( 0 ^ K(y)dy = 0. Consequently, with no loss 

in generality, we can assume that /(0) = 0. But in this case, we see from 
(1.12), (1.15), and Corollary 1.4 that if perchance the limit involving the 
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integral in (2.4) does exist (separately) as R —> oo and t —> 0 and is finite, 
then this limit actually is f(x). 

Next, we use (2.4) from Appendix A and set 

(2 - 5) = iwr whm r 

for t > 0 where v = (N — 2)/2. Also, with 

K (x) = Y n (x/ |x|) \x\~ N for x ^ 0, 

we set 

(2.6) K v , t {x) = A"(t/ \x\)Y n (x/ |x|) |x| _7V 
and establish the following lemma. 

Lemma 2.2. Let S(x) be the trigonometric polynomial Xi<|m|<_Ri b m d irn ' x , 

i.e., S(x)=Y2meA N b m e imx where b m = 0 for m = 0 and for \m\ > R\. For 
t>0, set 

(2.7) A t (S,x)= J2 
Then 

(2.8) A t (S,x) = (2 it)~ n lim f K Vjt (y)S(x - y)dy. 

r^oo j B ^ o R) 

Proof of Lemma 2.2. Since S(x) is a finite linear combination of expo¬ 
nentials, it is clear using (1.21) above (i.e., K{m) = K*(m ) for rn / 0) that 
to establish the lemma, it is sufficient to show 

K(u))e iu - x ~\ u \ t = (2n)~ N lim [ K Vtt (y)e iu - x e- iuy dy 

r ->°°Jb(o,r) 

for u 0. In other words, to establish the lemma, it is sufficient to show 

K{u)e~\ u = {2 k)- n lim f (-1 ) n K v , t { y y^dy, 

R^oo Jb(0,R ) 

or to replace u with x so that 

(2.9) K{x)e ~\ x = (2 tt)- 7V (-1)” lim [ K U)t {y)e ix ' y dy 

R^OO Jb(0,R) 

for x / 0. 

In order to show that (2.9) is valid, we set 

(2.10) g(x) = K(x)e~ lxlt 
and see from Theorem 3.1 in Appendix A that 

K(x ) = K"n,NQn(%') \%\ = ^n,A/’l / ri(0 
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where x = r£. So it is clear from (2.10) that g G L 1 (R Ar ) for t > 0. 

With y=\y\ rj where ij G Sn- i, we next show that 

(2-11) g(y) = (2nr N (-l) n K I/ , t (y) 

by means of a computation where v = [N — 2)/2. In this computation, 

I{y,t)= [ K(x)e-^ t e~ ix - y dx. 

Jk n 

So by definition, 

g(y) = (2vr )~ N I(y,t). 

We will also make use of (2.5) and (2.6) above and (3.21"), and (3.28) in 
Appendix A. 

= [ K n , N Q n (x) \x\~ n e Ax ^e~ lx ' y dx 

Jn N 

POO P 

Y n {0e~ ir \ y ^dS{0dr 


Kn,N / e rt r N 1 


' Sn-i 


POO 

K n ,N / e~ rt r N ~ 1 (—i) n 2 U+1 TT U+1 

Jo 


Ju+n(\y\ r) 
(I y\r) v 


Y n (rj)dr 


= K(y)(-i) n K n)N (2ir) N/2 / e ri/|y| J v+n (r)r v+1 dr 

Jo 

= K(y)(—i) n K HtN 2 N tt n / 2 T(N + n)/2)A"(t/\y\)/T(n)/2) 

= K(y)A"(t/\y\)(-ir 

= (-1 ) n K Vit (y), 

which establishes the equality in (2.11). 

From Lemma 3.2 in Chapter 1 and (2.10) and (2.11) above, we see that 


(2.12) (2ir)~ N (—l) n lim / K u , t (y)(l-\y\ 2 /R^e^dy = K(x)e~ I"' 4 

R ^°° Jb(o,r) 

for a > (N — l)/2, which is almost (2.9), which we sought as a result. What 
we have to do is eliminate the factor (1 — |y| /R 2 ) a . 

With y = srj and x = r£ where 77 , £ G Sjy-i and (2.6), we obtain 

K„,t(y) = A n(-)Y n {y)s~ N 
s 

We set 

(2.13) h(s) = A"(-)s _1 f Y n ( V )e irs ^dS(y), 

s Jsn-i 

and see that the limit in (2.12) can be rewritten as 
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Making use of the identification of h(s) given in (2.13), we infer from 
(2.7) in Appendix A that h(s) £ L 1 (0, R), VR > 0. Hence, if we show that 

(2.15) lim / K Vj t(y)e tx ' y dy exists and is finite, 

where r/0 and t > 0, then it will follow that 

R 

h(s)ds exists and is finite. 

Consequently, we obtain Theorem 1.1 in Appendix B and from (2.14) above 
that 

rR 

(2yr)- iV (-l) n lim / h{s)ds = K(x)e~^ t 
R-> oo Jo 

for i J 0 and t > 0. But, we see from (2.13) that this last limit is the same 
as the limit in (2.9), and the proof of the lemma will then be complete. 

So it remains to show that the statement in (2.15) is true. To accomplish 
this, we first observe from both (3.13) and Theorem 3.1 in Appendix A that 

lim / K(y)e lx ' v dy exists and is finite. 

R->°° JB{0,R)\B(0,1) 

Consequently, to show that the statement in (2.15) is valid, as we see 
from (2.6), it is sufficient to show the following: 

(2.16) lim f [A^(t/ \y\) — l]K(y)e tx ' y dy exists and is finite, 

R->°° JB(0,R)\B(0,1) 

for i/O and t > 0. But, by Theorem 2.1 in Appendix A, 

\KW\v\) - !| < C'(lV,n)(^-) 1/2 for 2 1 < \y\ < oo. 

Since 

\K(y)\ <c\y\~ N for \y\ > 1, 

where c is a positive constant, it is clear that that the statement in (2.16) 
is indeed valid, and the proof of the lemma is complete. ■ 


lim / 

R -* 00 Jo 


Continuing with the preliminaries involved in the proof of Theorem 2.1, 
we next establish the following lemma. 

Lemma 2.3. Let f G T 1 (T/v) and S(f) = J2meA N f{Ri)e im ' x be its Fourier 
series. For t>0, set 

MM= f(m)K*(rn)e im - x - H*. 

l<|m| <oo 

Then 

(2.17) A t (f,x) = (2ir)~ N lim f K u ^ t {y)f{x-y)dy, 

R^°°Jb(o,R) 
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where K Ujt (y) is defined in (2.6). 


Proof of Lemma 2.3. Since A t {f, x ) does not make use of /( 0) and since 
[ Kv,t(y)dy = 0 for R > 0, 

Jb{o,r) 

without loss in generality, we can assume from the start that 
(2.18) /(0) = 0. 

Next, we set 

(2.19) K * t ( x ) = Ku,t( x ) + 1™ T l K v,t( x + 27rm) - if„ it (27rm)] 

l<|m|<R 

for x £ Tjy, and observe from (2.6) above and from (2.7) in Appendix A 
that K V) t{x) is bounded in T)v\{ 0}. We write K v ^(x + 2-Km) — K V f(2irrri) as 

+ 2 ™) 


|27rm|' 


+ + 2?rm ) “ ^(2vnn)], 


and make use of (2.8) in Appendix A as well as Theorem 2.1 in the Appendix 
A. By means of the same type of argument used to show that the series 
in (1.8) defining K*(x) is uniformly and absolutely convergent for x in a 
bounded domain, we obtain that the series defining K* t (x) in (2.19) is 
uniformly and absolutely convergent for x in a bounded domain. 

Hence, the series in (2.19) is uniformly convergent for x £ T/v- Also, 
from (2.18) above, 

/ f(x — y)K l/}t (2Trm)dy = 0 for rn 0. 

Jt n 

Consequently, we see that 

(2.20) [ f(x-y)K* t (y)dy = lim V [ f(x - y)K v>t (y + 2irm)dy. 

J t n ^°°| 

Using the same argument that we used in the proof of Corollary 1.4 
above, we observe that the limit on the right-hand side of the equality in 

(2.20) is the same as 


lim 

R—*og 


B(0,R) 


Kv,t(y)f( x -y) d v- 


Therefore, we have that 

(2.21) [ f(x-y)K* t (y)dy = lim 

Jt n 




K„,t(y)f( x - y)dy , 


for x £ T/v. 
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To complete the proof of this lemma, we set S 3 (x) = which is 

the trigonometric polynomial defined in (2.6) of Chapter 1. From what we 
have just shown in (2.21) 

[ S ] {x - y)K* t (y)dy = lim f K u j(y)S 3 (x - y)dy, 

Jt n r ^°°Jb(o,r) 

for x £ Tj\f. Therefore, from (2.8) in Lemma 2.2, we obtain 

(2.22) A t (S 3 : x) = {2Tt)- N ( S 3 {x — y)K* t (y)dy, 

Jt n 

for x £ T n . 


Now, from the fact that S 3 (x) = crj(f,x) and from Theorem 2.2 in 
Chapter 1, it follows that 

(2.23) lim [ \S J (f,x) — f(x) \ dx = 0. 

j^oo J Tn 

Let us write 

(2.24) A t (S j ,x) = ^ {rn)K* (m)e im ' x ~\ m \ t . 

l<\m\<oo 


From (2.23) and Corollary 3.2 in Appendix A, we obtain that 


3 C > 0 such that 


Si{m)K*{m ) 


< C for m £ An and V). 


Also, from (2.23), linij^oo S 3 (m) = f(m ) for every m £ An- Since for 
fixed t > 0, J2meA N Ce~^ m ^ < oo, we conclude from (2.24) that 

(2.25) lim A t (S 3 ,x) = A t (f,x ) for x £ Tn- 

j^oo 

On the other hand, as we have observed, K* t {y) is bounded in Tjv\{0}. 
Hence, we obtain from (2.23) that 


(2.26) lim f S 3 (x — y)K* t (y)dy = f f{x-y)K* t (y)dy , 

J^OC Jrp N Jrp N 

for x £ Tn- Statement (2.17) in the lemma now follows immediately from 
(2.22), (2.25), and (2.26), and the proof of the lemma is complete. ■ 


Proof of Theorem 2.1. With no loss in generality, we can suppose from 
the start that the x that occurs in the statement of the theorem is equal to 0. 
Likewise without loss in generality, we can assume /(0) = 0. So assumption 
(2.3) of the theorem is replaced with the assumption that 

[ \f(y)\dy = 0. 


(2.27) 


B(0,t) 



54 


2. CONJUGATE MULTIPLE FOURIER SERIES 


Consequently, we see that the proof of the theorem will be complete 
when we succeed in showing that 


(2.28) lim[Al((/,0) - linr (2 tt) N \ 

R-^oo J B(0,R)\B(0,t) 

To validate the limit in (2.28), we first show that 


f(-y) K (y)dy\ = o. 


(2.29) 


lim 

t-> o 


B(0,t) 


f{-y) K v,t(y)dy = o. 


To accomplish this, we observe from (2.6) above and from (2.7) in Ap¬ 
pendix A that 

3 C > 0 such that \K v j(y)\ < Ct~ N for t > 0 and y / 0. 

Hence, 

I f I r 

i-N / 


' B(0,t) 


f{-y)KuAv) d y 


< Ctr 


’B{0,t) 


I f(-y)\dy, 


and we conclude from the limit in (2.27) that the limit in (2.29) is indeed 
true. 

From the equality in (2.17) of Lemma 2.3 when x = 0 joined with the 
limit in (2.29), we see that 


lim[Af(/, 0) — lim (27T 
t —>0 R —»oo 


!-JV 


J B(0,R)\B(0,t) 
Therefore, (2.28) will be established if we show 
(2.30) 


f{~y)Ku,t{y)dy\ = 0. 


lim lim [ 

t—>0 R-^>oo 


’B(0,R)\B(0,t) 


f(-y)Kv,t{y)dy - 


I B(0,R)\B(0,t) 


f{-y)K{y)dy\ = o. 


Using (2.6) above, we see that the limit in (2.30) is the same as the 
following: 

( 2 - 31 ) Jim I™ [ f {-y)[A w n (t/ |y|) - 1 ]K(y)dy = 0. 

^0 R—>oo JB(0,R)\B(0,t) 

So the proof of the theorem will be complete if we show that the limit 
in (2.31) is valid. In order to do this, let e > 0 be given. (2.27) enables us 
to choose 5 > 0, so that 


(2.32) 


|/(—y)| dy < et N for 0 < t < 5. 


IB(0,t) 


Next, we see from (2.9) in Appendix A, that 

lB(o,R)\B(o,t) f(-y)[K(t/\y\) ~ l \ K (v)dy 

(2.33) 

< c*(N,n)tI \f(~y) K (y)\ \y\~* d y 

where C*(N,n) is a positive constant depending only on N and n. 
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Now, 

3 Ck > 0 such that \K(y)\ < Ck |y| _Ar for y / 0, 

where Ck is a constant depending only on K. Therefore, we can majorize 
the integral on the right-hand side of the inequality in (2.33) and obtain 

(2.34) 

** f B(o,R)\B(o,t) \f(~y) K (y)\ I y\~* d v 

— Ci<t 2 fB(o,R)\B(o,t ) \f(—y)\ \y\ ^ ^ dy- 

From (3.26) in Chapter 1, we see that 

/ I f(~y)\dy = 0(R n ~ 1 ) as R->oo. 

J B(0,R)\B(0,R-1) 

From this fact, it is easy to obtain that 

Jim f \f(-y)\ I y\~ (N+ ^ dy < oo, 

R—>oo Jb(0,R)\B(0,5) 

where 5 is given in (2.32). Consequently, 

(2.35) lim Jim t* [ \f{~y)\ M _(Ar+ ^ d y = 0. 

t^OR^oo J B(0,R)\B{0,6) 

Next, we set 


(2.36) = 
and 

(2.37) 




l/(-y)l \y\ 


-(N+h) 


dy, 


F ( s ) = S B {o, S ) I fi-y)\dy 

= Jo l/(“ r? ?)l dS(r])\dr. 


Now from (2.36) and (2.37), we see that 
rS 

1(8,t) = J s~^ N+ ^dF(s) 

= s~( n+ ^F{s) d + (N + i) [ s- {N+ ^F(s)ds 

t 2 J t 

Also, from (2.32), we have that 

0 < F(s) < es N for t < s < 5. 
Consequently, we obtain from this last computation that 

I 1 1 3 

t 2 \I(S,t)\ < 2e + (N + -)et 2 / s~ 2 ds 

2 Jt 

< (2 N + 3)e. 



56 


2. CONJUGATE MULTIPLE FOURIER SERIES 


We conclude from (2.36) and this last inequality that 

(2.38) li mt* [ \f(~y)\ \y\~ [N+ ^dy < {2N + 3)e. 

* _>0 J B{0,6)\B(0,t) 

Combining the limits in (2.35) and (2.38), we see that 

lim lim t 5 [ \f(—y)\\y\^ i ' N+ ^dy<(2N + 3)e. 

t^OR-^oo J B(0,R)\B(0,t) 

As a consequence of this last result, we see from the inequalities in (2.33) 
and (2.34) that 


lim^o liniR^oo 


/s(o,i?)\B(o,t) f(-y)[ A n{t/ |y|) - 1 ]K(y)dy 


< C*(N,n)C K (2N + 3)e. 
But e is an arbitrary positive number. Hence, 


lim lim 

> 0 R —>oc 


L 


f(—y)[An(t/ \y\) - l]K(y)dy = 0. 

I B(0,R)\B(0,t) 

This limit validates the equality in (2.31) and completes the proof of the 
theorem. ■ 


Exercises. 

1. With A”(t) defined by (2.5), use Theorem 2.1 in Appendix A to prove 
that 

Y [■ A n ( x + 27rm ) ~ A n (2tt m)\ 

l<\m\<R. 


is uniformly and absolutely convergent for x in a bounded domain as R —» oo. 

2. Given / e L 1 (T/v), prove that 


[ f(y)K,t(y) d y 

Jt n 



f{y) K v,t(y + 2 nm)dy 


where K u j(y+2irm) and K* t (y) are defined by (2.6) and (2.19), respectively. 


3. Spherical Convergence of Conjugate Series 

In this section, we shall prove two theorems regarding the spherical con¬ 
vergence of the series 

S K (f) = Y K*(rn)f(m,)e im - X 

mGAjv\{0} 

where K*(m ) is described in (1.25) above. The first theorem we shall prove 
is the following: 
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Theorem 3.1. Suppose f € L 1 (Tat), and K is a Calderon-Zygmund kernel 
of spherical harmonic type that meets the conditions in (1.3), (1-4), and 
(1.5). Suppose also that 

(3.1) lim ^ K* (m) / (m)e irn ' x ° = a, 

1< \m\<R 

where a is a finite real number. Then 

(3.2) lim lim (2tt)~ n f f[xQ — x)K(x)dx = a. 

e^OR^oo J B{0,R)\B(0,e) 


Proof of Theorem 3.1. Before actually starting the proof of this theorem, 
we observe that if xo is in the Lebesgue set of /, then there is nothing to 
prove because the theorem is then an immediate corollary of Theorem 2.1 
above joined with Theorem 1.2 in Appendix B. 

In order to prove the theorem, we observe that without loss in generality, 
we can assume from the start that xo = 0 and that /(0) = 0. Also, since the 
theorem is true for trigonometric polynomials (i.e., in this case, every point 
is in the Lebesgue set), we can also take a = 0. So in view of (1.25), (3.1) 
becomes 

(3.3) lim V Qn(-r^r)f M = 0, 

R —xx) z ' 777 

1< \m\<R 1 1 

where K(x) = Q n (x)/ \x\ N+n and n > 1. 

What we have to show is that the limit in (3.3) implies that 


(3.4) lim lim (27r) n f f(—x)K(x)dx = 0. 

e^OR^oo J B(0,R)\B(0,e) 

In order to do this, we set 

/ OO 

J u+n {r)/r y+l dr 

where J u + n (?’) is the familiar Bessel function of the first kind of order v + n 
and v = (N — 2)/2. 

For R > 0, we set 

(3.6) S(R)= V 

Z —^ 777/ 

0<|m|<77 
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From the estimates (2.1) and (2.2) in Appendix A, it is clear that x n v(i) 
is bounded on (0, oo). So it follows from (3.3), (3.6), and this last computa¬ 
tion that for t > 0, 


(3.7) 


liniR^oo £l<|m|<fl *) 

= t~ u S(r)J u+n {rt)r~^ +1) dr. 


Next, we set for s > 0, 


(3.8) f(x,s)= ]T f{m)e irn ' x e~\ m \ s . 

m£Ajy 


It follows from Theorem 4.3 in Chapter 1 that 


(3.9) 


lim [ \f(x,s) - f(x)\ 

s ^° JB(0,R)\B(0,e) 


0 for 0 < e < R < oo. 


From Appendix A (3.13) and two lines below (3.21'), we see with y = m, 
that 


IB(0,R)-B(0,e) 


e~ linx K(x)dx 


H Je 


R J l 


v-\-n 


= H ) n (2 TT) N/ 2 Qn(-^)[Xn,u(\ m \ £ ) 


-—-r 1 dr. 

V 

Xn,v (MR)}- 


Observing that the series in (3.8) is absolutely convergent, we obtain 
from this last computation that 
(3.10) 

( 2?r ) N/2 IB(0,R)\B(0,e) s ) K ( x ) dx 


= H)" Erne \ N K m )Qn{j^)e |m|s [x„,„(H £ ) “ Xn,n(H R)]- 
Next, we set 

(3.11) g(t) = lim ^ Q n (-E_)/(m)x n (|m|t), 

R—>oo z ' \m\ 

l<|m|<R 1 1 

and observe from (3.7) that g(t ) is well-defined and finite for t > 0. Passing 
to the limit as s —► 0 in (3.10), we obtain from (3.9) and (3.11) that 

(3.12) (2vr y N/2 [ f(—x)K{x)dx = g(e) — g(R). 

J B(0,R)\B(0x) 

Now from (3.7), (3.11), and the fact that S(R ) —► 0 as R —> oo, we have 
\g(t) | < ct~^ u+ 2 ^ for t > 0, 
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where c is a constant. We conclude from (3.12) and this last inequality that 

lim (2tt)- n / 2 f f(—x)K(x)dx = g(e). 

R ~^°° J B(0,R)\B{0,e) 

It follows from (3.7), (3.11), and this last equality that the double limit 
in (3.4) will be valid if we show 

/•OO 

(3.13) limf - '' / S/r) Jj, +n (ri)r _( ^ +1 W = 0. 

0 J 1 

To establish the limit in (3.13), we recall that 
S(r) = o(l) as r —> oo. 

Next, we note from the inequality in (2.1) of Appendix A, since n > 1, that 
\J u+n (s)\ < cs u+1 for 0 < s < 1, 
where c is a constant. Consequently, 


(3.14) 


■i/t 


S{r)J u+n {rt)r ^ u+l ^dr 


f i/t 

<t o(l)dr = o(l), 


as t —> 0 . 

Also, from ( 2 . 2 ) in Appendix A, we obtain that 


t v S(r)J u+n (rt)r ^ u+1 ^dr 

Ji/t 


< 2 ) / o(l)r~( l ' +3 / 2 ^dr. 

Ji/t 


Hence, 


lim 

0 


'i/t 


S(r)J v+n (rt)r ^ u+1 ^dr 


= 0 . 


We conclude from (3.14) and this last limit that the limit in (3.13) is 
indeed valid. Consequently, the double limit in (3.4) holds, and the proof of 
the theorem is complete. ■ 


Next, we establish a necessary and sufficient condition for the conver¬ 
gence of the conjugate Fourier series at xq given that the following Tauberian 
condition prevails: 

(3.15) /(to) K*(m)e imxo + f{-m)K*{-m)e~ iin - X0 > -A/ \m\ N , 

Vto 7 ^ 0, where A is a positive constant. 

In particular, motivated by Hardy and Littlewood [HL], we show that 
the following theorem [Sh7] is valid. 


Theorem 3.2. Suppose f £ L 1 (T V), and K is a Calderon-Zygmund 
kernel of spherical harmonic type that meets the conditions in (1.3), (1-4), 
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and (1.5). Suppose also that the condition (3.15) holds at the point xo■ Then 
a necessary and sufficient conditon that 

(3.16) lim ^ K* (m) / (m)e im ' xo = a, 

1< \m\<R 

where a is a finite real number is that 

(3.17) lim lim (2n)~ N f f(xQ — x)K(x)dx = a. 

£ ^0 R—too JB{0,R)\B(0,e) 

The necessary condition of the above theorem is an immediate corollary 
of Theorem 3.1. Hence, we need only establish the sufficient condition of the 
above theorem. In order to do this, we will first need the following Tauberian 
lemma. 


Lemma 3.3. Suppose that for mfi 0, a m is real-valued and that a m = 
0{\m\ 3 ) as \m\ —► oo for some nonnegative integer j. Suppose, furthermore, 
that there exists a positive constant A such that a m > —A/ \m\ N Mm 0. 
For t > 0, set 

m = E a me~ lmlt , 

l<\m\ 

and suppose also that limt^oKt) = a , where a is finite-valued. Then 

lim ) a m = a. 

R—>oc ^ J 

l<\m\<R 

Proof of Lemma 3.3. To establish this lemma with no loss in generality, 
we can assume from the start that A = 1. Consequently, on observing that 

d 2 1 (t) sr-^ . ,2 -Imlt 

= E H |m|t , 

l<|m| 

we obtain the following: 

( i ) I(t) is in C' oo (0, oo); 

(3.18) (**) Um t ^oI(t) = a; 

(Hi) d 2 I(t)/dt 2 > — Xm<|to| e - !” 1 !*/ \m\ N ~ 2 for t > 0. 

Next, we observe from the Poisson summation formula in Lemma 4.4 of 
Chapter 1 that for t > 0, 

(3.19) E + b ^ E [* 2 + \2nrn\ 2 ]- {N+1)/2 , 

m£A m^0 



3. SPHERICAL CONVERGENCE OF CONJUGATE SERIES 


61 


where b]\r is a positive constant. It follows from (3.19) and L’Hospital’s rule 
that 


(3.20) 


E g— \m\t 

-exists and is finite. 

- , \m\ 

l<|m| 1 1 


From (3.18) (iii) and (3.20), we consequently have that there is a positive 


constant b N such that 


(3.21) 


Cpl(t) i _ 2 

^ 2 > — b N t for 0 < t < 1. 


But then it follows from (3.18)(i) and (ii), (3.21), and Theorem 2.1 in 
Appendix B that 


(3.22) 


dl(t) . 
Inn t—— = 0. 

t-> o dt 


Since A = 1, we have by hypothesis that 

(3.23) \m\ a m + > 0 for m/0. 

Also, we have from (3.19) and L’Hospital’s rule that there is a positive 
constant j3 N such that 


(3.24) 


e -\m\t 

fey L jyp^r = »»■ 

Klml 11 


For R>0, set 

(i) S\(R) = ^ \m\a m + \m\~^ N ~ l \ 

0<\m\<R 

(■ii)S 2 (R ) = 22 I mr (N ~ 1] . 

0<\m\<R 

Then we observe from (3.24) that 

roo 

(3.25) lirn t / e~ rt dS2(r) = (3 N . 

Jo 

Consequently, it follows from Theorem 2.2 in Appendix B and (3.25) that 

(3.26) i? 1 22 H -(7V-1) -»• Pn as R —> oo. 

0<\m\<R 

Also since = — ^ 0 <| m | \ m \ we see from (3.22) and (3.25) 

that 

e~ rt dS 1 (r) = (5 n . 

Hence, it follows from (3.23), Theorem 2.2 in Appendix B, and this last limit 
that 

i? 1 22 [\ m \ a m + Pn as R —> oo. 

0<|m|<R 
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We conclude from (3.26) and this last limit that 
(3.27) R^ 1 22 \ m \ a m — y 0 as R —> oo. 

0<|m|<R 

Next, we set S 3 (i?) = X^o<|m|<R \ m \ a m an d observe that 

1 - e~ rt 1 - 

--- dS 3 (r) = 22 ---M a m- 


rR 


0<\m\<R 


\m\ 


Consequently, for R > 1, 

22 [l-e“ Ht kn = r 1 5 3 (E)[l-e- ffi ]-i/% 3 (r)e- rt r- 1 ( ir 

0<|m|<R Jl 

r R 

+ J S l 3 (r)[l — e rt ]r 2 dr. 

From (3.27), S 3 (r)r~ l = o(l) as r —> oo. Hence, we infer from this last 
computation that 


(3.28) 


lim V [1 - e-Htm = 0 . 
t—>o 


0<|m|<t _ 


Next, we observe that for R > 1, 

/•OO 

22 e~ H *a m = -Sz{R)R- l e~ m + t / S 3 (r)e“ rt r- 1 dr 

R<|m| ^ 

/•OO 

+ / S 3 {r)e~ rt r~ 2 dr. 

Jr 

We conclude from this computation and (3.27) that 

lim y e-H* am = o. 

Since by hypothesis, lim^o X^o<|m| = a, we obtain from this 

last limit that 

lim y e~^ t a m = a , 
t-s-o ' 

0<|m|<t _1 

and hence, from (3.28) that 

lim 22 a ™ = a - 

0<|m|<t -1 

This concludes the proof of the lemma. ■ 

In order to prove Theorem 3.2, we will need two more lemmas. 
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Lemma 3.4. Let f(x) and K(x) be as in the hypothesis of Theorem 3.2. 
Suppose also that the double limit in (3.17) holds. Then 

(3.29) lim r~ N / f(x o — x) Ix^ K{x)dx = 0. 

r ^° Jb{ 0,r) 

Proof of Lemma 3.4. We let S'(0, r) represent the (N-l)-sphere with cen¬ 
ter 0 and radius r and we let dS(x) represent its natuural (N-l)-dimensional 
volume element. Then we define almost everywhere for r > 0, 

h(r) = f f{xQ — x)K{x)dS{x). 

J 5(0,r) 

Then h meets the condition in the hypothesis of [Zyl, Lemma 7.23, p. 104], 
Consequently, 

h(s)s N d.s = o(r N ) as r —> 0. 

This establishes the limit in (3.29). ■ 

We will also need the following lemma. 



Lemma 3.5. Let f(x) and K(x) be as in the hypothesis of Theorem 3.2. Sup¬ 
pose that the limit in (3.29) also holds. Let A t (f,x) represent the expression 
in (2.2). Then 

Jim [A t (f,x 0 ) - lim ( 27r)~ N [ f(x 0 - y)K(y)dy\ = 0. 

R—>oo JB(0,R)\B(0,t) 

Proof of Lemma 3.5. With no loss in generality, we can assume xo = 0. 
Next, for r > 0, we set 

(3.30) g(r) = (2ir)~ N f f(—x)\x\ N K(x)dx 

Jb{ 0,r) 

and observe by assumption that 

(3.31) g(r ) = o(r N ) as r —> 0. 

Now from (2.17), we have that 

Mf,0) = (2ir)~ N lim f K V)t (y)f{-y)dy 
r ^°°Jb(o,r) 

where K V)t (y) = A^it/ \y\)K(y) and v = (N — 2)/2. Consequently, we have 
from (3.30) that 

(3.32) A t (f, 0) = lim [ A v n {t/r)r~ N dg(r), 

R-^ooJ o 

where Aff t) is defined in (2.5). 

Next, we set A^ft)' = dAfftf/dt and see from (2.5) that 

/»oo 

KW) = ~On / e~ st J ll+n (s)s u+2 ds, 

Jo 
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where c n is a positive constant. 

From the estimates in Appendix A, |J l/+n (s)| < c^s u for s > 0. Hence, 
it follows from this last equality that there is a positive constant c** such 
that 


(3.33) 


Kit) 


<c**t AN+1) for t> 0. 


Also, integrating by parts and using (3.31) and (2.7) in Appendix A 
gives the following formula: 


K{t/r)r N dg(r ) = A v n (l)t N g(t) + / t(3 v n (t/r)r N ' 2 g(r)dr 


,-N 


ft 


—TV—2, 


0 

-TV-1. 


+N / A^(t/r)r g{r)dr 


for t > 0 where (t) = A^(t) . Hence, using (3.31) and (3.33) in conjunction 
with (2.7) in Appendix A, we obtain from this last formula that 

rt 


lim j A^(t/r)r N dg(r) = 0. 


We conclude from (3.32) that the proof of the lemma will be complete 
once we show that 

r R 


(3.34) 


lim lim / 

1^0 R —>oo Ji 


i A n(t/r) - 1 ]r N dg(r) = 0. 


To establish that this last double limit is valid, we use the estimate in 
Theorem 2.1 of Appendix A and see that 


(3.35) 


I A n(t/ r ) ~ 1| ^ C*(N,n)(t/r)i for 0 < t < r < oo, 


where C*(N,n) is a positive constant. We shall show that the double limit 
in (3.34) holds by proving that, given rj > 0, 

rR 


(3.36) 


lim sup lim 

t—> 0 R —>oc 


i A n(t/r) - 1 }r N dg(r) 


< C**(N,n)rj, 


where C**(N,n ) is a constant that depends only on N and n. 
To accomplish this, using (3.31), we choose 5 > 0 so that 

(3.37) \g(r)\ < gr N 

Then from (3.35), we have that 


for 0 < r < 5. 


lim 


R —xx) 


fs R l A n(t/ r ) - Mr N dg(r 


< C*(N, n)f 2 lim/j^oo Jb(o,R)\b(o,S) \f(~ x ) K (. x )\ l x l 2 dx - 

We see that the limit of the integral on the right-hand side of this last 
inequality is finite. Consequently, the left-hand side of this last inequality is 
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0(tz) as t —> 0. We conclude that (3.36) will follow once we show 

rS 


(3.38) 


lim sup 
i-> 0 


J t [Kit/r) - 1 ]r N dg(r) 


< C**(N,n)rf. 


Observing from (3.37) that 

lim sup \[A v n {t/5) - l]<T JV g(<5)| < |^(0) - 1| rj, 


we see after integrating by parts that the estimate in (3.38) will follow if we 
show 


lim sup 
t-* o 


g(r)r N {N[A"(t/r) — 1]r 1 + t/3^(t/r)r 2 }dr 


< C*(N, n)r) 


where (3"(t) = A"(t)'. 

This last inequality, however, follows easily from (3.35), (3.37), and the 
uniform boundness in (2.10) of Appendix A. ■ 


Proof of the Sufficiency Condition of Theorem 3.2 If we can show 
(3.39) lim J2 ^*M/(m)e <m - xo e- |m|t = a, 

the proof will be complete. 


^ K*{m)f(rn)e im - Xo e- H* 

0<|m| 

= 2 _1 J2 [f(m)K*{m)e im - X0 + 

0<|m| 

and also 

0<\m\<R 

= 2' 1 ^ [f(m)K*{m)e im - X0 + f(-rn)I^(-m)e- im - X0 }. 

0<\m\<R 


Since the left-hand side of the inequality in (3.15) is real-valued, it follows 
from Lemma 3.3, (3.39), and these last two equalities that 


lim K* (m) f (m)e im ' x ° = a , 

R^oo — 4 

0<|m|<R 


and the sufficiency condition of the theorem would be established. 

To show that the limit in (3.39) is indeed valid, we proceed as follows. We 
have by assumption that the double limit in (3.17) holds. Hence, by Lemma 
3.4, we have that the limit in (3.29) holds. Consequently, from Lemma 3.5, 



66 


2. CONJUGATE MULTIPLE FOURIER SERIES 


we have that that the double limit in (3.17), which is a, is the same as the 
limit of A t (f,x 0 ), i.e., 

limA t (/,x 0 ) = a - 

Since At(f,x ) represents the expression in (2.2), this last limit is the 
same as the one in (3.39). ■ 


Exercises. 

1. Prove that in dimension N > 2, 


lim t 2 

\ m 

l<|m| 1 


0 —\m\t 


N—2 


exists and is finite. 


2. Prove that if Ss(R) = Xm<|m|<R \ m \ °' m where R > 1, then 


E 

_R<|m| 


0 —\m\t 


a m = —S^(R)R Rt +1 I Ss(r)e rt r 1 dr 


IR 


+ / Sz(r)e rt r 2 dr. 

Jr 

3. With A^(t) defined in (2.5) and g ( r) = o (r N ) as r —> 0, prove that 

Jim [ K(t/ r ) r ~ N dg(r) = 0, 

Jo 


where g (r) is defined in (3.30). 


4. The ^-Condition 

Given / e C(Tjv), i.e., / € C(R N ) and is periodic of period 2n in each 
variable, we say / £ C a (T]\r ), 0 < a <1, provided there is a constant C* 
such that 

(4.1) \f(x + y) - f(x)\ < C* \y\ a Vx,yeR N . 

If / meets (4.1), we will also say that / is in Lip a on Tjy, 0 < a < 1. 
It turns out that / £ C a (T]y ) implies that / £ C a (Tjy ) where f(x) is 
the periodic C alder on- Zygmund transform of / of spherical harmonic type 
defined in (1.12) above. This basic fact is also highly useful in demonstrating 
that certain partial differential equations have classical solutions, as will be 
shown in §5. 

We establish that / £ C a {T ^) in the following theorem, which uses the 
presentation given in [CZ2, pp. 262-265]. 
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Theorem 4.1. Let f £ (7 a (T/v), 0 < a <1, and suppose K(x) is a 
Calderon-Zygmund kernel of spherical harmonic type that meets the condi¬ 
tions in (1.3), ( 1 . 4)7 an d (1-5). Set 

(4.2) ]{x) = Um(27r)- JV [ f(x-y)K*(y)dy 

£ ^° Jt n \b( 0,e) 

where K*(x) is defined in (1.8). Then the limit in (4-2) exists for every 
x£ R n , and f £ C a (T]y). 


Proof of Theorem 4.1. It will be apparent from the proof we give below 
that from the start we can assume 

lim [ K*(y)dy = 0. 

£ ^° Jt n \B( 0,e) 

Therefore, for x £ R N , 

(4.3) (2ir) N f(x) = lim f [f(x - y ) - f(x)\K*(y)dy. 

£ ^° Jt n \b( o, e ) 

Since by (1.8) and (1.15), 

(4.4) K*(y)=K(y)+K* 1 (y) 

where K((y) is uniformly bounded for y £ T \r and |y| Q K(y) £ L 1 (Tjy), we 
have that the limit in (4.3) exists for every x £ T Hence, the limit in (4.2) 
exists for every x £ T/v. 

It remains to show that f(x) £ C a (T^). As we have just observed, 
Vx £ T/v, as a function of y, [/(x — y) — f(x)\K*(y) £ L 1 (T/v). Also we see 
from (4.4) that there is a constant Ci*, independent of x, such that 

|[/(® -y) - f(x)]K*(y) | < Ci*(|y| Q_JV + |y| Q ) Vx £ T/y. 

As a consequence, for /i £ 11(0,1/8), 

(4.5) [ \[f(x-y)-f(x)]K*(y)\dy<C 2 *\h\ a , 

JB(0,3\h\) 

Vx £ T/v- 

From (4.3) and (4.5), we see that 

(4.6) (2tt) 7V /(x) = f [f(x -y)- f(x)\K*(y)dy + Ai(x, / 1 ) 

J Tpf\B(0,3\h\) 

where 

(4.7) |Ai(x, /i)| < C 2 * \h\ a Vx £ T n . 

Next, we observe that 

(2tt) 7V /(x + h) = f [f(x + h-y)-f(x + h)]K* ( y)dy 
Jt n 



y) - /(z + h)\K*(y + h)dy. 
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It is clear from the boundedness of both K(x ) and K( (x) in a neighborhood 
of the boundary of Tn, that that we can adjust this last integral and obtain 
that for h E B( 0,1/8), 

(4.8) ( 2 v t) n ]{x + K)= ( [f(x-y)-f(x + h)\K*(y + h)dy + A 2 (x,h) 

Jt n 

where 

(4.9) \A 2 {x,h)\ <C 3 *\h\ a Vx€T N . 

Using the CU-condition on / in the integrand in (4.8) and observing that 


JB(o,3\h\) 

we see from (4.4) and (4.8) that 


y + h\ a N dy < f \y\ 

J B(0,4\h\) 


(4.10) 


where 

(4.11) 


(2tt ) N f(x + h) = / Tjv \ B (o ) 3 |A| )[f(x -?/) - f(x + h)]K*(y + h)dy 
+A 2 (x, h ) + ^4 3 (x, h) 


\A 3 (x,h)\ <C^\h\ c 


Vx G T n . 


Next, we claim that there exists a constant C 7 * > 0 such that 

(4.12) [ K*(y + h)dy < C 7 * VheB( 0,1/8). 

JT N \B{0,3\h\) 

To see that this last inequality is true, we observe from (4.4) that it is 
sufficient to establish (4.12) with K*(y + h) replaced by K(y + h ) and T/v 
replaced by B(0, 1). 

So set 1(h) equal to the expression on the left-hand side of the inequality 
in (4.12) with K*(y + h ) replaced by K(y + h ) and Tn replaced by B( 0,1), 
and observe that 

(4.13) 1(h) = [ [K(y + h)-K(y)]dy 

J B(0,l)\B(0,3|/i|) 

We need to show that 1(h) is uniformly bounded for \h\ < 1/8. 

Now K(y + h) — K(y ) is given by 

Qn(y T h) Qn(y ) _ Qn(y T h) — Qn(y) 

“ i»+fcr +K 

It is clear from the fact that Q n (y ) is a homogeneous polynomial of 
degree n that this last equality implies there exists a constant C 5 * such that 

(4.14) \K(y + h)-K(y)\ <C 5 *\h\ \y\- {N+1) Vy € B(0, 1) - B(0, 3 \h\) 
and for \h\ < 1/8. 
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Since 



it follows from (4.14) in conjunction with the definition of 1(h) given in 
(4.13) that 

1(h) <C 6 * MheB( 0,1/8). 

This fact establishes the inequality in (4.12), and we obtain as a conse¬ 
quence that 

1 / 0*0 - f(x + h) | J Tn _ b(0)3 | fc |) K*(y + h)dy 
< C*C 7 * \h\ a 

Mh G 5(0,1/8) and Vx G T^. 

From this last inequality in conjunction with (4.6)-(4.11), we obtain that 
(2 tt ) N [f(x + h) - f(x)} = 

(4.15) [ (f(x-y)-f(x)][K*(y + h)-K*(y)}dy + A 4 (x,h) 

JT N \B(0,3\h\) 

where \A±(x, h)\ < Cg* \h\ a Mh G 5(0,1/8) and Vx G T /r. 

Next, we claim that there exists a constant Cg* such that 

(4.16) | K*(y + h) - K*(y)\ < Cg* |h| |2/|- (7V+1) 

V/i G 5(0,1/8) and Vy G Tat\5(0, 3 |/i|). 

To establish the inequality in (4.16), we recall that K*(y ) = K(y) + 
K^(y ) where K\(y) is given in a previous expression above (1.15). Hence, 

15'/ (y + h) - Ji / (y) | < lim | K(y + h + 2irm) - K(y + 27t m) \. 

R —>oo z —^ 

It is easy to see from a decomposition similar to that given above (4.14) 
that the absolute value inside the summation sign in this last inequality is 
majorized by a constant multiple of 

\h\ |27rm| -( ' JV+1 ' ) for \m\ > 1, 

when h G 5(0,1/8) and y G T)v — 5(0, 3|/i|). Consequently, there exists a 
constant C 10 * such that 

\K{(y + h) - K{(y)\ < C w * \h\ . 

Therefore, to establish the inequality in (4.16), it is sufficient to show 

\K(y + h)-K(y)\<C lu \h\\y\- {N+1) 

Mh G 5(0,1/8) and My G T^\B( 0,3 \h\). But this is essntially the inequality 
already obtained in (4.14). Hence, claim (4.16) is valid. 

We next return to the integral in (4.15) and observe from the claim in 

(4.16) that 
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/r JV \B( 0 , 3 |h|)[/( x - y) - f( x )]i K *(y + h)~ K*(y)]dy 

(4.17) < aCg* [ \h\ a | h\ |y|- (JV+1) dy < C 12 * \h\ a 

JT N \B(0,3\h\) 

V/i G 5(0,1/8) and \/x G TV, where once again we used the fact that 


\h\ 


t 2 dt = 1/3. 


'3\h\ 


From the equality in (4.15) in conjunction with the inequality in (4.17), 
we obtain 

(2vr ) N [f(x + h) - f(x)\ < (C 8 * + C 12 *) 

V/i G 5(0,1/8) and Vx G Tat. Hence, indeed / G C a {T]s[). ■ 


Exercises. 

1. With h = {h\. ha) where |h| < | and h\,h 2 are nonnegative, prove 
that there exists a constant C* > 0 such that 


lT 2 \B(-h,h) 


K (y + h) dy - 


IT 2 -h\B(-h,h) 


K (y + h) dy 


< C * \h\ 


5. An Application of the (7 a -Condition 

In this section, we show that Theorem 4.1 is very useful in obtaining a 
classical solution to a periodic boundary value problem in partial differen¬ 
tial equations. Our example is fairly elementary. For a more sophisticated 
example showing how Theorem 4.1 can be used, we refer the reader to §2 of 
Chapter 6 below, which deals with a classical solution to a boundary value 
problem for the stationary Navier-Stokes equations. 

Let / G C'"(T/v), 0 < a <1. We recall this means that / is periodic of 
period 27 t in each variable and satisfies 

\f(x + y) ~ f(x)\ <C*\y\ a Vx,y e R n 

where C* is a positive constant. 

Given g G C'(Tjv), we say u is a classical solution of the periodic bound¬ 
ary value problem 

(5.1) —A u(x) = g(x) Mx G T/v 

provided the following holds: 

(i) u G C7 2 (R jv ); 

(ii) u{x) is periodic of period 2 ir in each variable; 

(iii) —A u(x) = g(x) Vx G T/v- 
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Here, A u is the familiar Laplace operator applied to u, namely, 


N 

au = J2 

j=i 


d 2 u 

dx 2 


By using specific Calderon-Zygmund kernels K{x) in conjunction with 
Theorem 4.1, we establish the following result concerning the boundary value 
problem (5.1). 


Theorem 5.1. Let f G C 0 (Tn), N > 2, 0 < a <1. Suppose that /( 0) = 0. 
Then there exists u G C 2+a (T )v), which is a classical solution of the periodic 
boundary value problem 

(5.2) —A u(x) = f(x) Vx G T\r. 

u G C 2 + °(Tn) means that u(x) meets conditions (i) and (ii) just below 
(5.1) and, in addition, 

d 2 u(x)/dxjdxk G C°(Tn) for j,k = 1,..., N. 

To show that the condition /( 0) = 0 is a necessary condition for the 
solution of the periodic boundary value problem (5.2), we observe that if 
also v G C 2 (T/v), then it follows from Green’s second identity that 

/ [u— - v—]ds = / [uAv — vAu\dx. 

JdT N °n on J Tn 

Taking v = 1 in this last equality gives the value zero to the left-hand side. 
Hence, J Tn Audx = 0, which we use with (5.2), 2nd in turn implies /( 0) = 0. 
To prove Theorem 5.1, we will need the following lemma: 


Lemma 5.2. Suppose g, gj, gjk G C(Tjv) for j,k=l ,..., N. Suppose also 
that 

gj(m ) = imfg{m ) Vm G , j = 1 and 

9 jk(m) = -mjm k g(m) Vm G A w , j, k = 1,..., N. 

Then g G 6’ 2 (Tv) and 8 2 g(x)/dxjdxk = gjk(x) for x G Tjy. 


Proof of Lemma 5.2. To establish the lemma, it is clearly sufficient to 
show 

(5.3) dg(x)/dx\ = gi(x) for x G Tv, 

for everything else will follow in a similar manner. 

We let a%(g,x) designate the n-th iterated Fejer sum of g as defined in 
(2.6) of Chapter 1. Also, let x* be a fixed but arbitrary point in Tv- We are 
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given that gi{m) = irn\g(rri) Vm G A^r- Since a%(g,x) is a trigonometric 
polynomial, it follows that 

da%(g,x)/dxi = a%(gi,x) for x G R^, 

and therefore that 

<r%(g,x i +t,x2 ,-,x* n ) - a%(g,xl,x%,...,x* N ) 

= fx* +t a %(9i,s,X2,-,x* N )ds 

for t G R. 

By Theorem 2.1 in Chapter 1, lim. )WOO <7^(<?i, x) =g\(x) uniformly 
for x G R w . So using this uniformity, we obtain from this last equality 
that 

(5.4) g(x\ +t,X2,...,x* N ) - g(x\,x* 2 ,...,x* N ) = [ g\(s,x* 2 , ...,x* N )ds 

Jx* 

for t G R. 

Next, we divide both sides of the equality in (5.4) by t / 0, pass to the 
limit as t —> 0, and conclude that 

dg{x*)/dx i = g\{x*). 

Since x* is an arbitrary point in T/v, (5.3) is established, and the proof of 
the lemma is complete. ■ 


Proof of Theorem 5.1. Since (N — l)x\ — x\ - x 2 N is a homogeneous 

polynomial of degree 2 and also a harmonic function, it follows that 

k(x )= 

\x\ 

is a C alder on-Zygmund kernel of spherical harmonic type, and therefore 
from Corollary 3.2 in Appendix A that 


K*(m ) = k 


(N — 1 )m\ — m% — ■ ■ ■ — m 2 N 


Vm / 0, 


where k is a positive constant. Hence, by Theorem 4.1, 


E /(■ 
0 


(N - 1 )m\ -ml - m 2 N ^ im . x 


is the Fourier series of a function in C a (T Xr). Since by assumption, 


E /( 


m l + mj + -"+m 2 N _ m ., 
Iml 2 
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is also the Fourier series of a function in C a (T^), we obtain by addition that 
the same holds for 


Eh 

m^O 


m 


1 Amx 


m\ 


Similarly, we see that 


Eh 

m^O 


m- . 

m)^e imx 
\m\ 2 


is the Fourier series of a function in C' Q (T/v) for j = 1, 

Likewise, since xjx k is a spherical harmonic function for j k, we 
proceed in a similar manner and obtain that 

(5.5) u jk G C a (T N ), 

where 


(5.6) 


for j, k = 1,..., N. 


S[ujk] = Y /( m 


171 j m k Jm-x 


m^O 


m 


Next, we invoke (iv) and (vii) of Lemma 1.4 in Chapter 3 and see 
that Hq, H\, ..., Hjy G L 1 (Tn) where 

(0 S[H 0 ] = Em /0 i^pre^* and 

(5.7) 

(n) for j = l 

We set 


(5.8) Uj{x) = (2ir) 


-N 


f(x — y)H j (y)dy for j = 0,1,..., N, 


and obtain, since / G C°(Tn ), that 
(5.9) Uj G C°{Tn) for j = 0,1,..., N. 

Also, from (i) in (5.7) in conjunction with (5.8), we obtain that 

f i 7 * 7 ) Am-x 


(5.10) 


S[uo] = Y 


m^O 


\m 


and from (ii) in (5.7) that 


(5.11) 


s i u j] = Y 


for . ,. y 


m^O 


m 


If we temporarily think of uq as g in Lemma 5.2, we see from (5.6), 
(5.10), and (5.11) that all the conditions in the hypothesis of Lemma 5.2 are 
met. Consequently, uq G C 2 (T/v), and 

d 2 uo(x)/dxjdx k = Ujk{x ) for x G T/y. 
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But then from (5.5), we have that uq G C 2 + °(Tn) and from (5.6) that 

- Au 0 (x ) = /(x) Vx G T n . 

This fact establishes the theorem with u(x) = uq(x). ■ 


Exercises. 

1. With N = 2 and H\ (x) the function delinated in (5.7) (ii), given 
/ G C a ( T- 2 ), 0 < a < 1, proves that v\ ( x ) G C* 1+a (T 2 ), where 

vi (x) = ( 2 tt )^ 2 f f (x-y) Hi (y) dy. 

Jt 2 

2. With N = 2, given / G C a (T 2 ) , 0 < a < 1, and /( 0) = 0, find a 
vector-valued function v(x) = (xi (x) ,V 2 (x)) with vi,V 2 G C 1+ “ (T 2 ) such 
that 

V • v (x) = / (x) Vx G T 2 . 


6. An Application of the L p -Condition 

In this section, we show that Theorem 1.2 is very useful in obtaining 
distribution solutions to a periodic boundary value problem in partial dif¬ 
ferential equations. The result obtained here will prove valuable in Chapter 
6 when we deal with solutions to the stationary Navier-Stokes equations. 

We recall that (f) G C'°°(Tjv) means that G C'°°(R Af ) and periodic of 
period 27r in each variable. With 1 < p < 00 , by \\<I>\\w 1 ’P(t n )i we mean the 
following: 

II^H W^p(T n ) = 

J In 

The space W 1,p (Tjv) is the space we obtain by using the method of Cauchy 
sequences to close C 00 (T/v) with respect to the |Hljvi,p(T iv )-norm. 

Similarly, by \\(/)\\ W 2 , p(Tjv) , we mean 

Ill’ll w^p(t n ) = 

The space W 2,p (Tjv) is the space we obtain by using the method of Cauchy 
sequences to close C°°(Tn) with respect to the IHIwz.ppy^-norm. 

Given / G L p (Tn) with J Tn fdx = 0, we say u is a distribution solution 
of the periodic boundary value problem 

(6.1) -A u = f 




N 

+£ 

3 =1 


d 4> 


dx-i 


+ 


N 

£ 

j,k= 1 


d 2 <i) 


dxjdxk 


dx. 




N 

+ £ 

3 =1 


d(j> 


dxi 


dx. 
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provided that u G L 1 (T/v) and 

(6.2) — f uAtpdx = I f(j)dx \/(f> G C°°(Tn). 

Jt n Jt n 

With 1 < p < oo and using specific C alder on- Zygmund kernels in con¬ 
junction with Theorem 1.2, we intend to prove the following theorem re¬ 
garding distribution solutions of the boundary value problem ( 6 . 1 ). 


Theorem 6.1. Let f G L p (T/v) , 1 < p < oo, N > 2. Suppose that /(0) = 0. 
Set 

uo(x ) = (27 t)~ n f f{x - y)H 0 (y)dy 
Jt n 

where Hq is defined in (5.7). Then uq € W 2,p (T/v) and is a distribution 
solution of the periodic boundary value problem (6.1). 

To prove Theorem 6.1, we will need the following lemma. 


Lemma 6.2. Suppose g € L p (T/v), 1 < p < oo, and h G L 1 (T/v). Set 

v(x) = / h, ( x-y)g (y) dy. 

Jt n 

Then v G L p (T/v), and 

( 6 - 3 ) II^IIlp^jv) ^ Ill'll L l (T N ) \\9\\lp{T n ) ■ 

Proof of Lemma 6.2. Let p' = p/ (p — 1) • Then writing \h(x — y)\ = 
| h (x — y) | 1//p | h (x — y) \ l ^ p , we see that 

\v(x)\ < / \h(x-y)\\g(y)\dy 

Jt n 

< [f \h{x-y)\\g(y)\ p dy] 1/p [f \h(x - y)\dy] i,p '. 

Jt n Jt n 

Consequently, 

/ \ v ( x )\ v dx < \M P li' (T n) \M L fiT N ) M P LP(T N ) ■ 

JT n 

The inequality in (6.3) follows immediately from this last inequality. ■ 


Proof of Theorem 6.1. Using Hq, Hi, ..., Hjy G L 1 (Tn) as defined in 
(5.7), we set 

Uj(x) = (2ir)~ N f f(x-y)Hj(y)dy for j = 0,1,..., N, 

Jt n 


(6.4) 



76 


2. CONJUGATE MULTIPLE FOURIER SERIES 


and obtain from Lemma 6.2, since / £ L p (Tjv) and Hj £ L 1 (Ttv), that 
(6.5) Uj £ L p (T/v) for j = 0,1, ...,1V. 

Also, from (i) in (5.7) in conjunction with (6.4), we obtain that 


( 6 . 6 ) 


s i u o] = X 


/( to ) 


m^O 


\m\ 


and from (ii) in (5.7) that 
(6.7) er„..i_ 


S[uj] = ' mif( " l) < h "- x for j = 


m^O 


to 


m~ . 

( m ) - ^2 e im x 
to 


Next, using the material in the first paragraph of the proof of Theorem 
5.1 in conjunction with Theorem 1.2, we see that 

E /(' 

m^O 

is the Fourier series of a function in L p (T/v) for j = 1, ...,1V. 

Likewise, since XjX^ is a spherical harmonic function for j ^ k, we 
proceed in a similar manner and use Theorem 1.2 to obtain that 

X; 


m^O 


TO 


is the Fourier series of a function in L p (T/v) for j ^ k and j, k = 1,..., N. 

As a consequence of all this, we see that 

(*) 3' u jk £ L p (T N ) 

(6.8) with 

(**) 

for j, k = 1,..., IV. 

Next, we let cr^(ito,®) designate the n-th iterated Fejer sum of uq as 
defined in (2.6) of Chapter 1. Since cr%(uo,x) is a trigonometric polynomial, 
it follows from (6.6)-(6.8) that 

(.) d*%{uo,x) = 

(6.9) 

(**) = (J n( u j k,x) 

for j, k = 1,..., IV. 

From Theorem 2.2 in Chapter 1, we obtain that 


( 6 . 10 ) 

for j = 0,1,..., IV, and 


lim 

n—>oo 


L p (T N ) 


= 0 


lim 

n—>oo 


^ni^jkj') Ujk 


Lp(T n ) 


= 0 



6. AN APPLICATION OF THE ZT-CONDITION 


77 


for j, k = 1, N. 

We conclude from (6.9) and these last two limits that 


(6.11) n 0 € W 2 ’ p (T N ) . 

Also since cr%(uo,x) is a trigonometric polynomial, we see from (6.8)(ii) 
and (6.9) (ii) that 

-Ao-£(U 0 ,Z) = 0"n(/) x )- 
On the other hand, it is clear that 


a%(uo,x)A(f)dx = / Aa^(uo,x)cj)dx V</> G C°° (T)v). 


So 

— f (Jn(uo, x)A(f>dx = f cr%(f,x)(j>dx G C°° (Tn) . 

Jt n Jt n 

Passing to the limit as n —> oo on both sides of this last equation, we 
obtain that 



uoA(J)dx = 


f<f>dx \/<j> G C°° (Tjv) • 


This gives (6.2) with no replacing n. Hence, no is a distribution solution of 
(6.1). From (6.11), we see also that no G W 2,p (T\r). 

This establishes the theorem. ■ 


Exercises. 

1. With N = 2 and cr^(uo, x) as in the proof of Theorem 6.1, use Green’s 
second identity to prove 

f <Jn( u o, x)Acf>dx = f Aa%(uo,x)(j)dx \/(j> G C°° (Tat) . 

Jt n Jt n 

2. With 1 < p < oo, define VF 4,P (T 2 ) in a manner analogous to the 
definition of W 2,p (T 2 ). Given / £ P (T 2 ) with J Tn fdx = 0, we say v is a 
distribution solution of the periodic boundary value problem 

(6.12) A 2 n = / 

provided that v € L 1 (T 2 ) and 


’t 2 


vA 2 ct>dx = / f<pdx \/(j> g C°°(r 2 ). 


>t 2 


Find a distribution solution v to the periodic boundary value problem (6.12) 
with veW 4 ’ p {T 2 ). 
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7. Further Results and Comments 

1. Originally from Poland, Antoni Zygmund was a professor of math¬ 
ematics at the University of Chicago from 1947 to 1980, where Alberto 
Calderon was one of his Ph.D. students. Zygmund is known for founding 
one of the leading schools in mathematical analysis called “The School of 
Antoni Zygmund.” A listing of 179 names belonging to this school as well 
as a biography of Zygmund can be found in the book “A Century of Math¬ 
ematics, Part III,” published by the American Mathematical Society [Du]. 

2 . Calderon-Zygmund kernels of spherical harmonic type of the form 
Qk ( x ) / |x| w+fc when Q ^ (x) is a homogeneous linear polynomial are gener¬ 
ally called Riesz kernels and the corresponding principal-valued transforms 
are generally called Riesz transforms. Both the periodic analogue of this case 
and when Q *. (x) is also a spherical harmonic polynomial of degree 2 were 
considered in a 1938 paper by J. Marcinkiewicz [Mar], Evidently, in these 
two cases, he proved Theorem 1.2 stated above (see [CZ2, p. 262]). 

Josef Marcinkiewicz was one of the four Ph.D. students that Zygmund 
had while he was a professor at the University of Wilno (see [Du, p. 345 and 
p. 349]). 

3. Calderon and Zygmund, while working with local properties of solu¬ 
tions to elliptic partial differential equations, introduced another important 
concept involving pointwise L 1 -total differentials, [CZ3]. To define this no¬ 
tion, let B (0,1) C R iV be the unit iV-ball. Let xo 6 B (0,1). u E t\ (xq) 
provided the following holds: u E L l (B (0,1)) and there exists a linear 
polynomial P (x) such that 

lim p~ N ~ l / |u (xo + x) — P (x)| dx = 0. 

P->° Jb{0,p) 

If P (x) = a 0 + Y^jLi a j x ji we set a j = u xj (®o) for j = 1,..., N. 

Once this definition is given, an obvious question arises in dimension 
N = 2, namely the following: Suppose u,v E L 1 (B (0, 1)) and u,v G fj (x) 
Vx E B (0, 1). Suppose, futhermore, the analogue of the Cauchy-Riemann 
equations hold, i.e., 

U x 1 (x) = v X2 (x) Vx E B (0,1), 

U X 2 ( X ) = -v Xl (x) VxGfi (0, 1) . 

Is it true that there exists U, V E C°° (B (0,1)) with / (z) = U (x) + iV (x) 
holomorphic in B (0,1) where z = x\ + ix 2 such that 

u (x) = U (x) and v (x) = V (x) a.e. in B (0,1)? 

This fundamental question was an open problem for approximately ten 
years. It was finally solved with the aid of multiple Fourier series in a man¬ 
uscript that appeared in the Annals of Mathematics [Shl6]. We refer the 
reader to this reference for the details of the solution. 



CHAPTER 3 


Uniqueness of Multiple Trigonometric Series 

1. Uniqueness for Abel Summability 

In this section, we shall deal with the best possible results involving 
uniqueness questions that arise from the Abel summability of multiple 
trigonometric series. A corollary to the main result presented in this sec¬ 
tion will be a solution to a problem which was open for approximately one 
hundred years: Is the analog of Cantor’s famous uniqueness theorem valid 
for double trigonometric series, i.e., is it true that 

(1.1) lim a m e im ' x = 0 Vx G T -2 =>■ a m = 0 Vm? 

R^oo ^ 

\m\<R 

In other words, the analog of Cantor’s theorem on a one-dimensional 
trigonometric series for the circular convergence of double trigonometric se¬ 
ries was the open question. Cantor’s work on one-dimensional trigonometric 
series started with a number of publications beginning in 1870 (see [Da, pp. 
33-34]) and eventually led to his ground-breaking development in set theory. 

The answer in the affirmative to the question stated above in (1.1) follows 
from the work of Shapiro [Sh2] in 1957 and Cooke [Co] in 1971. In between 
these times, many famous mathematicians including the logician and an¬ 
alyst Paul J. Cohen [Coh] had worked on trying to solve this problem on 
double series. The same question replacing circular convergence with square 
convergence is still open (see [AW3, p.24]). Also, the analogous problem on 
S 2 for spherical harmonics is still open. 

In this section, we concentrate on the ideas in the reference [Sh2] men¬ 
tioned above and, in particular, establish the following theorem (see [AW3, 
p. 10]) and its corollary. 

Theorem 1.1. Given the trigonometric series a m,e 2rn ' x where the 

a m are arbitrary complex numbers and N> 1, suppose that 
(*) Ei?-l<|m|<i? \ a m\ = o(R ) as 00, 

(ii) lim^o EmeAjv = 0 \/x£T N . 

Then a m = 0 V?n G An- 

Corollary 1.2. Given the trigonometric series EmeAjv X where the 

a m are arbitrary complex numbers and N> 2, suppose that 
(*) Efl—l<|m|<R \ a rn\ = o{R) as R —> OO, 
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(*i) lim^o Zme a n a m e iin - x - |m|t = 0 Vx G Tjv\{0}. 
Then a m = 0 Vm G A^r. 


Before proceeding, we show that the corollary is not true in one- 
dimension. Working with TV = 1, we see from the equalities in (4.37) and 
(4.38) of Chapter 1 that for t > 0, 

OO OO 

(1.2) P(s,t)= e ins_|n| * = bit [t 2 + (2im + s) 2 }- 1 Vs G Ti 

n=—oo n =—oo 


where b\ is a positive constant. It is clear that limt_>o P(s, t) = 0 Vs G 
Ti\{0}, and that lim^o 7^(0, t) = oo. Since the coefficients of the trigono¬ 
metric series in the second term in (1.1) are a n = 1 for all n, we have 
X^R_i<|n|<it \ a n\ = 2 = o(R ) as R —■> oo. Consequently, Corollary 1.2 is 
false in dimension TV = 1. 

Next, we observe from (1.2) that for t > 0, 


8 P(s, t ) 
8 s 


OO 

and also, 

Tl— — OO 


dP(s, t) 
ds 


OO 

—^ 2 ( 27 rn + s)[t 2 + ( 27 rn + s) 2 ] -2 

n =—oo 


Vs G Ti. Hence, 

OO 

(1.3) lim yy me ms “l n l < = 0 for all s G Tj. 

n =—oo 


of Theorem 1.1, we set 
(1.4) 

Then 


cannot be replaced by big “O” in condition (i) 

j0 for 0 

lm '~im\ for m 2 +---+m 2 N = O' 


CLrn.G 


im-x—\m\t _ 


oo 

E 

n =—oo 


ine 


ins—\n\t 


E 

rnGAjy 

where x\ = s, and we see from (1.3) that condition (ii) in Theorem 1.1 holds 
for all x G Tn- On the other hand, from the definition in (1.4), it is clear 
that 

2 {R — 1) < Y \o-m\<2R. 

R—l<\m\<R 

So our assertion that little “o” cannot be replaced by big “O” in condi¬ 
tion (i) of Theorem 1.1 is substantiated, and Theorem 1.1 from this point 
of view is a best possible result. 

Theorem 1.1 in dimension TV = 1 is due to Verblunsky and the proof in 
this dimension can be found in [Zyl, p. 352], The proof of Theorem 1.1 in 
dimension TV > 2 requires new ideas. These new ideas are to be found in 



1. UNIQUENESS FOR ABEL SUMMABILITY 


81 


[Sh2], and we shall use them here in our proof of Theorem 1.1. About these 
new ideas, Professor A. Beurling’s comment was “ Very skillful, indeed!” 
Professor A. Zygmund said about Theorem 1.1 in dimension N > 2, “Results 
of this nature come about only once in a generation.” 

To prove Theorem 1.1, we need the following lemma: 

Lemma 1.3. Let G& L 1 (Tat), and let <S'[G]=^ m6AAr G(m)e im ' x . For t > 0, 
set G(x, t)=J2meA N G(m)e ,m ' x -\ m \ t . Suppose lim t ^oG(xo,t) = G(xo) exists 
and is finite. Set 7 * =lim supt^o — J2m£A N \ m \ 2 G(m)e im ' x ~^ t and define 
7* simlarly using lim inft^o ■ Then 
(a)A*G(xo) < 7* and 
(bh* < A *G(x 0 ). 

In the above lemma, A*G(xo) refers to the lower generalized Laplacian 
of G at xo as defined in (2.2) of Appendix C, namely, 

/ Gr r i(xo) — G{xq) 

(1.5) A*G(xo) = 2 (N + 2) lim inf- 5 - 

r^o r z 

where G[ r ](xo) is the volume mean of G at xo defined in (2.1) of Appendix 
C. (For the one-dimensional analogue of the above result, see [Zyl, p. 353].) 


Proof of Lemma 1.3. To prove the lemma, it is sufficient to prove (a), 
for (b) will then follow by considering —G(x). With no loss in generality, we 
can assume that xo = 0 and G(0) = 0. 

If A*G(0) = —00 or if 7* = +00, (a) is already established. So we can 
assume A*G(0) > —00 and 7* < +00. 

Suppose (a) does not hold. Then there exists an 7 / € R such that 
A*G(0) > r] > 7*. Since we can find a periodic function A(x) £ C°°(Tn) 
with the property that A(0) = 0 and AA(0) = rj, we can assume 7 = 0 . We 
prove the lemma by showing 

(1.6) A*G(0) > 0 > 7* 

leads to a contradiction. 

With Gt(0,t) = dG(0,t)/dt and Gu(0,t) = dGt(0,t)/dt , and observing 
from ( 1 . 6 ) that 7 * < 0 , we obtain that 

limsup — Gtt(0, t) = 7* < 0. 

0 

Consequently, Gu{ 0, t) > 0 for t sufficiently small. Therefore, for t sufficiently 
small, Gt(0,t) is a strictly increasing function of t, i.e., there exists a to > 0 
such that Gt{ 0 , t) is a strictly increasing function of t in the interval 0 < t < 
to- Also, G(0,t)/t = Gt(0,s) where 0 < s < t by the mean-value theorem, 
since G(0,t) = 0. Therefore, limsup^o d[G(0,t)/t]/dt < 0 is incompatible 
with the fact that Gfi 0 , t) is a strictly increasing function of t in the interval 
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0 < t < to. Hence, limsup^gd[G(0, t) /t\/dt < 0 is incompatible with the 
fact that 7* < 0. We consequently conclude from (1.6) that if we can show 

(1.7) A*G(0) > 0 =$■ liminf — d[G(0,t)/t]/dt > 0, 

we will have arrived at a contradiction. 

We now establish (1.7). Observing from (2.1) in Appendix C that 
|72(0, 72)| G[ r ](0) = f B , Q G(y)dy and from (4.5) and Theorem 4.1 of Chap¬ 
ter 1 that 

G(0,t) = ( 2ir)~ N bN [ G(x)t[t 2 + \x\ 2 ]~^ N+1 ^ 2 dx, 

Jr n 

we see that 

[t 2 + r 2 }~ {N+1)/2 dr N G [r] (0) 

poo 

= a' [t 2 + r 2 ]” (7V+3)/2 r 7V+1 G M (0)dr 

Jo 

where a and a' are positive constants. Consequently, since Gr r ](0) = 0(1) 
as 72 —> oo, 

poo 

(1.8) -d[G(0,t)/t]/dt = pt [t 2 +r 2 }- {N+5)/2 r N+1 G [r] {0)dr, 

Jo 

for t > 0 where f3 is a positive constant. 

By the assumption in (1.7), there exists rj 0 > 0 and 5 > 0 such that 

G[ r ](0) > i] 0 r 2 for 0 < r < 5. 

We thus obtain from (1.8) that 

r s 

liminf —d[G(0, t)/t]/dt > liminf (3t / [t 2 + r 2 ]~ ( - N+5 ' > J 2 ij 0 r N+3 dr 

t—>o o Jo 

poo 

> Py 0 / [1+ r 2 ] _(iV+5)/2 r Ar+3 dr 

Jo 

> 0 . 

This establishes (1.7), and completes the proof of the lemma. ■ 


0(0, t) 


= a 


Proof of Theorem 1.1. From a consideration of the series 

^2 (a m + a- m )e im ' x and ^2 i(a m - a^ m )e im x , 
m£ An mEAjv 

we see from the start that it is sufficient to prove the theorem under the 
additional assumption 

(1.9) 


CLm — d—m 


Vm £ Ajv. 
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Next, for t > 0, we define the following functions. 

= J2 meAN a m e™*- M* 

= -E H > 0 flr ll hr 1 «* ,H4 

(1.10) 

F(x, t) = - E| m |>o om Imp 2 

/*(x) = limsup^o /(x, f) and /*(x) = liminf^o /(x, t), 
and observe that 

(1.11) lirn /] (x, f) and limi ? (x,t) exist and are finite 
for x € T/v- 

To see this, fix x € Tjv- Then by hypothesis (ii) of the theorem, there 
exists a constant K depending on x such that |/(x, t)\ < K for t > 0. Hence 
by the mean-value theorem for 0 < t\ < t 2 , there exists an s such that 

\fi(x,t 2 ) - fi(x,h) | = |/(x,s) - o 0 | (t 2 - h) 

where 0 < t± < s < t 2 - Therefore, /i(x,t) satisfies the Cauchy criterion 
for convergence and the first part of (1.11) is established. Repeating this 
argument for F(x,t ) establishes the second part. 

Using (1.11), we define the periodic function F(x) by 

(1.12) F{x) = limF(x,t) Vx € R A . 

As is easily seen, condition (i) in the hypothesis of the theorem implies 
that E H >o M \m\~ < oo. Consequently, we obtain from (1.10) and 

(1.12) that F(x) G T 2 (T/v) and 

(1.13) S[F] = - a m \ m \~ 2 e im ' x . 

| m |>0 

Also, we observe from (1.5) and (1.6) in Appendix A that 

(1.14) {BfarT 1 [ e iin - y dy = n N e iin - x J N/2 {\m\r){\m\r)- N / 2 

JB(x,r) 

where ji N is a constant depending on N but not on m. So with T[ r ](x) 
designating the volume mean of F in a ball of radius r centered at x, we 
obtain from (1.13) that 

(1.15) F^(x) = ~h n ^2 a m \m\~ 2 e im ' x J N / 2 (\rn\r)(\m\r)~ N/2 . 

| m |>0 

Using the Bessel estimate in (2.2) of Appendix A and condition (i) in the 
hypothesis of the theorem, it is clear that the multiple series in (1.15) is 
absolutely convergent. 
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Next, we obtain from Lemma 1.3 and condition (ii) in the hypothesis of 
the theorem that 

(1.16) A *F(x) > —ao and A *F(x) < — ao Vx G Tjy. 

If F(x) is continuous in all of R jV , then it would follow from the inequal¬ 
ities in (1.16) and Theorem 2.2 in Appendix C that F(x) + ao |xj 2 /21V is 
harmonic in R, v . As we shall see, from this latter fact it is easy to obtain 
the conclusion of the theorem. So we see what we have to do is establish the 
continuity of F in R w . 

In order to establish this continuity, we set 

(1.17) ai(t) = sup sup |F[ r ](x) — F(x,r)\, 

0 <r<t a jGTjv 

and we will show that 

(1.18) lim oq(t) = 0. 

t^o 

It follows from the series representations of F(x,r ) in (1.10) and of 
Tj r ](x) in (1.15) that 

SU P x&t n \ F [r](%) ~ F(x,r) | 

(1.19) < ^2 \a m \ \m\~ 2 e _|m|r - fJ, N J N / 2 (\m\ r)(\m\ r)~ N/2 . 

m|>0 

We split the sum on the right-hand side of the inequality in (1.19) into 
two parts, A r and B r . A r will designate the sum over the lattice points 
m, 1 < | m | < r _1 , and B r will designate the sum over the lattice points 
m, \m\ > r _1 . To establish (1.18), it is sufficient to show that lim r ^Q A r = 0 
and lim r ^o B r = 0. 

Observing from the equality in (1.14) that 

limu N JN/2{r)(.r)- N/2 = 1, 

r—>0 ' 

we see from (1.1) in Appendix A that there is a constant K such that 

e~ r — UnJn/ 2 ( r )i r )~ N ^ 2 ^ Fr for 0 < r < 1. 

Hence, we obtain from condition (i) in the hypothesis of the theorem and 
from (1.19) that 

A r < Kr ^2 \a m \ |m| _1 = ?’o(r _1 ) as r —> 0. 

l<|m|<i — 1 

Therefore, lim r ^o A r = 0. 

Using the fact that there exists a constant K such that | «/at /2 ( r ) | ^ 

iv r -1 / 2 , we obtain from (1.19) and from condition (i) in the hypothesis of 

the theorem that for r small 

/*oo /*oo 

B r < o(l) / e" rs s _1 ds + o(l)r _(Ar+1)/2 / s~ {N+3)/2 ds 

Ji —7 — 1 

as r —> 0. 
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We conclude that lim r ^o B r = 0, and consequently that the limit in 
(1.18) is established. 

The next fact that we establish concerning F(x) is the following: set 

(1.20) a 2 {t) = sup sup | F[ r ](x) - F[ r ](y)\, 

0 <r<t \x—y\<r,x,y£R N 

then 

(1.21) lim ct2 (t) = 0. 

t-s-o 

From (1.15), 

M N ®^P|x— y\<r,x,y£H. N | ^[r] -^[r](2/)| 

< su P|*-i,|<r ) *,yeR J v E 1 <|m|<r- 1 {l°ml I J N/i{\m\ r)\ (\m\ r)~ N / 2 \m\~ 2 

| gim-x gim-y 11 

+ 2 Er- 1 <|m| \ a m\ \ <4r/2(H r ) \ (\m\ r)~ N/2 \lTl\~ 2 
— A r -)- B r . 

To establish the limit in (1.21), we have to show that A r and B r tend 
to zero as r goes to zero. The lim r ^o B r = 0 was already shown when we 
established (1.18). For A r , we observe from (2.1) in Appendix A that 

2~ 1 A' r < ^2 \ a m\\JN/ 2 (\ m \ r )\i\ m \ r ) N ^ 2 \ m \ 2 \m\r 

l <| m |<)— 1 

< 0(l)r ^2 \a m \ |?n| _1 

l<|m|<r _1 

< 0(l)?’o(r _1 ) 

as r —> 0. Consequently, lim r _,o A' r = 0, and the limit in (1.21) is established. 

Next, using the fact that f(x,t ) is continuous for t > 0 and periodic in 
the x-variables, we see that there exists a sequence 

t\ > t 2 > ■ ■ ■ > t n ■ •• —> 0 

such that 

(1.22) sup sup \f(x,t) — f(x,t n )\ < 1. 

leR" t n <t<t n+ 1 

Let B{xq,tq), ro > 0 be an arbitrary but fixed open ball in H N . We 
propose to show that F(x) is continuous in B(xo,ro)- So, let 

(1.23) E = {x 6 B(xo,ro) : F is not continuous at x}. 

We will now show that E is the empty set. 



86 


3. UNIQUENESS OF MULTIPLE TRIGONOMETRIC SERIES 


By condition (ii) in the theorem, 

lim \f(x, t n )\ = 0 \/x £ B(x 0 ,r 0 ). 

n —kxd 

If B(y,s ) C B(xo,ro), s > 0, then by the Baire category theorem [Zyl, 
p. 29 (12.3)], there exists B(y', s') C B(y, s), s' > 0, and a K > 0, such that 

\f(x, t n )\ < K \/x€B(y',s') and Vn. 

From (1.22), it therefore follows that 

\f(x,t)\ < K + 1 Vx £ B(y',s') and for 0 < t < ti- 

As a consequence, employing the same technique used to establish the limits 
in (1.11), we see that 

lim F(x,t) = F{x ) uniformly for x £ B(y',s'). 

We conclude that E defined in (1.23) is a nondense (nowhere dense) set in 
B(x 0 ,r 0 ). 

Next, we note that E has no isolated points. If 2:0 were an isolated point 
of E, then as we have observed earlier, there would exist so > 0 such that 
F(x) + ao |x| 2 /2 N would be harmonic in the punctured IV-ball B(z$ , 2so)\{ 
zq}. Therefore, by the mean-value theorem for harmonic functions, for x £ 
B(zq, r)\{ z 0 }, where 0 < r < s 0 , 

E(zo) + ao ko| 2 /2IV - E(x) - a 0 |x| 2 /21V 
= F(zo) + a 0 \z 0 \ 2 /2N - F { \ Z0 _ xl] (x) 

~ao [ \y\ 2 dy/\B(x, \z 0 -x|)|21V. 

J B(x,\z 0 -x\) 

As a consequence, from (1.17) and (1.20), 

F(z 0 ) + a 0 |^o| 2 /21V - F(x) - a 0 \x\ 2 /21V 

< \F(zq) - F [ko _ a .| ] (x)| 

+ |a 0 | [ (\z 0 \ 2 -\y\ 2 )dy /\B(x,\z 0 -x\)\2N 

J B(x,\zo—x\) 

< \F(z 0 ) - F [lzo _ xl] (x)\ +o(l) 

< \F(zo) ~ F(zq, I z 0 - x|)| + | F(z 0 , |z 0 - x|) - 
T |-^[|zo—x|](^ 0 ) — 7^[| 20 —x|] (x )| +o(l) 

< o(l) + ai(r) + a 2 (r). 

Using (1.18) and (1.21), we conclude that 

lim [F(x) + a 0 |xj 2 /21V] = F(zq) + a 0 |^o| 2 /2. 

X—>Z0 

Hence, E contains no isolated points. 

Next, let E designate the closure of E. Since \f(x, t)| —> 0 for x £ E and 
since FI is a perfect set, we can obtain once again from the Baire category 
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theorem and (1.22) that if E is a nonempty set, there is a zq G E and an 
so > 0 with B(zq, 2so) C B{xq,xq) and a constant K such that 

(1.24) \f{z,t)\<K+l for z G E l~l B{zq, 2so). 

Using the same techniques that were used to establish the limits in (1.11), 
we see from (1.24) that 

(1.25) lim F(z, t ) = F(z) uniformly for z G if C B{zq, 2so). 

Consequently, F{z) is a continuous function when z is restricted to the closed 
set E n B(zq, 2so). Therefore, given an e > 0, choose si so that 0 < si < so 
and such that 

(1.26) \F(z) — F(zo)\ < e for z G E D B{zq, si). 

Next, using (1.17), (1.20), and (1.25), choose S 2 so that the following 
five items hold: 

(1.27) 

(i) «i(s) < e for 0 < s < S 2 ; 

(ii) « 2 (s) < e for 0 < s < S 2 ; 

{in) |a 0 | (2 |z 0 | + 3s 2 )s 2 < e; 

(■ iv ) | F(z, s ) — F(z) | < e for 0 < s < S 2 and z G E (~l B(zq, 2so); 

(v) 2 s 2 < s 1 . 

We propose to show that 

(1.28) |F(x) — F{zq)\ < 5e for x G ^(zo;^). 

If x G B(zo,S 2 ) and x G E, then (1.28) holds by virtue of (1.26) and 
(1.27)(v). We can therefore suppose that x G B(zo,S 2 ) and x ^ E. Let z' 
be the closest point in E (or one of the closest if more than one exists) to 
x. Then | z' — x\ =s 3 < s 2 and F(y) + ao \y\ /2 N is a harmonic function in 
B(x,ss). Therefore, 

F{x) = F[ S3 ] (x) + a 0 [ \y\ 2 dy/ \B(x,s 3 )\2N - a 0 \x\ 2 /2N. 

J B(x,S3) 

Consequently, 

\F{x)-F{zq)\ < \F{x)-F(z')\ + \F(z')-F(z 0 )\ 

< \F [a3] {x)-F{z , )\ + \F{z , )-F{z 0 )\ 

+ |oo| / (|y | 2 - \x\ 2 )dy /\B(x,s 3 )\ 2N. 

J B(x,S3) 



88 


3. UNIQUENESS OF MULTIPLE TRIGONOMETRIC SERIES 


Hence, from (1.26) and (1.27)(iii), we obtain 

(1.29) | F(x) - F(z 0 )\ < |F [s 3 ] (.t) - F(z ')| + 2e. 

We can estimate the first term on the right-hand side of this last in¬ 
equality using (1.17), (1.20), and (1.27)(i), (ii), and (iv) as follows: 

\F [s3] (x) - F{z')\ < |F [a3] (s)-F [a3] (z , )| + \F [aa] (z')~F(z',s 3 )\ 

+ \F(z',s 3 ) - F(z')\ 

< a 2 (s 3 ) + ai(s 3 ) +£ 

< 3e. 

This last part coupled with the inequality in (1.29) establishes the inequality 
in (1.28). 

We conclude that F is indeed continuous at zq. Therefore, E must be 
the empty set and F is a continuous function in the open ball B(xo,ro). But 
B(xo,ro) was an arbitrary ball contained in R w . Hence, F is a continuous 
function in all of R jV . As we observed earlier, this fact implies that 

(1.30) F{x) + ao |x 2 | /21V is a harmonic function in R w . 

From (1.10) and (1.12), we see that F{x) is a periodic function of period 
27 t in each variable. Since F{x) is also a continuous function, we have that 
it is bounded in all of R A . Hence, we have from (1.30) that the harmonic 
function F(x ) + ao |x 2 | /21V = 0(|x 2 |) as \x\ —> oo. We conclude from well- 
known properties of harmonic functions (Theorem 1.10 in Appendix C) that 
the harmonic function that we are dealing with is a polynomial of at most 
degree 2 , i.e., 

N N N 

F(x) + a 0 \x 2 \ /21V = b 0 + E b jXj + EE k 'I'j t k i 

i=i 1=1 k= i 

where bo, bj, bjk are constants for j, k = 1,..., N. 

But the only way possible that the polynomial 

N N N 

bo + ^2 bjXj + EE bjkXjXk — ao \x 2 \ /21V 

1=1 l=i k=i 

can be bounded in all of R A is when it is identically constant. Therefore, 

F(x) = b 0 Vx G R^. 

From (1.13), we see first that bo = 0 and next that F{x) = 0 Vx £ R A . 
This implies that 

a m = 0 for \m\ > 0 . 

From condition (ii) in the hypothesis of the theorem, we finally obtain 
that ao = 0 , and the proof of the theorem is complete. ■ 
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Next, we define several functions that will be useful in proving Corollary 
1 . 2 . Set 

(1.31) 

$(x) = (27t) 7V [|S' 7 v— i| (AT — 2 )]” 1 |ar| _(iV_2) \/x£T n \{ 0} and N > 3 

= (27r) log (xp 1 Vx G T 2 \{ 0 } and N = 2 , 

and extend <h to R iV \ U m gAjv {27rm} by periodicity of period 27 t in each 
variable. In the above equation, |£jv-i| designates the volume of the unit 
(N — l)-sphere, i.e., |Sjv-i| = 2tt n / 2 /T(N/2). 

Also, for t > 0, set 

(1.32) H 0 (x,t)= \m\~ 2 e im ' x ~\ m \ t , 

| m |>0 

and for j = 1,..., N, set 

(1.33) Hj(x,t)= 

| m |>0 

We establish a lemma concerning the functions just introduced. 


Lemma 1.4. The following facts hold for the functions defined in (1.31), 

(1.32), and (1.33) where N> 2: 

(i) lim^o Hj(x,t) = Hj(x ) exists and is finite \/x E R A, \U m£ A JV { 27 rm} 
and j = 0 , 1 , ..., N ; 

(ii) lim| 3 ,i_ > 0 [-f^o(a ; ) — 4>(x)] exists and is finite-, 

(Hi) liiuii^i_[-Hy(ic)] + (2tt) n X j/ \Sn-i\ |a:| A ] exists and is finite for 

j = 1 ,..., N ; 

(iv) Hj(x) G L\T n ) for j = 0,1,..., AT; 

(v) Hq{x)— \x\ 2 /2N is harmonic in Ti N \ Li m& A N {2 tt m}; 

(vi) Hj (x) is harmonic in R ;V \ U me A N {27rm} for j = 1, 

(vii) limt^o J T \Hj(x, t) — Hj(x)\ dx = 0 for j = 0, 1 ,..., N. 


Proof of Lemma 1.4. We first show that there exists a continuous periodic 
function if(x) such that 

<h(m) — if(m) = \m \~ 2 for m /0 


(1.34) 




o 

II 

o' 

1 

o 

Also, 



(1.35) 

J2 ^( m ) 

< oo 


m£ Ajv 

Observing from Green’s second identity [Ke, p. 215] that for N > 3 and 
rn -f 0 , 
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■Itm- 


T N —B(0,e) 


i |-(A''-2 ) e -im-x dx 


ld[T N \B(0,e)] 


e~ imx | m\~ 2 d \x\- {N ~ 2) /dn dS + o(l) 


with a similar calculation holding in dimension 2 for log|x| *. we obtain 
from (1.31) that for m / 0, 

<h(m) = \m\~ 2 
(1.36) 

N f 


+b N \m\ 


j = ii 


cos rri,j tt * . 

---——axi • • • dx, ■ ■ • dx tv, 

(|x | 2 — x 2 - + n 2 ) N / 2 j 


where b n is a constant depending on N but not on to. and dx* stands for 
the deletion of dx 3 . 

For to = 0, define 7 0 = d>(0). For to / 0, define to be the value of 
the second expression on the right-hand side of the equality in (1.36). As a 
consequence, 

<F(to) — 7 m = \iti\~ 2 for to / 0 

$(0)- 7o = 0. 


To show that YlmeA N \lm\ < 00 prevails, we observe that for m\ / 0 
and j / 1 , 

/^e“(|x | 2 — x 2 + 7 r 2 ) _iV / 2 dxi 


= JVm 


-l 

i 


xi sniTOiXi 


l-n (|X| 2 -X 2 + 7T 2 )(^+ 2 )/ 2 


dxi 


and obtain consequently that there is a constant b' N such that for to 7 ^ 0 , 

(H + l ) 2 |7 m | 


N 

< b' N Xd m il + 1 )^ 1 • • • (\ m j\ + i)" 1 * • • • (l"bvl + 1) _1 - 

3 = 1 


Also, we observe that 

[|TOl| + l)---(|TO^| + l)] (iV+1)/iV 

< (|to| + 1) 2 (|toi| + !)••• (| to j | + !)*••• (|tojv| + 1). 


These last two inequalities together imply that 

X] l7ml < X [l mi l + !) • • • (l m ^l + l)]' (iV+1)/Ar < OO. 

mG Ajv mGA^v 


^(x) = X 

me Ajv 


So we set 
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and obtain from this last inequality that ^(x) is a continuous periodic func¬ 
tion. As a consequence 

(1.37) 4>(m) = 7 m Vm G A N , 

and we infer from the above that the conditions set forth in (1.34) and (1.35) 
prevail. 

Continuing with the proof of the lemma, we next define 

(1.38) H 0 {x) = <f>(x) - i>(x) for x G K N \ UmeA N {2irm} 

and observe first that Hq (x) G L 1 (Tn) and next from (1.37), (1.36), and the 
paragraph below it that 

Ho(m) = 4>(m) — ij}{m ) = \m \~ 2 Vm / 0 

= 0 for m = 0 . 

With Hq(x, t ) defined as in (1.32), we consequently obtain from Theorem 
4.1 in Chapter 1 and the fact that <3?(x) — ^(x) is continuous and periodic 
in R w \ U mG AAr {27rm} that 

lim H()(x, i) = Hq(x) exists and is finite for x G R iV \ U mg AAr {27rm}. 
Also, from Theorem 4.3 in Chapter 1, 

dx = 0. 

Furthermore, from (1.38), Hq(x) — $>(x) = V’( x ) for x G R(0,1)\{0}. 
But, "0 is a continuous function in all of B( 0,1). Therefore, 

lim [Hq(x) — 4*(x)] exists and is finite, 

hHo 

and condition (ii) in Lemma 1.4 is established. 

Next, using the Poisson kernel, P(x,t) = J2m£A N for t > 0, 

defined in (4.37) of Chapter 1, we see from (4.38) in Chapter 1 that 

lim V e im - x ~\ m \ t =0 for x G R iY \U meA {27rm}. 

m£ An 

Consequently, it follows from Lemma 1.3 above that 

A*[H 0 (x) - |x | 2 /21V] < 0 < A *[H 0 (x) - |x | 2 /21V] 
for x <EH n \ U meAjv {27rm}. 

Since Hq{x) — |x | 2 /21V is continuous in H N \L) m( zA N {27rm}, we conclude 
from this last set of inequalities and Theorem 2.2 in Appendix C that 

(1.39) Hq{x) — \x\ 2 /21V is harmonic in R ;V \ U mg A w {27rm}. 

If we check back and see what we have already established in this proof, 
we see that we actually have established all that is stated in Lemma 1.4 
pertaining to Hq(x). So, to complete the proof of the lemma, it remains to 
show that the statement in Lemma 1.4 for Hj(x), j = 1, ...,1V is also valid. 
To accomplish this, we proceed as follows. 


lim 

t-> o 


\H 0 (x,t) - Hq(x) 
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Since <1 >(.t) is harmonic in -E>(0,1)\{0}, we obtain from (1.38) and (1.39) 
that 

(1.40) 'ip(x) + |x | 2 /2N is harmonic in B( 0,1)\{0}. 

But ij)(x) is continuous in all of R A . Hence, from Lemma 1.5 in Appendix C, 
we have that ip(x) + \x\ z /2 N is harmonic in all of B{ 0,1), and consequently 
that 

(1.41) #)er(fi( 0 , 1 )). 

But then it follows from (1.31), (1.38), and (1.41) that 

lim [ - 7 -——- + (27t) 7V xJ IS'at-iI \x\ N ] exists and is finite for j = 1,..., N. 
|a:|—>0 OXj 

Consequently, G L 1 (T/v). We define 

Hj{x) = dH 0 (x)/dxj Mx G K N \ U meAjv { 27 rm}, 

and we see from the above that (iii), (iv), and (vi) in the lemma are now 
established. 

It remains to show that conditions (i) and (vii) are valid. 

From Theorem 4.1 in Chapter 1, condition (i) in the lemma concerning 
Hj (x) for j = 1, ...,1V will be established once we show 

(1.42) lim Hj(x,t) = dHo(x)/dxj Vx G R Ar \ {27rm} 

for j = 1 

It is clear from (1.33) that the equality in (1.42) will follow once we 
demonstrate that 


^^(m) = irrij/ \m\ 2 for \m\ > 0 

(L43) 

f?(0) = 0 

for j = 1, Also, from Theorem 4.3 in Chapter 1, condition (vii) in the 

lemma will follow once we establish (1.43). 

So the proof of the lemma will be complete once we demonstrate that 

(1.43) is true. 

(1.43) will be valid if the following two items obtain 
( i ) f Tjv dHo(x)/dxjdx = 0; 

(1.44) 

(ii) J Tn e~ zm ' x dHo(x)/dxj = (2 tt) n irrij/ \m\ 2 for \m\ > 0. 

To demonstrate that (i) of (1.44) is indeed true, we define v(x) to be 
the vector field in Tjv\{0} whose j-th component is Hq(x) and whose other 
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(N — 1) components are zero. Then by the divergence theorem, (i) of (1-44) 
is true provided 

(1.45) lim / v(,t) • n (x)dS(x) = 0 

£ ^° Jd[T N -B(0,e)] 

where n(x) is the outward pointing unit normal. But H$(x) is a periodic 
function. Consequently, Jq Tn v(x) • n (x)dS(x) = 0. On the other hand, 


>dB( 0,e) 


v(x) • n(x)dS(x] 


< ce N 1 max I Hq (. x ) I 

\x\=£ 


where c is a positive constant. From (1.31) and condition (ii) of the lemma, 
we see that the right-hand side of this last inequality goes to zero as £ —> 0. 
So the limit in (1.45) is established. 

To complete the proof of the lemma, we have to show that (ii) of (1-44) 
is true. To do this, we now let w(x') be the vector field defined in T/v\{0} 
whose j-th component is e~ imx Hq{x) and whose other (N — 1) components 
are zero. The same reasoning as the above shows that 


lim 

£—>0 


w(x) ■ n(x)dS(x) = 0. 


ld[T N \B(0,e)] 

On the other hand, the divergence theorem gives 
/a[T JV \B(0, e )] W ( X ) • n (*)dS(z) 


lT N \B(0,e) 


d[e imx H q{x)\/ dxjdx. 


We conclude that 


>t n 


e ~ imx QHq{x) / dxjdx = / im j H 0 (x)e- imx dx 


it n 


= {2-k) n im.j \m\ 2 for \m\ > 0 

(ii) of (1.44) is established, and the proof of the lemma is complete. 


Proof of Corollary 1.2. To prove this corollary, we proceed exactly as 
in the proof of Theorem 1.1 and observe, as before, that without loss in 
generality, we can assume that 

Oj'ui — cl — yj-i Mm ^ . 

Also, as before, we obtain that the function 

(1.46) F(x) = lim F(x,t) Mx G R jV \ U m gAjv {27rm}, 

where F(x,t ) is given in (1.10), is well-defined. 

From the proof given in Theorem 1.1, we furthermore obtain that 

(1.47) F(x) + ao |xj 2 /21V is harmonic in R^\ {27rm}. 
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In addition, from the comments above (1.13), we see that F{x) is also 
in L 2 (Tn). Hence, it follows from Theorems 1.3 and 1.4 in Appendix C that 

N 

F(x) + ao \x\ 2 /2 N = bo logr + Y^ bjXjr~ N + uq(x) for N = 2, 

j = 1 

N 

= 6o r_( ' 7V_2 ' ) + Y1 bjXj r ~ N + uq(x) for N > 3, 

3 = 1 

Vx G R(0,1) —0, where uq(x) is harmonic in B{ 0,1) and the bj are constants. 

We next invoke Lemma 1.4 above and see from the set of equalities just 
established that there are constants 6 q, b ^,..., b* N , such that 

N 

lim [F(x) + ao \x\ 2 /2 N — b*Hj(x)\ = (3, 

|a:| ^° ]^o 

where /3 is a finite number. 

Using this last limit in conjunction with (v) and (vi) of Lemma 1.4, we 
obtain from the periodicity of F(x), which is clear from (1.46), that the 
function 

N 

(1.48) V{x) = F(x) - b*Hj{x ) 

3=0 

for x G R iV \ U mG AAr {27rm}, and 

U(27rm) = /3 for m G A-n 

is both periodic and continuous in R w . In addition, from (1.47), (1.48), and 
(v) and (vi) of Lemma 1.4, we have that 

(1.49) V(x) + (ao + b*o) \x\ 2 /2N is harmonic in R A \ 

Since V(x) is a periodic and continuous function, and hence bounded, 

(1.49) and Theorem 1.8 in Appendix C tell us that V{x) is a polynomial of 
degree at most two. But the only way a continuous periodic function can 
be a polynomial of degree at most two is when it is identically a constant. 
Consequently, from (1.48), 

N 

(1.50) F{x) - Y b j H j( x ) = P 

3=0 

for x G R' V \ UmeAjv {27rm}. 

We see from (1.13) that F(m) = —a m /\m\ 2 for m / 0. Therefore, 
Lemma 1.4 and (1.50), in turn, imply that 

N 

am + b o = — Y^ i m j b *j for / 0. 

3 =1 
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By condition (i) in the corollary, the left-hand side of this last equality 
is o(\m\) as \m\ —> oo. Consequently, we obtain that 

b* = 0 for j = 1 ,..., N , 

and therefore that 

a m = —for m / 0 . 

But, by condition (i) of the corollary, 

\a m \ = o(R) as R —► oo. 

i?—l<|ra|<i? 

However, the number of lattice points in the annulus R — 1 < \m\ < R is 
0(R n ^ 1 ) and not o(R N _1 ) as R— > oo. Hence, 6 q = 0, and therefore, 

a m = 0 for m / 0 . 

This, along with condition (ii) of the corollary, then implies that 

a 0 = 0 . 

These last two equalities complete the proof of the corollary. ■ 


Exercises. 

1. Given f (t) = J2^Li a n e ~ nt for t > 0 where l a nl < 00 an d 

J2n=i a n = 0 , prove 

lirnsup—rr (^) < 0 => lirnsup d{ —— )/dt > 0 . 

t-> o dt z t-> o t 

2. Prove that condition (i) in the hypothesis of Theorem 1.1 implies that 

E l 12 | |-4 , 

\a m \ \m\ < oo. 

| m |>0 

3. Using (1.5) and (1.6) in Appendix A, prove that for r > 0, 

iH^rr 1 [ e im ' v dy = fi N e im ' x J N/2 (\m\ r)(\m\ r)~ N / 2 
J B(x,r) 

where /.i N is a constant depending on N but not on m. 

4. Prove that, in dimension N = 3, the number of integral lattice points 
contained in the spherical annulus B (0, R + 1) \B (0, R) is O (R 2 ) and not 
o (R 2 ) as R —► oo. 
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2. Uniqueness for Circular Convergence 

In this section, we focus on the problem that was open for approximately 
one hundred years before it was solved, namely, the analogue of Cantor’s 
Theorem for double trigonometric series discussed at the beginning of §1. 
After we present this result, we will exhibit an analogous problem involving 
Cantor’s theorem on the two-sphere S 2 , which is still open. 

The theorem we present here, which settled this one-hundred year old 
problem, is the following: 

Theorem 2.1. Given the trigonometric series X^meAo where the 

b rn are arbitrary complex numbers and dimension N = 2, set 

S R (X) = J2 b m ^ mX , 

\m\<R 

and suppose that 

(2.1) lim Sr(x) = 0 for x 6 72\{0}. 

R-^o o 

Then b m = 0 Vm €E A 2 . 

Theorem 2.1 is proved using the clever 1971 result of Roger Cooke [Co], 
combined with Corollary 1.2 above, which was established in 1957 by Shapiro 
[Sh2]. We present Cooke’s result in Theorem 2.2 below. 

The analogue of Theorem 2.1 in dimension N >3 was established in 1996 
by Bourgain [Bou]. For a good presentation of Bourgain’s result, we refer 
the reader to the expository article of Ash and Wang [AW1]. For another 
expository comment about Theorem 2.1, see [Ash, p. 94]. 


Theorem 2.2. Given the trigonometric series ^ mgA/) b m e tm ' x where 
b m =b- m and dimension N = 2, set B n (x) = X^| m i 2 = n b m e irn ' x , and sup¬ 
pose 

(2.2) lim B n (x) = 0 for a.e. x G T 2 . 

n—>00 

Then 

(2.3) lim Y' \b m \ 2 = 0 . 

n—>00 ^' 

\m\ 2 =n 

To prove Theorem 2.2, we will need the following lemma. 

Lemma 2.3. With B n (x) defined as in Theorem 2.2, where b rn = b- m , 

(2.4) { f \B n (x)\ 4 dx} 1/4 < { [ \B n (x)\ 2 dx} l/2 . 

Jt 2 Jt 2 
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Proof of Lemma 2.3. To prove the lemma, we first observe that 

(2.5) \B n {x)\ 2 = E E b m b p e^ m -P> x 

\m\ 2 =n |p| 2 =n 


and 



Let designate the following set of lattice points: 

= {q : m — p = q, \m\ 2 = n, \p\ 2 = n}, 
and for each q 6 A%, let f3 q designate the following number: 

fiq = 'y ^ b m bp. 

\p\ 2 =n,\m\ 2 =n,m—p=q 

Then we see from (2.5) that 

\Bn(x )\ 2 = E ^ E b mbp 

\p \ 2 =n,\m \ 2 =n,m—p=q 

= Ev* 

<?ga£ 

Now, 0 = (0,0) is in A^. Hence, we observe from this last set of equalities 
that 



Next, we claim that given q £ A^\{@}, there are at most two pair of 
lattice points (m*,p*) and (m**,p**) such that m* — p* = rn** — p** = q 
and \m*\ 2 = \p*\ 2 = \m**\ 2 = \p**\ 2 = n. 

To see that this claim is indeed valid, let C(6,r) be the circle centered 
at 6 of radius r and observe 

if m* — p* = q with \m*\ 2 = \p*\ 2 = n, 
then the line segment p*m* is a chord of the circle C(9, y/n) that is both 

(i) parallel to Oq and 

(ii) of length |g| . 

There is at most one other chord of the circle C(9,y/n) with these two 
properties. Hence, the validity of the above claim is as asserted. 
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It follows from this claim that 

|/3j 2 <2 IM 2 |& P | 2 for q £ A^\{0}. 

|p| 2 =n,|m| 2 =n,m— p=q 

Consequently, we obtain from (2.7) that 

( 47r ) _2 / \ Bn ( X )\ 4 dx - l^| 2 + 2 X X l^m| 2 | & p| 2 

<?SA^\{0} \p\ 2 =n,\m\ 2 =n,m—p=q 

< \Pe\ 2 + 2 X X IM 2 |kp| 2 

\m\ 2 =n \p\ 2 =n 

< 3( E M 2 ) 2 - 

\m\ 2 =n 

But then from (2.6), we see that 

(47r) -2 f \B n (x)\ 4 dx < 3[(4vr)- 2 f \B n {x)\ 2 dx] 2 . 

Jt 2 jt 2 

The conclusion to the lemma follows from this last inequality. ■ 


Proof of Theorem 2.2. Suppose the conclusion to the theorem is false. 
Then there exists 5 > 0 and a sequence {rij}° < L 1 such that 

X l^n| 2 > <5 for j = 1,2,.... 

\m\ 2 =nj 


Set 


Then 


Aj(x) 


B ni (x) 


{J2\m\ 2 =nj \bm\ 


1 * 
2 


( 2 . 8 ) 

and 


lim Aj (x) = 0 for a.e. x G T 2 

j ^00 


(2.9) 


>t 2 


\Aj(x)\ 2 dx = 47 t 2 for j = 1,2,.... 


However, from (2.8) combined with Egoroff’s Theorem, we see that 
3E C T 2 s.t. | E\ < 10” 4 and lim A~(x) = 0 uniformly \/x G T 2 \E. 


J^oo 


Consequently, we obtain from the equality in (2.9) that 


47 T 2 < lim sup / \Aj(x)\ 2 dx 


where \E\ < 10 4 . 


( 2 . 10 ) 
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But, by Holder’s inequality and Lemma 2.3, 

[ \Aj(x)\ 2 dx < 10 ~ 2 ( f \Aj(x)\ A dx)? 
Je Je 


10 


-2 


IT 2 


\Aj(x)\ 2 dx. 


Therefore, from (2.9) and (2.10), we see that 

4tt 2 < 10" 2 4tt 2 . 

This contradiction shows the conclusion of the theorem is valid. 


Proof of Theorem 2.1. From a consideration of the series 


]T (b m + b_ rn )e lrn ' x and £ i(b m - b_ m )e im x , 
mG A2 mG A2 

we see from the start that it is sufficient to prove the theorem under the 
additional assumption 

b in — b— m Vm £ A 2 . 

Also, we see that 

[■ R 2 1 

Sr(x) = ^2 B n {x). 

n =0 

where B n (x) = J2\m\ 2 =nbm etm ' x and [f? 2 ] is the largest integer < R 2 . Con¬ 
sequently, from (2.1) in the hypothesis of the theorem, we see, in particular, 
that 

lim B n (x) = 0 for a.e. x £ T^. 

n ^> 00 

Hence, we obtain from (2.3) in Theorem 2.2 that 

lim \b m \ = 0. 

\m\—>oo 

Now, the number of lattice points in the annulus determined by R — 1 
and R is O(R). Therefore, we see from this last limit that 


( 2 . 11 ) 


]T \b m \ = o(l)0(R) = o(R). 

R—l<\m\<R 


Also, we see from condition ( 2 . 1 ) in the hypothesis of the theorem and from 
Theorem 1.2 in Appendix B that 

lim V b m e irn ' x e~ H* = 0 for x G T 2 \{0}. 
t-> o t—* 


A 2 


This last fact coupled with the observation in (2.11) shows that the 
conditions in the hypothesis of Corollary 1.2 are met. Hence, 


b m = 0 for m G A 2 , 
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and Theorem 2.1 is established. ■ 


On S 2 , the theorem analogous to the one just established for T 2 , namely 
Theorem 2.1, has been open for the last 135 years. There is a possibility 
that it may be false, for the analogue of Theorem 2.2 is false, as we will 
demonstrate. 

Here is what is known so far about the uniqueness of surface spherical 
harmonic expansions on S 2 , frequently called Laplace series. We use the 
notation introduced in §3 of Appendix A and let Y n ( £) be a surface spherical 
harmonic of degree n where £ £ S 2 . We also set 

JI^|| l2 = {/ |Hn(OI 2 ^)}A 
Js 2 

The following result was established in [Sh9, p. 12 ] using ideas similar 
to those in the proofs of Theorem 1.1 and Corollary 1.2 but adapted for S 2 . 


Theorem 2.4. Given {y n (£)}j£l 0 , a sequence of surface spherical har¬ 
monics of degree n on S 2 , suppose that 

(i) \\Y n \\ L2 = o(n 2 ) as n —> 00 and 

(ii) lim r _»i Yl™=o rnY n(0 = 0 for £ £ S 2 \{if}, 
where rf* = (1,0,0). Then 

Y n {0 = 0 £ S 2 and Vn. 

We observe from formula (3.29) in Appendix A that 


1 — r 2 


(1 — 2 rrf* ■ £ + r 2 ) 3 / 2 


^(2n + l)P n (r]* ■£,)r n \/f £ S 2 and 0 < r < 1, 


n =0 


where P n (t) is the Legendre polynomial of order n. From this last equality, 
we obtain that 

OO 

( 2 . 12 ) lim r"(2n + l)P n (r]* ■ £) = 0 for f £ S 2 \{r)}*. 

1 —>1 ^ 

»i=0 

As we have shown in §3 of Appendix A, (2 n + 1) P n {jf • £,) = Y n (£) is a 
surface spherical harmonic of degree n. Also, (see [Pi, p. 227]), 


'S2 


\Pn('n* ■ 0\ dS(£) = 2ir \Pn(t)\ dt = 47r(2?r + 1) L 


'-1 


(2.13) 
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This sequence {(2n + l)P n (rj* -£)}^o demonstrates that Theorem 2.4 is 
in a certain sense a best possible result because 

(а) by (2.13), it meets (i) in the theorem if “o” is replaced with “O”; 

(б) by (2.12), it meets (ii) in the theorem; 

(c) P n { 1) = 1 for every n shows that P n (r]* • f) is not identically zero. 

We will not establish Theorem 2.4 here, but refer the reader to [Sh9, p. 
12 ] for the proof. 

The open problem for the last 135 years is the following: 


Problem 2.5. Given {Y n (£ t )}'^ > =0 a sequence of surface spherical harmonics 
of degree n on S 2 , suppose that 

n 

lim V Y k (f) = 0 for £ <E S 2 \{ V *}, 

n—xx) L — J 
k =0 

where rj* = (1,0,0). Then 

Y n (f) = 0 and Vn. 

Problem 2.5 is still open because the analogue of the Cantor-Lebesgue 
type theorem established by Roger Cooke on T 2 (i.e., Theorem 2.2) is not 
available on S 2 , as the following counter-example of Walter Rudin [Ru2, p. 
302], demonstrates. 

Proposition 2.6. Given a positive integer J, there exists {Tn(£)})]Ti> a 
sequence of surface spherical harmonics of degree n on S 2 , such that 

(i) lim Y n (f) = 0 £ S 2 , and 

n—>oo 

ni) -— —> oo as n —> oo. 

n J 

Proof of Proposition 2.6. We observe for every integer n > 1, 
u(xI,x 2 ,x 3 ) = Xi Im(x 2 + ixz) n ~ l 

is harmonic in R 3 and also is a homogeneous polynomial of degree n in the 
variables x\, x 2 , X 3 . Hence, it is a spherical harmonic of degree n. Therefore, 
with £ = (£i,£ 2 ,£ 3 ) g s 2 , 

Y n ^)=n J+4 f 1 lm(f 2 +if 3 r~ 1 

is a surface spherical harmonic of degree n. 

Using f | = cos 9, f 2 = sin 0 cos (/>, = sin 8 sin <f), we see that 

(2.14) Y n (f) = n J+4 cos9(sm8) n ~ 1 sin(n — !)(/>, 
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where 0 < 9 < n and 0 < 4> < 27r. Since | sin0| < 1 for 9 / 7t/2 mod ir and 
cos 7 r /2 = 0, it follows from (2.14) that 

lim y n (0 = (1 V£eS 2 . 

n —>oo 

To complete the proof of Proposition 2.6, it remains to show that (ii) 
above holds. It follows from (2.14) that this will be accomplished once we 
demonstrate that 

/»7T 

(2.15) / (cos 9) 2 (sin 9) 2n ~ 1 d9 > c/n 2 for n > 1, 

Jo 

where c is a positive constant independent of n. 

Letting I n designate the integral on the left-hand side of the inequality 
in (2.15), we see after an integration by parts that 

I n = [ (sin 9) 2n+1 d9/2n = f ' (sin 9) 2n+1 d9/n. 

Jo Jo 

Using the fact that sin# > 29/tt for 0 < 9 < 7 r/ 2 , we obtain from this last 
equality that 

I n > 7 r f t 2n+1 cLt/2n for n > 1 , 

Jo 

and the inequality in (2.15) follows. ■ 


Exercises. 

1. Prove that x\ lm(x 2 +ix ^) n ~ 1 is a homogeneous polynomial of degree 
n that is harmonic in R 3 . 

2. With ^ j = cos 9, £ 2 = sin 9 cos 4>, = sin 9 sin <^>, find the sur¬ 

face spherical harmonic Y n (^), which comes from the spherical harmonic 
x\ Im(a ;2 + ix3 ) n_1 . 


3. Uniqueness, Number Theory, and Fractals 

One problem that Cantor was unable to solve was the following: If a 
trigonometric series S on T\ converges to zero in the complement of the usual 
Cantor set, is S identically zero? In this case, the answer is in the affirmative 
and is the basis for a very deep result in mathematics connecting number 
theory and trigonometric series [Zy2, p. 152], It is the purpose of this section 
to present a result analogous to this on Tjv, N > 2. Also, instead of using 
the convergence of trigonometric series to deal with sets of uniqueness, the 
more sophisticated idea of distributions on the IV-torus will be employed. 
The basis for the material developed here is the paper entitled Algebraic 
Integers and Distributions on the N- Torus (see [Sh5]). 
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Using the notion of distributions also enables us to obtain uniqueness 
results for trigonometric series of the form 

im-x 

dm& 

m£ An 

without assuming anything about a m under the spherical norm. In particu¬ 
lar, in Theorem 3.2 below, we do not make any assumption like 

lim \a m \ = 0. 

\m\— >oo 

Instead, we make assumptions of the following nature: (i) {a m } m£ A„ is uni¬ 
formly bounded; and (ii) lirn min( | mi |.= 0. 

Clearly, the norm used in (ii) is weaker than the spherical norm. 

In this section, we present three theorems involving uniqueness results 
for trigonometric series. The second and third theorems do use the spherical 
norm. Also, the second theorem is connected with the theory of fractals. 

In the sequel, with 

T N = {X : -IT < Xj <7 t, j = 1,..., IV}, 

we will need the notion of the torus topology. We observe that E C T/v is 
closed in the torus topology if and only if the set E* C R A is a closed set 
in R A where 

E* = U meA n {E + 2ttui}. 

To define the notion of a distribution S on T/v, we first need the class of 
real functions P(Tjv), called test functions, where 

D(Tv) = {(j> : (j> € C°°(R n ), i f> is periodic of period 27 t in each variable}. 

As before, we define 



and A0 to be the Laplacian of <f>. So, in particular, for (j) e D(Tv), 

(3.1) A k cj) = (2ir) N 'S'' \m\ ik (j>(m) for k = 0,1, 2,.... 

L 2 z —f 

m£ An 

With {^) n }^T 1 C P(Tjv) , we say 4> n —> 0 in D(T)v) provided the following 
takes place: 

lim A k cf> n = 0 for k = 0,1, 2,.... 
n—xx) L 2 

A distribution S on V(Tn), also called a periodic distribution, is a real 
linear functional on R(Tjv) with the following property. 

Given {<U“ r C V(T N ). If 

(3.2) cf> n —> 0 in R(T/v), then lim S(4> n ) = 0. 
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We’ll designate this class of distributions by V'(T^) and set for 5 G 
T>'(Tn) and A, <f> G T>(Tn), 

5(A + h/>) = 5(A) + iS((f>). 

S(m) is then defined by the following formula: 

(3.3) (2tt) n S( m) = S(e ~ im ' x ) = 5(cosm • x) — i5(sinm • x ) 
for m G An- 

In the sequel, we will need 

(3.4) S(m) is uniformly bounded for m G Ajv, 
and 

(3.5) lim S(m ) = 0. 

min(|mi|,...,|mjv|)—^oo 

In particular, we define the class A(Tn) C V(Tn) as follows: 

A(Ti\r) = {5 G T>'(Tn) : S(m) meets (3.4) and (3.5)}. 

If (p G P(Tjy), the set 

Su°(0) = {x G T n : </>(x) + 0}' 

(where designates the closure in the torus topology) will be called the 
support of (j>. Let G C T/v be open in the torus topolgy. 5 = 0 in G means 

(p G V(T n ) and 5u°(</>) cG^ 5(</>) = 0. 

Let E C T/v be closed in the torus topology. E is called a set of unique¬ 
ness for the class A(Tn) provided the following holds: 

if 5 G A(T n ) and 5 = 0 in T^\E, then 5 = 0. 

Before proceeding with the statement of the theorem, we establish the 
following proposition. 

Proposition 3.1. Let J> 2 be an integer. Suppose Ej C T/v is both a set 
closed in the torus topology and a set of uniqueness for the class A(Tn) for 
Then Uj =1 Ej is also a set of uniqueness for the class A{Tn). 

Proof of Proposition 3.1. It is clear from an induction process that the 
proof of the proposition will be complete once we show that the proposition 
is true for the special case J = 2. 

Suppose, therefore, that the proposition is false for the case J = 2. Then 
there is an 5 G A(Tn) such that 5 = 0 in Tv\(Ti U E 2 ) but S is not 
identically zero. Consequently, there is a (j) 1 G V(Tn) such that 

Su^(cj)i) C Tjy\Ei and 5(c/> 1 ) / 0. 
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Since Su and E\ are closed sets in the torus topology with an empty 
intersection, it follows that there is a set G± that is open in the torus topology 
with Ei C G\ and GiH Su^{<f>i) = 0. 

Now, cf> 1 S G T> (Ty) where 

<f>iS(<f>) = SiM) W e v(t n ). 

Also, by Proposition 3.4 in Appendix B, (j) l S G A(Tjy). 

Let cj) £ E>(Tn) be such that Su^((j)) C Tn\E- 2 - Then there is a set 
C?2 with E -2 C G 2 that is open in the torus topology and Su^(cj)) = 0. 
Therefore, 

<pi(x)(/>(x) = 0 Vs G Gi U G 2 , 

and hence, 

SuOfafl CT N \(E 1 UE 2 ). 

But then by assumption S{4>i4>) = 0. So 4> 1 S((j)) = 0 for every 0 G P(TJv) 
which, has its support in T/v/E^- However, as we have observed, (j) l S G 
A(T n ) and by assumption E 2 is a set of uniqueness for the class A(Tn). We 
conclude that <f> 1 S = 0. 

In particular, (j)(x) = 1 is a function in T>(Tn). So, 

0 = <j> 1 S(l)=S(<t> 1 ), 

and we have arrived at a contradiction. Therefore, the proposition is true 
for the case J = 2, and the proof of the proposition is complete. ■ 


Next, C(£) with 0 < £ < 1/2 will designate the familiar Cantor set in 
the half open interval [—7r,7r), i.e., t G C(£) if and only if 

OO 

t = 2tt( 1 - f £k ^ k l ~ 7r ’ 

k =1 

where £k = 0 or 1 and not all £k = 1. We note that if 0 < ^ < 1/2, 
j = 1,..., N, then C(£j) C T\ is a closed set in the torus topology of T\ and 

C(^) x • • • x C-fov) c T n 

is a set closed in the torus topology of T/v- 

An algebraic number is a complex number 7 that satisfies an equation 
of the form 

x T ct\x T ... T Oin — 0 

where the coefficients of the equation are rational numbers. In case all the 
coefficients of the equation are integers, 7 is called an algebraic integer. 

Following [Zy2, p. 148], we say 7 is an S number if the following three 
properties hold: 

(i) 7 is a real algebraic integer; 

(ii) 7 > 1 ; 

(iii) if a is a conjugate of 7 , then |a| < 1 . 

S numbers are sometimes referred to as Pisot numbers. 
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We intend to prove the following theorem [Sh5] regarding S numbers: 


Theorem 3.2. Let 0 < fj < 1/2 for j = 1, ...,N where N >2. A necessary 
and sufficient condition that C(£i) x • • • x C(f N ) be a set of uniqueness for 
the class A(Tn) is that fj 1 be an S number for j = 1, 


As an immediate corollary to Theorem 3.2 , we have the following result: 


Corollary 3.3. Suppose pj and qj are relatively prime positive integers 
with Pj/qj<\ for j=l,...,N where N> 2. A necessary and sufficient condi¬ 
tion that C(pi/qi) x • • • x C{pn/ Qn) be a set of uniqueness for the class 
A(T n ) is that pj = 1 for j = 1, N. 


Proof of the Necessary Condition of Theorem 3.2. With no loss 
in generality, we can assume from the start that £/* is not an S number. 
We accomplish the proof by showing that, under the assumption that is 
not an S number, there exists a trigonometric series Ylm&A N a mL-' mx with 
a m = a_ m , which has the four properties listed below: 

(3.6) \a m \ is uniformly bounded for m G An- 


(3.7) 


lim \a m \ = 0. 

min(|mi |)—>oo 


(3.8) 3mo G A n such that a mo f 0. 

If xo G Tjv\C'(£ 1 ) x • • • x C(£n), then 3 ?’o > 0 such that 

(3.9) lim ^ a m e im ' x e~^ * = 0 uniformly for x G B(xo, ro). 

ttiGA^v 

To see that a trigonometric series with the properties stated in (3.6)- 

(3.9) will establish the necessary condition of the theorem, we first prove 
that 

(3.10) S(4>) = (2 ir) N ^2 a m4>(— / m) for f G V{Tn) 

m£Apf 


defines a distribution in the class A(Tn)- 

To show that S G V{Tn ), suppose {fnfffLi C U(Tn) and f n —> 0 in 
V(Tn)- Then 


(3.11) 


E 

l<|m| 


O rn (Pn ( U) J 


< 


(E 

l<|m| 


m 


14 N 


ll A7V ^|| 


L 2 
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From (3.6), we see that the first series on the right-hand side of the 
inequality in (3.11) is finite. Since ||A Ar 0„|| L2 —► 0, we obtain therefore from 

(3.11) that 

lim V a m ^ n (-?n) = 0. 

n —>oo L —' I 
l<|m| 

Also, ao</> n (0) —> 0. So, S £ V(Tj\j). 

From (3.10), it follows that S(m) = a m , and consequently from (3.7) 
that S £ A(Tn). 

To show that a series with properties (3.6)-(3.9) will establish the neces¬ 
sary condition of the theorem, it remains to prove that the following holds: 

(3.12) 0 £ V(T n ) and 5«°(^) C T N \C(^) x • • • x Ctf N ) => S(</>) = 0. 
To accomplish this, we set 

S(x,t)= a me im ' x e ~ |m|2t , 

me Ajy 

and apply the Heine-Borel theorem in the torus topology. It then follows 
from (3.9) and the fact that Su^(<j)) C T)v\C'(£ 1 ) x • • • x C(£ n ) is compact 
in the torus topology that 

lim,S(a;,i) = 0 uniformly for x £ Su®((/)). 


But then 


S((j>) = lim / S(x,t)4 > ( x )dx = lim / S(x, t)(j)(x)dx = 0, 

t ~ > ® Jt n t—>0 Js u 0 (0) 


giving the assertion in (3.12). 

From (3.8), we have that S is not identically zero, and the necessary 
condition of the theorem is established. 

To complete the proof of the necessary condition of the theorem, it 
remains to show that is not an S number, which Implies the existence 
of a series J2meA N a m e? ' m x with a m = a_ m that has properties (3.6)-(3.9). 

With C(£) C Ti, 0 < £ < 1/2, we use the familiar Lebesgue-Cantor 
function (see [Zyl, p. 194], [Sa, p. 101]) associated with C(£) to obtain a 
nonnegative Borel measure v on T\ with the property that v\C{£)\ = 1 and 
u[Ti\C(^)] = 0. Also, v is nonatomic, i.e., u[{s}] = 0 Vs £ T\. We set 


(3.13) v(n) = (27t) 1 f e ins dv(s ) for n = 0, ±1, ±2,.... 

■>T\ 

It follows from (3.13) that P(n) = u(—n) and also that the sequence 
{u(n)}'^ = _ 00 is uniformly bounded. In particular, it is easy to see that this 
last fact implies that there is a constant c such that 

OO 

(3.14) ^ Hn)e ins e~ H 2 * < cf” 1 / 2 Vs £ Tf and for 0 < t < 1. 
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From [Zy2, p. 151], we also observe that 

(3.15) £ _1 is not an S number => lim P(n) = 0. 

|n|—>oo 

To obtain the coefficients a m , we let v k be the nonnegative Borel measure 
associated with C(£ k ) as above for k = 1, N, and set 

(3.16) a m = Pi (mi) • • • Pjv(mjv) Vm £ Ajv- 

It is clear that a m = a_ m and that the coefficients a m meet (3.6). From 
(3.15), it also follows that Zim| mi i_ >00 Pi(mi) = 0. Hence, from (3.16) we 
have that the coefficients a m meet (3.7). Furthermore, it is clear from (3.13) 
and (3.16) that ao = . Therefore, (3.8) is also met. 

So to complete the proof of the necessary condition of the theorem, it 
only remains to show that YlmeA N a me tmx meets (3.9). We now do this. 

We are given xq = (xoi, ...,xqn) £ T/v\C(£i) x • • • x C(( w ). Therefore 
there exists at least one xo j £ T)For simplicity of notation, let us 
suppose this occurs for j = 2, i.e., X 02 £ Ti\C(£ 2 )- A similar proof will work 
in case xoi £ Ti\C(£i) or xqj £ Ti\C(£,j) for j = 3, 

Let I r be the open interval (—r+ xo 2 ; xo 2 +x). Since X 02 £ Ti\C(£ 2 ), it 
follows from the above that there exists vq > 0 such that U 2 (4- 0 ) = 0. Hence, 
we obtain from Theorem 5.3 in Chapter 1 that 

OO 

(3.17) lim ^ n 2 iv2{n)e ins e~ n2t = 0 uniformly for s £ / rtJ / 2 , 

n= —oo 

for j = 1,..., N — 1. 

Next, for s £ Ti and for t > 0, we set 

OO 

(3.18) /j(s,i)= v 0 j(n)e ins e~ n2t for j = l,...,N, 

n=— oo 

and see that the series in (3.17) is d 3 f 2(3. t) jdt 3 . Consequently, it follows 
from the generalized mean-value theorem and (3.17) that 

(3.19) lim |/2(s, t)\ /t N ~ l = 0 uniformly for s £ I ro / 2 , 

Also, we obtain from (3.18) that there exists a constant c such that 

\fj(s,t)\ < cr 1/2 for s £ Ti, for 0 < t < 1, 

and for j = 1,..., N. 

Observing from (3.16) and (3.18) that 

a m e im ' x e~^ f = /i(xi,£) • • • f N (x N ,t), 

mG An 

we conclude that 

J2 a m e imx e- 
mG AjV 


£c N- H (N-i)/2 Mx2 ^ /t N-i 
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for x E B(xo,ro/2) and for 0 < t < 1. 

It follows from this last inequality and (3.19) that 

lim E a m e im ' x e f = 0 uniformly for x G B(xq,tq/2). 

meAjv 

So EmeA jv a m e " n x meets (3.9), and the proof of the necessary condition is 
complete. ■ 

To prove the sufficiency condition of Theorem 3.2, we will need the 
following lemma: 

Lemma 3.4. Let N > 2, and let Ej C T) be closed in the one-dimensional 
torus topology for j=l,..,N. Also, let {Aj i fc}^ =1 be a sequence of functions in 
T>(T\) having the following four properties: 

(i)Su0(\ jik ) c Ti\Ej] 

(i^lim^oo A jifc (0) = 1; 

(in) lim^oo A j)k (n) = 0 for n ^ 0; 

(iv)3M > 0 such that Y2^=-oo \ j,fc( n ) < M < oo, 

for j = 1 , and k = 1,2,.... Furthermore, suppose S G A(Tj\r) has the 
following property: 

(3.20) S = 0 in T/v\£'i x • • • x Ely. 

Then 5 = 0. 

Proof of Lemma 3.4. To prove the lemma, for i = 1, ...IV, we define 

N N 

(3-21) Vi,k( x ) = X " ' X ^h,k( x h) • ‘ ‘ 

ii=i h=i 

where the sum is over all i-tuples (ji ji) from the numbers (1,..., N) with 
j l < J 2 < J 3 < • • • < Ji, and we set 

N 

(3-22) rj k (x) = ^2(-l ) t+ 1 Vi,k(x). 

1=1 

In particular, for N = 3, 

7 ] k (x) = Xl,k(xi) + A 2j fc(x 2 ) + A 3) fc(x 3 ) - Ai )fc (xi)A 2 ,fc(.T 2 ) 

-Ai i fc(.Ti)A3 i / c (x3) — A 2j fc(a:2)A3 i fc(x3) 

+Agfc (aq) A 2i fc (x 2 ) A 3j fc (X 3 ). 
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From (ii) in the hypothesis of the lemma, (3.21), and (3.22), we obtain 

N / AT \ 

(3.23) lim7/ fc (0) = X>l) m ( , )=1. 

k —>oo — \ i ) 

i =1 v 7 

Likewise, we have for mi / 0 since -*-)* ^ ^ ^ ^ = 0, that 

r/ fc (mi,0, ...,0) = o(l)Ai i / c (mi) as k —■> oo uniformly for |mi| > 0, 
and in general that for mi • • • m,j 0 / 0, 1 < jo < N — 1, 

Vkim l, ...,m io ,0, ...,0) 

= o(l)(-l)- ?0+1 Ai ! j k (mi) • • - A j 0 ,k(m jo ) as k -» oo 

uniformly for |m,i... rn ]0 \ > 0 because 1)* ^ ^ j ^ = 0- 

On the other hand, rj k (mi ,..., mjv) = (—l) Ar+1 Ai j fc(mi) ■ • • \N,k{ m N) for 
mi • • • rriN / 0. 

Summarizing these last two facts, we have that if m ^ 0, 

(3.24) 

rjk(m) = o(l)(~l) r+1 X juk (m jl ) ■ ■ ■ X jrjk (m jr ) when mi • • • m N = 0 
with rn n ■ ■ ■ m,j r / 0 as k —» oo uniformaly for \m n ■ ■ ■ nrij r \ > 0. 
rj k {m) = (—l) JV+1 Ai i / c (mi) • • • X Ntk (m N ) when mi • • • m N / 0. 

Next, we see from the hypothesis of the lemma that E\ x • ■ ■ x En C T/v 
is a closed set in the torus-topology. Also, we have that r/ fc e T>(Tn) and 
from (3.21) and (3.22) that 

5u°(?y fc ) C T n \Ei x • • • x E n , 

for k = 1,2,... . 

It follows from this last fact and (3.20) that 

SM) = o v</> g v{t n ). 

Hence the distribution r/ k S = 0 V/c But then it follows from (3.7) in Appen¬ 
dix B that 

(3.25) ^ rj k (p)S(m — p) = 0 Vm 6 Ajy and Vfe. 
p£A N 

Also, by Proposition 3.3 in Appendix B, the series in (3.25) is absolutely 
convergent. 

Next, we let Sj = —1 or 1 for j = 1, ...,1V and define 
4(4, • ••, <5Ad rn) 

OO OO 

(3.26) = £•••£ %(pi4, —,Plv4v)S[m - (pi4, ...,p N d N )]. 

P i=i p N =i 
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So in particular for N = 2, we have Ifc(l, 1; m), /^(l, —1; m), /&(— 
and /fc(—1, — 1; m). 

It follows from (3.24), (3.25), and (3.26), and (iv) in the hypothesis of 
the lemma plus the fact that S{m) is uniformly bounded that 

(3.27) -rj k (0)S(m) = ^ 4(<5i, •••, 8 N -, m) + o(l) as k ->• oo. 

(5i =d= 1,... ,<5/v—i 1 

If we show that for each choice of (Si,...,8n ), 

(3.28) lirn I k (8i i ...,8 N -,m) = 0, 

/c—XX) 

it will then follow from (3.23) and (3.27) that S(m) = 0 for every m G A]y. 
But then from Theorem 3.2 in Appendix B, we see that S' = 0, which is the 
desired conclusion of the lemma. Therefore the proof of the lemma will be 
complete once we establish (3.28). 

Fix m and let e > 0 be given. We show (3.28) holds by showing 

(3.29) lim sup \Ik{8\, ...,8N',m)\ <e. 

k—>oo 

With M as in condition (iv) in the hypothesis of the lemma, we use (3.5) 
and choose an integer P sufficiently large so that 

(3.30) S(m — p) < eM~ N for min(\p\\ ,..., |p_/v|) > P. 

Next, we introduce various sets of lattice points in the positive octant 
as follows for j = 1,..., N: 

Qj,p = {p : 1 < Pj < P, 1 < Pi < oo, P + 1 < p n < oo; 

(3.31) 

i = 1, ...j — 1 and n = j + 1, ...IV}. 

In case j = 1 or N in (3.31), the obvious interpretation is to be given. 
Also, we set 

Q = {p ■ 1 < Pi < oo, i = 1,..., N}, 

(3.32) 

Q'p = {p : P + 1 < Pi < oo,i = 1, •••, N}. 

We observe from (3.31) and (3.32) that for N > 2, 

(3.33) Q = U f =1 Q jlP U Q'p. 

By hypothesis, S G A(Tn). We therefore see from the definition of A(Tn) 
and (3.4) that there exists a constant c such that S(m — p) < c Vp. Con¬ 
sequently, we have from (3.24) that for p G Q, 

%{p\ 8 1 , ...,p N 8 N )S[m - (piSi, ...,p N S N )] 

< C Ui^^i^i) • • • )\N,k{PN8 n) I • 
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From condition (iv) in the hypothesis of the lemma, from the definition 
of Qj,p in (3.31), and from this last inequality, we conclude that 


(3.34) 


E P ech P fikipitii,-,PNSN)S[m - (pidi,...,p N 5 N )] 

rN—l 

Z^ Pj 

for j = 1, ...,1V. But from condition (iii) in the lemma, we have 


— 1 E Pj -=i ^j,k{Pj$j) 


hm Y \kiPjSj 

k —>oo — 


Pj =i 


= 0. 


So we infer from the inequality in (3.34) that 

lim V \rj k (piSi, ...,pN$N)S[m - (pi5i, ...,pn8n)] 

k —>oo ' I 
peQj,P 

for j = 1, ...,N. Hence from (3.26) and (3.33), it follows that 


= 0 


limsupfe^oo \I k (8 1 ,...,6 N -,m)\ 

(3.35) < lim sup Y %(Pi^i, -,PNSN)S[m - (pi8i, ...,p N 5 N )] 

k—>OG , ' 

peQp 

Next, we see from (3.30) and (3.32) that 

S[m - (pi8i, ... ,Pn8n )] < eM~ N for p € Q P 
and consequently from (3.35) that 


limsupfc^oo \I k {5 1 ,...,5 N -m)\ 

(3.36) <eM~ n lim sup Y \Vk(pi s u —,PnSn )\• 


k—> OO 


PtQ J 


But from (3.24) and (3.32), 


Y Mp^u-,Pn 8 n)\ = Y ■■■ M,k(pi$l) • • • -\lV,fc(PlV<^v) • 

pgq'p P i=p+i Pn =p+i 

So we conclude from (3.36), condition (iv) in the hypothesis of the lemma, 
and this last equality that 

lim sup \I k (8i ,..., Sn\ m)\ < e. 

k —KX) 

This establishes the inequality in (3.29), and the proof of the lemma is 
complete. ■ 
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Proof of the Sufficiency Condition of Theorem 3.2. Let be 

a sequence of J-tuples with positive integral entries, i.e., Vjf = (v% 
with vj, a positive integer for j = 1We say is a normal 

sequence provided 

lim + • • • + b J vi I = oo 

k—>oo 

for every J-tuple B J = (6 1 , b J ) with each entry an integer and at least 
one entry different from zero. 

A set E C Ti closed in the one-dimensional torus topology is called an 
H^-set provided the following holds: 

There is a normal sequence and a parallelopiped Q C Tj 

where 

Q = {x —it < oij < Xj < (3 j <7r, j = 1, J} 

such that 

s G E => (suj,, sv^.) £ Tj\Q mod 27 t in each entry for k = 1,2,..., 

i.e., (sv ^,..., svf.) £ R J \Q* where Q* = U m( =A j{Q + 27rm} and A j is the 
set of integral lattice points in R/. 

What we want to show is 

Ej C T\ is an Rhul-set for j = 1, ...N, 

=> E\ x • • • x En is a set of uniqueness for A(Tn). 

In order to do this, we first prove the following: 

Given a set E C T\ that is closed in the one-dimensional torus topology 
and that is also an -set, there is a sequence with the following 

five properties: 

( i ) A fc £ P(Ti); 

(**) Su<>( A fc ) C 7i\£; 

(3.37) (m) lim^oo Afc(O) = 1; 

(iu) linifc^oo Afc(n) = 0 for n A 0; 

(u) 3M > 0 such that Y2^L-oo Afc(n) < Af 

where M is a finite number and k = 1, 2,.... 

To establish (3.37), let be the normal sequence and Q cTj 

be the parallelopiped associated with the H ^-set E. Also, let 

Qj = (otjrfj) C Ti 

be the one-dimensional open interval for j = 1,... J such that 

Q = Q i x • • • Qj. 
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Next, select numbers a'j , f3j , a". ft'- such that 
— 7 r < Oij < a'j < a" < /3" < (3'j < (3 j < ir, for j = 1,J, 
and define the functions of one real variable (s) G T>(T\) such that 

Vj(s) = 1 in Wj,Pj] 

(3.38) 

= 0 in [—7 T, tt]\[ a',/3'] 

and also such that 

(3.39) 

/ 7T 

r]j(s)e~ ms ds n = 0, ±1, ±2,..., 

-7T 

for j = l,...J. 

Next, define 

(3.40) A k (s) = ih(vls) ■ ■-vAvis) 

for k = 1,2,.... Since v k is a positive integer and i?j(s) G X>(Ti), it follows 
that ijj(v J k s) G D(Ti). Hence, from (3.40), we obtain that A*,(s) G T>(Ti), 
and (i) of (3.37) is established. 

To establish (ii) of (3.37), set 

Q*j = U^-oo {Qj + 27rn} 

and observe that 

Q* = U mGA {Q + 2 irm} = Q* x • • • x Q}. 

Fix /c and note that because T is an H^)- set, it follows that for s G E, 
(sv k , ...,sv k ) ^ Q*. Let -so be a fixed point in E. Then there exists a j such 
that sov k £ Q*. For simplicity, say j = 1. Then sov k ^ Q\. Also, because Q\ 
is a closed set, 3s > 0 such that for s G (so — e, s 0 + £), svj. ^ But then 
it follows from (3.38) that 

r/i(v k s) = 0 for s G (so — £, - s 0 + e ). 

Hence, we obtain from (3.40) that 

Afc(s) = 0 for s G (s 0 — e, s 0 + e). 

We conclude there exists a set G that is open in the torus topology of 
T\ such that E C G and 

Afc(s) = 0 for s G G. 

On the other hand, Svft(XQ C T\ is a set closed in the torus topology 
of T\. So we obtain from this last equality that 

5u°(A fc ) HE = 0, 

and (ii) in (3.37) is established. 
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To establish the last three items in (3.37), we observe that 

OO 

Vj( v k s ) = 

rij ——oo 

for j = 1 Consequently, we see from (3.40) that 

OO 

A k (s)= J2 A k (n)e ins 

n=— oo 

where 

(3.41) A fc (n) = Y Vi(ni) • ■ -rjj(nj) 

ni v^-\ - \-njv(=n 

for k = 1,2,... . 

From (3.39) and (3.41), we obtain that 

Afc(0) = 1 + A fe (0) 

where 

(3.42) \' k (0) = Y Vi(ni) ■ ■ -Vj{nj) for 0 < |ni| 4-f \nj\ . 

ni v l~\ - hnjv(=0 

Let e > 0 be given.We will establish (iii) in (3.37) by showing 

(3.43) lim sup A fc (0) < e, 

fc—> oo 

and therefore that lim^oo A fc (0) = 0. 

To accomplish (3.43), we first note that there exists a constant c such 
that 

OO 

(3.44) Y \Vj{nj)\<c for j = 1,... J. 

rij =—oo 

Also, we see there exists an integer ro > 0 such that 

OO 

(3.45) Y^ |%(%)| < £c~^ n ~^ J -1 and for j = 1,... J. 

\rij |=ro+l 
Next, we set 

(3.46) A^ 0 = {(ni,..., nj) G Aj\{0} : \rij\ < r 0 for j = 1,... J}. 

Since A/ 0 is a finite set of nonzero lattice points, we observe from the 
definition of a normal sequence that there exists a positive integer fco such 
that 

\n\v\ + • • • + njv J k | > 1 for (ni,..., nj ) G Ajf 0 and 7’ > fco- 
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Consequently, if k > ko and n\v\ + • • • + njv k = 0 then at least one of the 
rij is such that \rij\ > ?’o + 1. Hence, we obtain from (3.42) and (3.44) that 



OO OO OO 

< { Y Y Y \Vi( n i) • • ■Vjinril 

|ni|=ro+l n 2 =-oo nj =—oo 

OO OO OO oo 

+ Y Y Y Y l^i( n i) • • + ■ ■ ■ 

^l = -oo |n 2 |=ro+l n 3 =-oo nj=-oo 
OO OO oo oo 

+ Y Y Y Y l^iM • • -vj( n j)\} 

ni = -oon 2 =-oo nj_i = -oo |nj|=ro+l 

OO oo 

< c-- 1 ^ l^7i (^l) I + • • • + c N ~ 1 \vj(nj)\ 

I"i.!- ro- i l n j|= r o+i 


for k > ko- 

We see from (3.45) and this last inequality that 


A fc (0) 


< £ 


for k > ko. 


Therefore (3.43) is indeed true, and (iii) in (3.37) is established. 

Next, let n* ^ 0 be an integer, and let e > 0 be given. We will establish 
(iv) in (3.37) by showing 


(3.47) 


lim sup Afc(n 


< £■ 


where A/ C (n*) is given by (3.41). 

To do this, we will again use (3.44), (3.45), and (3.46) with a very similar 
argument as before and choose k* > 0 so that 

\n\v\ + • • • + njv k \ > \n*\ + 1 for (m,..., nj) € A;T 0 and k > k*. 

Consequently, if k > k* and n\vj. + • • • + njv k = n* then at least one of the 
rij is such that \rij\ > tq + 1. Hence, we obtain from (3.41) and (3.44) that 


Afc(n*) 


< 


< 

for k > k*. 


OO OO OO 

{ Y Y Y \Vi( n i) ■ ■ 

|ni|=r 0 +l ri 2 =—oo nj=- oo 

OO OO OO oo 

+ Y Y Y ■■ ■ Y i^i( ni )• • • i + ••• 

ni=-oo |n 2 |=r-o+l «3=-oo nj=~ oo 
OO OO oo oo 

+ Y Y ■■■ Y Y \vi( n i)■ ■-vj( n j)\} 

ni=-oon 2 =-oo n J _ 1 =-oo | nj |=r 0 +l 

OO oo 

^ Y i^i( n i)i + • ■■+c N ~ 1 Y 

|ni|=ro+l \nj\=ro+l 
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We see from (3.45) and this last inequality that 


A fc (n*) 


< e for k > k*. 


This last inequality shows that (3.47) is true and establishes (iv) of 
(3.37). 

It remains to show that (3.37) (v) is true. To do this, we observe from 
(3.41) that 


OO 

OO 


X \^k(n) 

s E 

X Vi(m) ■ ■ -rjj(nj) 

TI— — OO 

n=— oo 

mvl-\ - b njv J k =n 


< X X 

m=—oo nj=—o o 

oo oo 

< X ffii( n i)i■■■ X \vj( n j)\ 

m =—oo nj=—o o 

for k = 1, 2,.... But then it follows from (3.44) and this last inequality that 


X * k ( n ) 


< c 


./ 


for k = 1, 2,..., and (3.37)(v) is established with M = c J . 

From (3.37), we see that if Ej C Ti is both closed in the one-dimensional 
torus topology and an H^ n ^- set for j = 1, ...TV, then we have sequences 
{A j,kYkLi that meet the conditions (i)-(iv) in Lemma 3.4. Therefore, it fol¬ 
lows from this lemma that the Cartesian product set E\ x • • • x En is a set 
of uniqueness for the class A(Tjy). 

Summarizing, we see that we have established the following result: 
(3.48) 

Ej C Ti is an — set for j = 1, ...N, 

=► E\ x • • ■ x En is a set of uniqueness for A(Tn). 


Next, let Eji C T\ be both closed in the one-dimensional torus topology 
and an -set for l = 1,...,7 j and j = 1 ,...N where nji is a positive 

integer. Set 

(3.49) Ej = uJhEjt 
for j = 1, ...N and observe that 

(3.50) Ei x • • • x E n = u/ i 1 =i • • • \S[* =i Ei h x • • • x E N i n . 

But En x x • • • x E]\n N is a set of uniqueness for the class A(T Xr) by 
(3.48). Therefore, from (3.50), E\ x • • • x En is a finite union of sets of 
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uniqueness. Hence, it follows from Proposition 3.1 that 

(3.51) E\ x ■ ■ ■ x En is a set of uniqueness for the class *4(T/v), 

where Ej is given by (3.49) for j = 1, ...N. 

Next, we see from [Zy2, pp. 152-3] that because £J 1 is an S number, 
C(£j) is a finite union of H^- sets, i.e., 

C(Zj) = u' y l l l E jl 

where Eji C Tj is both closed in the one-dimensional torus topology and an 
-set for l = 1,... ,7 - . This last fact is true for j = 1, ...IV. Therefore, 
C(£i) x ••• x C(£ n ) is just like E\ x • • • x £jv in (3.50). Hence, we conclude 
from (3.51) that 

C(£i) x • • • x C(£ N ) is a set of uniqueness for the class *4(T)v), 
and the sufficiency condition of Theorem 3.2 is established. ■ 


Proof of Corollary 3.3. To prove the necessary condition of the corollary, 
we observe from the theorem just established if 

C(pi/qi) X • • • X C{pn/<1n) is a set of uniqueness for the class A(Tn), 
then jp is an S number for j = 1,..., IV where qj and pj are relatively prime 
positive integers with q 3 > 2 pj. In particular, ^ is an algebraic integer. 
Hence, pj = 1 for j = 1,..., N, and the necessary condition of the corollary 
is established. 

To prove the sufficiency condition of the corollary, we observe that if 
qj > 2 is a positive integer for j = 1, ...,IV, then it is an S number. Hence, 
by Theorem 3.2, C{l/q\) x • • • x C(l/qiy) is a set of uniqueness for the class 
A(Tn), and the sufficiency condition of the corollary is established. ■ 


In the theorem we just established, the sets of uniqueness for the class 
A(Tn) were Cartesian product sets. Next, we introduce a strictly smaller 
class H(Tjv) C A(Tn), which possesses sets of uniqueness that are not Carte¬ 
sian product sets. Some of these sets arise in the theory of fractals where they 
are called carpets in two dimensions and fractal foam in three dimensions 
(see [Man, p. 133]). Examples will be given at the end of this section. 

We define the class H(Ty) c V'(Tn) in the following manner: 

B(T n ) = {S € V(T n ) : lim S{m) = 0}. 

\m\—>oo 

It is clear from (3.4) and (3.5) above that H(T/v) C A(Tjy). After the 
proof of the next theorem, we will present a set E C Ty such that E is a 
set of uniqueness for H(Ty) but E is not a set of uniqueness for A(Tn). 

We say E is an H^-set provided E C is closed in the torus topology 
and the following holds: There is 
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(i) a sequence {p k }'^ =l of integral lattice points p k = (p k , ...,p k N ) with 

p k > 0 and lim.k^ocPj = 00 f° r 3 = 1 5 ■ ■■N, and 

(ii) a parallelopiped Q C Tjy where 

Q = {x : —7r < dj < Xj < /3 j < n,j = 1,IV}, 

such that 

=> (xipj, ...,xnP%) ^ Tn\Q mod 27T in each entry 

for k = 1,2,..., i.e., (xi p\, ...,xnp\[) € R JV \Q* where 

Q* = U mGAAr {(3 + 27 tto} 

and Aat is the set of integral lattice points in R ,v . 

We intend to prove the following theorem for H ^-sets [Sh3]: 

Theorem 3.5. Let E C T/v be closed in the torus topology and an H^-set. 
Then E is a set of uniqueness for the class B(T^). 

To prove Theorem 3.5, we will need the following lemma that is similar 
to Lemma 3.4 but has a much easier proof: 

Lemma 3.6. Let E C T^ be closed in the torus topology. Also, let {Afc}^ =1 
be a sequence of functions in V(T Xr) having the following four properties: 

(i) Su<>( A fc ) C T n \E Vfc; 

(ii) Hindoo A fc (0) = 7 0 > 0; 

(iii) lim^oo A k(m) = 0 for m G A^r, m / 0; 

( iv ) 3M > 0 such that Ajv < M < oo VTc. 

Suppose, furthermore, that S G B(Tjy) and that S = 0 in Tjy\E. 

Then 5 = 0. 

Proof of Lemma 3.6. To prove the lemma, we observe from (i) that for 
each k, the support of A& is in the open set Tn\E. In addition, 5 = 0 in 
Tjy\E. Consequently, 

S(\ k </>) = 0 V</> G P(Tjv) and Vfe. 

Therefore, the distribution A k S = 0 Vfc. Hence, from Proposition 3.3 in 
Appendix B, we obtain that 

(3.52) 0= ^ A k(p)S(m — p) for m G An mid V/c. 

peAjv 
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Let mo be an arbitrary but fixed integral lattice point. If we can show 

(3.53) S(mo) = 0. 

it will follow that S(m) = 0 for m £ A tv- Theorem 3.2 in Appendix B then 
tells us that 

S(<j>) = 0 V0 £ V{T n ) 
and completes the proof of the theorem. 

To establish (3.53), we invoke the equality in (3.52) and see that 

(3.54) — A fc (0 )S(m 0 ) = ^ A k (p)S(m, 0 - p) Vfc. 

p^O 

Let e > 0 be given. Then because mo is a fixed integral lattice point and 
S £ B(Tn). we have the existence of an so > 1 such that 

S(m 0 -p ) < £7 0 /M for \p\ > s 0 . 

From (iv) and (3.54), we then infer that 

A fc (0)5(m 0 ) < ^2 \^k(p)S(m 0 - p) + £ 7 0 Vk. 

i<|p|<so 

But there are only a finite number of lattice points p involved in the 
summand of this last inequality. Consequently, on passing to the limit as 
k —» oo, we obtain from (ii) and (iii) and this last inequality that 

7o %o) <£7o- 

Hence, S'(mo) < e. Since e > 0 is arbitrary, we have that the equality in 
(3.53) is indeed true. ■ 

Proof of Theorem 3.5. Since E is closed in the torus topology and an 
fL#-set, it is easy to see that FI is a proper subset of Tjy, i.e.,E C Try. 
Therefore, to establish the theorem, it is sufficient to show the existence of a 
sequence of functions {Afc}^ =1 in V(Tn) having properties (i)-(iv) in Lemma 
3.6. 

In order to do this, we choose numbers o'-, (3j , a” , (3" such that 

—7r < aj < a'j < a" < (3" < (3'j < (3 j < ir, for j = 1, ...IV, 

where ay and (3j are the numbers used in the dehnition of an H ^-set and 
set 

Q = ( a ij/^i) x • • • x (a N ,/3 N ) and Q = (o^,/3^) x • • • x (o:jy,/3jy). 
Then Q" C Q> C Q where Q = (cci, /? 1 ) x • • • x (cun, /3 N ). Also, for x £ E 

(3.55) (PiXi, ...,p%xn) i Q* Vfc, 

where Q* = + 27rm} and pj are positive integers for j = 1,..., N 

with p 1 ^ —> oo. 
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Proceeding with the proof of the theorem, we select a function \(x), 
which is in class C YOC (R' v ) and periodic of period 2n in each variable with 
the following properties: 

(i) A(x) = 1 for x G Q 

(3.56) (ii) X(x) = 0 for x G Tn\Q'; 


(in) X(x) >0 for x G Tjy. 

To obtain the sequence {Afc}^ =1 in V(Tn), which is alluded to in the 
paragraph above, we let p k be the positive integers in (3.55) and define 

(3.57) Xk(x) = X(piXi, ...,PnXn) Vi £ R iV and \/k. 

Then, it is clear from the properties of X(x) that for each k, Xk(x) gD(Tat). 

To verify that (i) of Lemma (3.6) holds for the sequence, we fix k and 
observe from (3.55) that given xq G E, 3so > 0 then 

x G B(xo,s 0 ) => (piXi,...,p k N x N ) Q'* 

where Q'* = U me A JV {Q / + 27rm}. Hence, we obtain from (3.56)(ii) and (3.57) 
that there is a set G C Tjv open in the torus topology with E C G such that 


Xk(x) = 0 for igG. 

Since Svft(Xk) C T/v is a closed set in the torus topology, we conclude 
from this last equality that Su () (Xk) (~l E = 0 and (i) of Lemma (3.6) is 
established for the sequence {A/ c }^ =1 . 

To show that the other parts of the lemma prevail for the sequence, we 
see that A G P(Tjv) implies that 


A(z) 




& Hrn\x\-\ -b m N x N ) 


m£Aff 


with the series converging absolutely and uniformly for x G R A . Conse¬ 
quently, it follows from (3.57) that 

(3.58) A fc (s) = A(0) + Y, x^ m ) e M^ix 1+ -+ P %m N x N ) VA . ; 

m^O 


where the series converges absolutely and uniformly for x G Tjy. 

We recall that p k > 0. Consequently, we obtain from (3.58) that 

A fc (0) = A(0) Vk. 


Also, we see from (3.56) that A(0) > 0. So (ii) of Lemma 3.6 is established 
for the sequence {Afc}))^. 

To show that (iii) of the lemma is valid, we let mo be an arbitrary but 
fixed integral lattice point with mo / 0. Since p k oo for j = 1, it 
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follows that 3ko > 0 such that for k > ko, 

1/2 


N 


Y\& 

J= 1 




> min (p\, > \m 0 \ + 1 


for all m ^ 0. But then we obtain from (3.58) that 

X k (m 0 ) = 0 for k > ko- 


This establishes (iii) of Lemma 3.6 for the sequence {X k }^ =1 . 

It remains to show that (iv) of Lemma 3.6 holds for the sequence 
{A fc }~ =1 . To see that this is indeed the case, we observe from (3.58) that 


Y pfc( m ) 

mGA]\r 


< y p( m ) 

mG An 


Vfc, 


which gives (iv) of Lemma 3.6 with M = ^ mgAjv A(m) . So all the condi¬ 
tions in the hypothesis of Lemma 3.6 hold for the sequence {A*,}/^ and the 
proof of the theorem is complete. ■ 


Next, with N > 2, we present a set E C T/v, which is closed in the torus 
topology and is a set of uniqueness for the class £>(T/v), but is not a set of 
uniqueness for the class A(Tn). 

With 0 < £ < 1/2, let (7(£) designate the familiar Cantor set on the 
half-open interval [—vr, 7r) = T\ used in the statement of Theorem 3.2. The 
set E that will qualify for our example is 

E = C( 1/3) x (7(2/5) x • • • x (7(2/5). 

It is clear that E is not a set of uniqueness for A(Tr^) because 5/2 is not 
an algebraic integer, and therefore not an S number. 

To demonstrate that E is a set of uniqueness for B(T^), we observe that 
E C F where 

F = (7(1/3) x Ti x • • • x Ti. 

We will show F is a set of uniqueness for the class £?(T/v), which then implies 
that E is also a set of uniqueness for the class B(T Xr). 

What remains to show by Theorem 3.5 is that F is an iL^-set. For the 
set Q in the definition of an iL^-set, we use 

Q = ( —7r/3,7r/3) X • • • X ( — 7 t/3, 7t/3). 

For our sequence of integral lattice points, we take p k = (3 fc ,..., 3 k ). Then 
given x = (aq,..., xn) G F, we have to demonstrate that for each k, there 
exists an integer j k with 1 < j k < N such that 

3 k Xj k (—7t/3, 7t/ 3) mod 27 t Vfc. 

We will take j k = 1 for every k, and show that for t G (7(1/3), 

(3.59) 3 k t £ (—7t/3, 7t/ 3) mod 2tt Vfc. 
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Recall that (7(1/3) is the classical Cantor set on the interval [—7r,7r). So 

OO 

(3.60) t = 2n ^2 2c ? 3~- J — 7 r where £j = 0 or 1, 

i= 1 

and not all £j = 1. We set s = t. + 7r, and see that (3.59) will be satisfied 
provided that 

3 fc s — 7T (/ (—7r/3, 7 t/3 ) mod 27 t Vfc, 
which is the same as 

3 fc s ^ (27r/3,47r/3) mod 27r Vfe. 

This last fact is the same as 

3 k s/2ir (/ (1/3,2/3) mod 1 Vfc. 

But this last statement is obvious from the representation given in (3.60). 
Hence F is indeed an H^-set, and our example is complete. 


Before giving examples of IF#-sets that are not Cartesian product sets, 
we will establish the following corollary (which for dimension N = 1, is 
established in [Zyl, p. 318]). 

Corollary 3.7. Let Ec Tjy be a set closed in the torus topology and also 
an H^-set. Then, E is a set of N-dimensional Lebesgue measure zero. 


Proof of Corollary 3.7. Suppose, to the contrary, that E has positive TV¬ 
dimensional Lebesgue measure. Let Xe designate the characteristic function 
(also called the indicator function) of E. Then 


(3.61) 


Xe( 0) > 0, 


and from the Riemann-Lebesgue Lemma (Corollary 2.4 in Chapter 1), it 
follows that 


lim x e (to) = 0. 

\m\—>oo 


For 4> e V(Tn), we define 


(3.62) S(4>) = [ XE( x )H x )dx. 

Jt n 

Clearly, S £ and from this last limit, we see that it is also in class 

B(T N ). 

Next, suppose <fi £ T>(T^) with 

5u°(0) C T n \E. 

Then, from (3.62), it follows that S((f>) = 0. But FI is a set of uniqueness for 
the class B(Tn). Consequently, S = 0. In particular, 

X E (0) = 5(0) = 0. 
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This contradicts the inequality in (3.61) and completes the proof to the 
corollary. ■ 


The final theorem we establish in this section, which is partially moti¬ 
vated by [Sh6] (see also [AW2] and [AW3, p. 10]), is the following: 


Theorem 3.8. Let 0 < < 1/2 for j = 1, ...,1V where N > 2. A 

necessary and sufficient condition that C(^ 1 ) x • • • x C(ff N ) be a set of 
uniqueness for the class B(Tjy) is that at least one of must be 

an S number. 


Proof of Theorem 3.8. We establish the necessary condition first. We are 
given C/ 1 , •••, which are N positive numbers greater than 2 and none 
of which are S numbers. Will show that this implies the existence of a a 
trigonometric series YlmeA N a md irn ' x with a m = a_ m , which has the four 
properties listed below. 

(3.63) |a m | is uniformly bounded for m G A^r- 

(3.64) lim |a m | =0. 

|m|—xx> 

(3.65) 3mo G Aa t such that a mo f 0. 

If xo G Tv\C l (^ 1 ) x • • • x C(£ n ), then 3 ?’o > 0 such that 

(3.66) lim ^ a m e irn ' x e~^ t = 0 uniformly for x G B(xQ,rf). 

Just as in the proof of the necessary condition of Theorem 3.2 (see (3.10)- 
(3.12)), the existence of a series with properties (3.63)-(3.66) will imply the 
necessary condition for Theorem 3.8. In particular, (3.64) shows that we are 
now dealing with the class B(Tn). 

To demonstrate the existence of a series with properties (3.63)-(3.66), 
we proceed as follows: 

With C(fj) C Ti, 0 < fj < 1/2, we use the familiar Lebesgue-Cantor 
function (see [Zyl, p. 194], [Sa, p. 101]) associated with C/f/) to obtain a 
nonnegative Borel measure vj on T\ with the property that = 1 

and Vj[Ti\C{fj)] = 0. Also, Vj is nonatomic, i.e., Uj[{s}] = 0 Vs G T\. We 
set 

(3.67) vj{n) = f e~ ins duj(s) for n = 0, ±1, ±2,.... 

Jt i 

It follows from (3.67) that vj (n) = Uj(—n ) and also that the sequence 
{u'j(n)}ff = _ 00 is uniformly bounded. In particular, it is easy to see that this 
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last fact implies that there is a constant c such that 


(3.68) 


2 p i( 


n)e ins e ~H t 


< ct l ^ 2 Vs 6 T\ and for 0 < t < 1. 


From [Zy2, p. 151], we also observe that 

(3.69) ^Ms n °t an <5 number => lim Vj(n) = 0. 

J |ra|—»oo 

All this was for j = 1, To obtain the coefficients a m , we set 


(3.70) a m = Pi (mi) • • • Pjv(mjv) Vm G A^o 

It is clear from (3.67) and (3.70) that a m = a_ m and that the coefficients 
a m meet (3.63). This last fact joined with (3.69) and (3.70) shows that 
the coefficients a m also meet (3.64). Also, we see from (3.67) joined with 

(3.70) that ao = (2n)~ N . So the coefficients a m also meet (3.65). It remains 
to show that the coefficients a m also meet (3.66). The proof for this fact 
proceeds exactly as before using (3.17)-(3.19). Hence the necessary condition 
for Theorem 3.8 is established. 

To show that the sufficiency condition holds, for ease of notation, we will 
prove the theorem for the case N = 3. A similar proof prevails for N = 2 
and for N > 4. 

We are given C(£i) x C(£ 2 ) x C(£ 3 ) where at least one of 
is an S number. Without loss of generality, we shall suppose is an S 
number. Hence, it follows from [Zy2, pp. 152-3.] that C(£i) is a finite union 
of H^' 1 - sets. Since the analogue of Proposition 3.1 holds for the class H(T/v), 
to show that C(£ i) x C($ 2 ) x C (£ 3 ) is a set of uniqueness for the class £>(T 3 ), 
it is sufficient to show that 


E x C (£ 2 ) x C(C 3 ) is a set of uniqueness for the class B{T\ 3) 

where E C T\ is an H ^-set that is closed in the torus topology. This last 
fact, in turn, will follow if we demonstrate that 


(3.71) E x T\ x T\ is a set of uniqueness for the class B(T, 3 ) 

where E C T\ is an set closed in the torus topology and J is a positive 
integer. 

So once we show that (3.71) holds the proof of the sufficiency condition, 
the theorem will be complete. We now do this. 

Since E x T\ x T\ is a set closed in the torus topology of X 3 , it follows 
from Lemma 3.6 that (3.71) will be established once we show the existence of 
a sequence of functions in V(T, 3 ) with the following four properties: 
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(3.72) 

(i)5«°(Afc) c r 3 \ E x Ti x Ti Vfc; 

(**) lim fc ^oo Afe(O) = 7 0 > 0; 

(in) limfc^oo Afc(m) = 0 /or m £ A 3 , m / 0 ; 

(iv)3M > 0 such that ^ mgA3 Afc(m) < M < 00 VA; 

where A 3 represents the set of integral lattice points in R 3 . 

In order to obtain the sequence {Afc}^ =1 , we use the fact that E C T\ is 
an H^-set (see the definition above (3.37)) and let {V k }^ =l be the normal 
sequence and Q C Tj be the parallelopiped associated with the H (J) -set 
E. Also, let 

Qj = (ctjiPj) C Ti 

be the one-dimensional open interval for j = 1,... J such that 

Q = Qi x • • • Qj . 

Next, select numbers a'j,/3'j, ce”,/3'' such that 
— 7 T < otj < a'j < a" < ft" < /3j < (5 j < it, for j = 1,..., J, 
and define functions of one real variable rjj(s) £ T>(T{) such that 
V j(s) = l in [a",(3"] 

(3.73) 

= 0 in [— 7 T, 7 T ]\ [a'-,/?'] 

and also such that 

/ 7T 

r]j(s)e~ ms ds 

-IT 

for n = 0, ±1, ±2,..., and for j = 1,... J. Also, set 
(3-75) Vj+i(s) = r} J+2 (s) = rj^s). 

Next, with x = (x\,X 2 ,X 3 ), define 

(3.76) Afc(x) = m(vlxi) ■ ■ ■ Vj(vkXi)v J+ i(3 k X2)r]j +2 (3 k X3). 

for k = 1,2,.... Since v 3 k is a positive integer, it follows that A& £ V(T, 3 ). It 
remains to show that {Afc }^ =1 meets the conditions (3.72)(i)-(iv). 

To establish (i) of (372), set 

Qj = u: n=-oo{Qj + 2 ™l 

and observe that 

Q* = U me A j{Q + 2irm} = Q\ x • • • x Q} 
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where A j represents the set of integral lattice points in R y . 

Fix k and note that because E is an H^- set, it follows that for x\ £ 
E, {v\x\, ...,v k xi) ^ Q*. Let x® be a fixed point in E. Then there exists a 
j such that v J k x® ^ Q*. For simplicity, say j = 1. Then v J k x® ^ Q*. Also, 
because Ql is a closed set, Be > 0 such that for x\ £ ( x® — e, x® + e) , v\x\ 
£ Ql- But then it follows from (3.73) that 

r)i{y\x i) = 0 for x\ £ (x° — e, x\ + e). 

Hence, we obtain from (3.75) and (3.76) that 

A k(x) = 0 for x\ £ (x® — £,Xi + e) and X 2 ,x 3 £ T\. 

We conclude there exists a set G, which is open in the torus topology of 
T 3 such that E x T\ x T\ C G and 

A k(x) = 0 for x £ G. 

On the other hand, Su®( A*,) C T 3 is a set closed in the torus topology 
of T 3 . So we obtain from this last equality that 

Su^i A fc ) n£xTixTi = 0 , 

and (i) in (3.72) is established. 

To establish the last three items in (3.72), we observe from (3.74) that 

OO 

(3.77) rjj(s) = Y %( n K nS for seT i. 

n =— 00 

and that there is a constant c such that 

OO 

(3.78) Y |%( n )|< c for J = l, •••,«/ + 2. 

n=—oo 

It then follows from (3.76) that 

(3.79) A fc (z) = Y A t (m)e^ 

mgAj 

where A^(m) = 0 unless there are integers pj+i, pj +2 such that 

m 2 = 3 k pj+i, m :i = 3 k pj +2 , 
and there is a p = (pi, -~,pj) £ A j such that 

mi = v\pi H-b 

If this is the case, then it follows from (3.76) and (3.77) that 

(3.80) Afc(m) = ?)j +1 (pj + i)rjj +2 (pj +2 )[ Y Vi(pi) ■ ■ ■ 

- \~v(pj=mi 

It is clear from (3.77) and (3.80) that 

OO OO 

Y < Y l»7i(Pi)|--- |^J+ 2 (PJ+ 2 )| < c J+2 , 

meA 3 Pi=-oo Pj+ 2 =-°o 
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which establishes (3.72)(iv) with M = c J+2 . 

Next, we see from (3.74) and (3.80) that 

(3.81) Afc(0) = 1 + Afc(0) 
where 

(3.82) Afc( 0 ) = Y »7i(Pi) ' ' • for 0 < \p x \ +-b \pj\ . 

Pi^H-I-PJ^=0 

Let e > 0 be given. We will establish (ii) in (3.72) by showing 

(3.83) lim sup A fc (0) < e, 

/c—XX) 

and therefore that lim^-KX) A fe (0) = 0. 

To accomplish (3.83), we see there exists an integer ro > 0 such that 

OO 

(3.84) \Vj(Pj)\ ^ £C ~ ( ' N ~ 1 ^ J _1 and for j = 1,... J 

\Pj\=ro+l 

where c is the constant in (3.78). Next, we set 

(3.85) h. J ro = {(pi,...,pj) G Aj\{0} : \pj\ < r 0 for j = 1 , ...J}, 

and use exactly the same reasoning and same computation used in the para¬ 
graph below (3.45) to obtain the inequality in (3.83) from (3.84) and (3.85). 
Since e is an arbitrary positive number, it follows then from (3.83) that 

lim A' fc (0) = 0. 

k, —xx) 

We consequently conclude from (3.81) that 

lim Afc(0) = 1, 

fc—XX) 

and (ii) of (3.72) is established. 

It only remains to show that (3.72) (iii) is valid. To do this, let 

rn* G A 3 \{0} 

be a fixed lattice point, and let e > 0 be given. We will show that (3.72) (iii) 
holds by demonstrating that 

(3.86) lim sup A k{m*) < e. 

k—>oo 

If ru .3 / 0, then according to the discussion in between (3.79) and (3.80), 
if no integer pj + 2 exists such that m 3 = 3 k pj + 2 , then 

Afc(m*) = 0 . 

Obviously, since m 3 / 0 is fixed, if k is sufficiently large, there is no such 
integer pj+ 2 ■ Consequently, 

m 3 / 0 => lim Afc(m*) = 0. 

k—>oc 
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Similar reasoning applies when rn* 2 / 0. So, in particular, (3.86) is estab¬ 
lished in these two cases, and therefore we need only consider the situation 
when 

m* = (m*,0,0) where m* / 0. 

In this case, it follows from (3.74), (3.75), and (3.80) that 

(3.87) A k (m*)= Vi(Pi) ■ ■-Vi(Pj)}- 

ffcPl-l-h v J k pj=m\ 


With A/ defined in (3.85), we choose ko so that 

k > k 0 => \v\pi H-h v(pj\ > \m\\ + 1. 


Consequently, if k > ko and v\pi + • • • + v k pj = m \, 

Pp 


\Pj I >r 0 + l. 

Hence, we obtain from (3.78) and (3.87) that 


then for at least one 


A k(m*) 


OO OO OO 

< { \vi(pi)---vj(pj)\ 

|pi|=ro+lP2=-oo pj=-o o 

OO OO OO OO 

+ + 
Pl=-°° |p 2 |=r 0 +lP3=-oo pj=-oo 
OO OO oo oo 

+ \vi(pi)---rjj(pj)\} 

Pi — OO P2— OO PJ-1=-00 | pj | =ro +l 

oo oo 

< c N ~ i \viipi)\ + • • • +c N ~ 1 J2 \ ? iA n pj)\ 

|pi|=ro+l |pj|=ro+l 


for k > ko. 

We infer from (3.84) and this last set of inequalities that 


A k(m* 


< e for k > ko. 


This establishes (3.86), which implies that (3.72)(iii) is valid, and com¬ 
pletes the proof of the sufficiency condition to the theorem. ■ 


The sets of uniqueness for the class B[Tn) that we dealt with in Theorem 
3.8 were all cartesian product sets. From Theorem 3.5, we also have that 
H &-sets are sets of uniqueness for the class H(T/v), and what is interesting 
is that there are H^-sets that are not Cartesian product sets. It turns out 
that these sets, which we will discuss, also arise in the mathematical theory 
of fractals. The examples presented here are from the article Fractals and 
Distributions on the N-torus [Sh3]. 
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For ease of notation, we will work on the unit IV-torus, T/ r , which we 
define as 

= {x : 0 < xj < 1, j = 1, N}. 

If E C Tpj is closed in the torus topology of Tjy, we say it is an H^-set 
on T^ provided 

(i) there is a sequence {p^})^ of integral lattice points p k = (jp\, ...,p k N ) 
with 

Pj > 0 and lirrik^ooPj = oo for j = 1, ...TV, and 

(ii) a parallelopiped Q C Ty where 

Q = {x : 0 < Oj < Xj < f3 j <1, j = 1,..., IV}, 

such that 

x G if =>■ (xiPi, ...,xtvPat) £ Ty\Q mod 1 in each entry, 
for k = 1 , 2 ,.... 

The first example of an iV^-set that is not a Cartesian product set that 
we look at arises in dimension N = 3, and is referred to by Mandelbrot as 
triadic fractal foam [Man, p. 133]. We define it on T-j , the closed unit cube 
in R 3 , and refer to it as TFF. The R^-set of our example will then be 

(3.88) E = TFF n T 3 3 . 

To define TFF , subdivide T.\ into 27 closed congruent cubes by cutting 
T-} with planes parallel to the three axes, i.e., Xj = 1/3, 2/3 for j = 1, 2, 
3. Each cube has a distinguished point within it, namely x- 71 ’ 1 , which is the 
point with the smallest Euclidean norm in each cube. Each x n ' 1 corresponds 
to a unique triple 

(3.89) at 1 ’ 1 <—► (ei.^.Ci) 

with x - 71 ’ 1 = (ei/3, (Ji/3, Ci/3) where £i,tfi,Ci runs through the numbers 
0 , 1,2 with one caveat: we do not allow the triple with £i = Si = ( 1 = 1 since 
we are going to remove the open cube corresponding to this point. We shall 
define an ordering on different triples of the nature (ei,^!,//) / (e), 8 \, ) 

as follows: 

(3.90) (eiA,Ci) V (Tu^uCl) means 

(i) £\ < e' x or (ii) £\ = e\ and or (iii) £\ = e\ and di = d] and 

Ci < Ci- This also imposes an ordering on { x- 71 ’ 1 } via (3.89). 

Now we have 26 triples, and we count them out according to this 
ordering, giving us {x- 71,1 }^ =1 . Thus, x 1,1 = (0,0,0), x 2,1 = (0,0,1/3), 
x 3 ’ 1 = (0,0,2/3), x 4 ’ 1 = (0,1/3,0),..., x 26 ’ 1 = (2/3,2/3,2/3). The closed 
cube, which has x - 71 ’ 1 as its distinguished point, will have the label I- 71 ’ 1 . We 
then define 1 1 C T 3 to be the closed set 

/ 1 = U^U-P 1 ’ 1 . 
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In each of the 26 cubes, which have sides of length 1/3, we now perform the 
same operation as above, obtaining (26) 2 cubes, which now have sides of 
length (1/3) 2 . Each of these last mentioned cubes has a distinguished point 

x n ' 2 = ad 1 ’ 1 + (e 2 /3 2 , 5 2 /3 2 , C 2 /3 2 ) 

where £ 2 ,<5 2 ,C 2 runs through the numbers 0 , 1 , 2 , and we do not allow the 
triple with £ 2 = <5 2 = C 2 = 1- These triples have an ordering imposed 
on them by (3.89), which, in turn, gives an ordering on {ad 2,2 } defined as 
follows: 

x J2,2 x j 2 ;2 means 

(3.91) (ijx 31 ' 1 ~< x ^’ 1 or {ii)x n ' 1 = x^’ 1 and (e 2 , 5 2 , C 2 ) -<! (4> 4; 4)- 
We then count out the (26) 2 points according to this ordering and obtain 
{x- 72 ’ 2 }^ 2 ^. The closed cube contains ad 2 ’ 2 as its distinguished point, and 
we will call it P 2 ’ 2 . We then define I 2 C I 1 C T 3 to be the closed set 

(3.92) I 2 = ugJ-P 2 ’ 2 . 

In each of the (26) 2 cubes that have sides of length (1/3) 2 , we now 
perform the same operation as before obtaining (26) 3 cubes with each 
having sides of length (1/3) 3 . We get distinguished points in each of these 
cubes and put an ordering on them similar to the procedure in (3.91) to 

obtain {x^ 3 ’ 3 }^ 2 ^. Next, in a procedure similar to (3.92), we get the closed 
set I 3 with I 3 C I 2 C I 1 C T 3 . 

Continuing in this manner, we get the decreasing sequence of closed sets 
{I n }™ =1 with I n+1 C I n C T 3 where each I n consists of (26) n cubes each 
with sides of length (l/3) n . The closed set TFF is then defined to be 

(3.93) TFF =n “ =1 / n . 

With E defined by (3.88) where TFF is defined by (3.93), we see that 
E is closed in the torus sense because every point in the boundary of T 3 
is contained in TFF. We will demonstrate that E is an H &-set by showing 
that 

(3.94) i£l?^ (3 A: aq, 3 fc x 2 , 3 ^x 3 ) G E mod 1 in each variable 

for k, a positive integer, where x = (xi, x 2 , X 3 ). For recall, the first open cube 
removed above had sides of length 1/3 and a distinguished point (1/3,1/3, 
1/3). So if we take the Q in the definition of an H^-set to be 

Q = (4/9,5/9) x (4/9,5/9) x (4/9,5/9), 

it will follow from (3.94) that 

(3 fc xi, 3 fc x 2 , 3 ^X 3 ) ^ Q modi in each variable. 

Therefore, once (3.94) is established, it will follow that E is indeed an H^-set 
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To show that (3.94) holds, it is clearly sufficient to show that it holds in 
the special case when k=l, i.e., 

(3.95) .t6 1?4 (3xi, 3x2, 3 x 3 ) £ E modi in each entry. 

It follows from the definition of TFF in (3.93) that given x a G TFF , 
3 {x J 0 n,n }™ =1 , where each xi"’ n is a distinguished point of one of the (26) n 
cubes in I n of sides (1/3)” such that 

|x*»" — x Q \ —> 0 as n —> 00 . 

Consequently, since E is closed in the torus topology, to show that (3.95) 
holds, it is sufficient to show that it holds in the special case when x is a 
distinguished point x- 7 "’"'. 

If x = x- 71 ’ 1 , then it follows from the enumeration of the 26 such points 
given below (3.90) that the conclusion in (3.95) holds. Hence from the above, 

(3.95) will hold if we show the following: 

Given x- 7n,n = (x{ n,n , x J 2 n,n , xj/’ n ), a distinguished point in an then 

(3.96) (3x} n ’ n , 3x{ n,n , 3x J 3 n,n ) = x 3r, - 1 - n ~ l mod 1 in each entry 

for n E 2 where x 7n_1,n_1 is a distinguished point in an 

It is clear from the representation of x- 72 ’ 2 given above (3.91) that 


x- 72 ’ 2 = 


( £ _1 , £2 h $2 Ci C 2 \ 
v 3 3 2 ’ 3 3 2 ’ 3 3 2 ) 


where £*, Si, Q runs through the numbers 0,1, 2, and we do not allow e, L = 
Si = C* = 1 for i=l, 2. Exactly similar reasoning shows that 

( n n r. n 

V— V— V 

3* ’ 3* ’ Z^ 

i=i i=i t=i 

where now £i = <5,; = C* = 1 is not allowed for i = 1, ...,n. From this last 
equality, we see that 



(3x{ n,n , 3xi n ’ n , 3x{ n ' n ) = ( £1 + 


+ E% 1 n 1 + E 


But £ 1 ,5i, and Ci are each nonnegative integers, and we conclude from this 
last computation that (3.96) does indeed hold. Hence E defined by (3.88) is 
an H^- set, and our example is complete. 


Our next example of an H^-set that is not a Cartesian product set will 
take place in dimension N = 2. We will call it a generalized carpet and refer 
to it as GC pq where p > 3 and q > 3 and both are integers. The set GC pq 
will be a subset of the closed unit square 

n = {x = (xi,x 2 ) : 0 E x-j E L j = 1,2}. 
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In particular, when p = q = 3, GC pq is the set referred to in the literature 
as the Sierpinski carpet [Man, p. 142]. Fractal sets related to GC pq are also 
discussed in Falconer’s book [Fal, p. 129]. 

To define GC pq , subdivide T ^ 1 into pq closed congruent rectangles by 
cutting X 2 with lines parallel to the two axes, as follows: 

xi = 1/p, 2/p, ..., (p - 1 )/p; x 2 = 1/q, 2/q ,..., (q - 1 )/q. 

Each rectangle has a distinguished point within it, namely which 
is the point with the smallest Euclidean norm in each rectangle. Each x^ 1 ’ 1 
corresponds to a unique double 

(3.97) a? 1 ’ 1 * —>(ei,di) 

with x J1 ’ 1 = (si/p, 5\/q) where £1 and d'i run through the numbers 0 , 1 ,..., 
p— 1 and 0,1,..., q — 1, respectively. There is a caveat, however: the doubles 
with £1 = 1 , ...,p — 2 , and simultaneously 4] = 1 , ...,q — 2 are not allowed, 
for the rectangles corresponding to these points will be removed, i.e., the 
middle ( p — 2 )(q — 2 ) rectangles will be deleted. 

For example, when p = 5 and q = 4, each of the 6 rectangles with a • in 
it in the following diagram will be removed: 



An ordering on different doubles of the nature (ei, di) / (e), d]) is then 
defined as follows: 

(3.98) (ei, di) -< (e^, 5^) means 

(i) £1 < £[ or (ii) £1 = e[ and 5\ < S \. 

This also imposes an ordering on { a: J 1 , 1 }J 1=1 via (3.97) where 7 is the 
integer 

7 = pq~ (p- 2 )(g- 2). 

In particular, we see that x 1 ' 1 = (0,0), x 2,1 = (0, 1/q), x 3,1 = (0, 2/q), ..., 
x 7,1 = (( p — 1 )/p,(q — l)/q)- We also observe that x q ' 1 = (0, (q — 1 )/q), 
x q+ i’i = (1/p, 0), and x q+2 i = (1/p, (q — 1 )/(/)• The closed rectangle that 
has x^ 1 ’ 1 as its distinguished point, will have the label P 1 ’ 1 . We then define 
I 1 C T .2 to be the closed set 

P = u] i=1 P-\ 

In each of the 7 closed rectangles, which have sides of length 1/p and 
1 /q, we now perform the same operation as above, obtaining 7 s closed rect¬ 
angles, which now have sides of length (1/p) 2 and (1/q) 2 . Each of these 
last mentioned rectangles has a distinguished point within it, namely a7 2,2 , 
where 


x j2,2 = at 1 ’ 1 + (£2 /p 2 ,h/q 2 ), 
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and where £2 and 5 2 run through the numbers 0 ,1 ,p — 1 and 0 ,1, 
q — 1, respectively. Also, we do not allow the doubles with £2 = 1, ...,p — 2 , 
and simultaneously 5 2 = 1,<7 — 2 because the corresponding rectangles 
have been removed. 

The doubles (£ 2 ,^ 2 ) / (^ 2 ^ 2 ) have an ordering imposed upon them 

by (3.98), which, in turn, imposes an ordering on the distinguished points 

given by a ;- 72 ’ 2 x ■ ?2 ’ 2 akin to the ordering given in (3.91). We count out 

2 

the y 2 points according to this ordering and obtain {ad 2 , 2 }j 2=1 . The closed 
rectangle of sides ( 1 /p ) 2 and (1 /q) 2 containing ad 2,2 as its distinguished 
point, will be called I J2 ’ 2 . We then define I 2 C I 1 C T / 1 to be the closed set 


i 2 = u J 2 V 2 


Continuing in this manner, we get the decreasing sequence of closed sets 
with I n+l C I n C T -2 where each I n consists of rectangles each 
with sides of length (1 /p) n and (1 /q) n . The set GC pq is then defined to be 


(3.99) GC pq = n ™ =1 I n . 
Next, we define E to be the set 

(3.100) E = GC pq n T ,\, 


and observe that E is closed in the torus sense because every point in the 
boundary of T 2 is contained in GC pq . 

We want to show that E is an H#- set. So we take Q to be the open 
rectangle 


» ,1 12 1..112 

Q — ( I 2 ’ 2^ X ( I 2 ’ _ 

p pz p pz q q q 



We will demonstrate that 


(3.101) (p k xi, q k X 2 ) & E modi in each variable 

for k, a positive integer and with x = (xi,X 2 )- Once (3.77) is established, 
then it follows from the way that E was constructed that 

x e E => (p k x\,q k X 2 ) Q mod 1 in each variable 

VTc, and consequently, that E is indeed an H#-set. 

To show that (3.77) holds, it is clearly sufficient to show that it holds in 
the special case when k = 1 , i.e., 


(3.102) x € E =$■ (px 1 , qx 2 ) G E mod 1 in each variable. 

Using the same argument that we used after (3.95), we see that to show 
that E is an H^- set, it is sufficient to show that (3.102) holds for the special 
case when x = x Jn ’ n , a distinguished point in one of the closed rectangles 
P n,n with sides (l/p) n and (1 /q) n . 

If x = ad 1 ’ 1 , then it follows from the enumeration of such points below 
(3.98) that (3.102) does indeed hold. Hence, to show that E is an H#- set, 
it only remains to establish the fact that (3.102) holds when x = x Jn,n for 
nE. 2. This will be accomplished if we show the following fact prevails: 
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Given x Jn,n = (x{ n ’ ra , x^ 1 ’”) a distinguished point in an I- 7 "’”, then 

(3.103) (px{ n,n , qx J 2 n ’ n ) = x - 7 " _1,n_1 mod 1 in each variable 

for n ^ 2 where x 2n ~ 1,n ~ 1 is a distinguished point in an 

It is clear from the representation of x - 72 ’ 2 given above that 


x - 72 ’ 2 


fsi £2 <5jA 

\p p 2 ' q q 2 ) 


where Ei and 5i run through the numbers 0 , ...,p— 1 , and 0 , q— 1 , respec¬ 
tively, and we do not allow e t = 1 , ...,p —2 and simultaneously 5i = 1, ...,q—2 
for i=l, 2. Exactly similar reasoning shows that 


(3.104) 


x jn ’ n 


( n n r- \ 

\ £i \ 0 i \ 

h&'h*) 


where and 5,; are exactly as before with now i = 1 ,..., n. 
From (3.104), we see that 


/ ?n 3 ti 

(.P®1 , 9®2 ) = 


n—1 

*—> i i 


But ei and are each nonegative integers, and we conclude from this last 
equality and (3.104) that (3.103) does indeed hold. Hence, E defined by 
(3.100) is an H#- set, and our example is complete. 


Exercises. 

1. In dimension N = 2, use the method of sequences to define the notion 
E C T 2 is a closed set in the torus topology where 

T ‘2 = {x : —ir < Xj < it, j = 1, 2}. 

Prove E C is a closed set in the torus topology if and only if E* is a 
closed set in R 2 where 

E* = U me A 2 {E + 27rm}. 

2. With me A 2 , find a sequence [a m ] m£ Aa such that 

li m m in(|m 1 ||m 2 |)_» 0 o 0 

but limi m i_ >00 a m = 0 is false. 

3. In dimension N = 4, find r/ fe (x) where rp, (x) is defined in (3.22) and 
prove that 

r) k {m) = (-l) JV+1 Ai j fc(mi) • • • \N,k{m±) when mi • • • m 4 / 0. 

4. In dimension N = 3, show that with P = 8, 

Q = Aj=iQj,p u Qp 

where Qj,p is defined in (3.31) and Q and Q P are defined in (3.32). 
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5. Let C(£) designate the familiar Cantor set on the half-open interval 
[— 7 r, 7 r) =T\. Prove that in dimension N = 2, (7(1/5) x (7(2/5) is an H#- set. 


4. Further Results and Comments 

1. Zygmund proved an extension of Theorem 2.2, which is Cooke’s 
elegant result. Zygmund in [Zy3] established the following theorem, which 
for two dimensions is a good generalization of the classical Cantor-Lebesgue 
lemma. 

Theorem. Given the series Ylme A 2 b m e im x where b m =b- m and dimen¬ 
sion N = 2, set B n (x) = £ |m|2=n b m e im ' x , and suppose 

lim B n (x) = 0 for x G E 

n—> oo 

where E C T 2 and \E\ > 0. Then 

lim Y' \b m \ 2 = 0. 
n—xx) L — J 
\m\ 2 =n 

2. A uniqueness theorem for harmonic functions making use of some of 
the ideas in Theorem 1.1 appeared in 2002 in the American Mathematical 
Monthly [ShlT]. It was the following result: 


Theorem. Let u (x) be harmonic in B (0,1) where B (0,1) C R 2 is the 
unit 2-ball. Set U (r,9) = u(rcos8,rsin9) and suppose 

(i) lim U (r, 6) = 0 for — tt < 6 < tt. 

r—> 1 


as r —> 1 . 


(ii) max \U (r,9)\ = o 

- 7T<0<7T 

Then u {x) is identically zero in B (0,1). 


(1 - r y 


This result is false if (i) is replaced by (if) where 

(i 1 ) lim U (?’, 6) = 0 for — tt < 9 < 0 and 0 < 9 < tt, 

as the familiar function P (r, 9) = —^2 illustrates. 

Likewise, the theorem is false if (ii) is replaced by (ii') where 

(ii') max \U(r,9)\ = o( --—as r —>• 1, 

v ; - 7 T<e<P K 71 V(1 - r) 2 J 

dP 2 r(l —r 2 )sin 0 

89 (1 — 2 r cos 9 + ?’ 2 ) 2 


as the function 
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illustrates. It is clear that lim r ^ ( r,6 ) = 0 V0 and that 

dP 

hni — (r, 1 - r) = 1. 

r—>1 OU 

So, indeed (ii) cannot be replaced by ( ii'). 

For the details of the proof of the above theorem, we refer the reader to 
the monthly article [Shl7]. 

The main thrust of the monthly article is that both Riemann and Gauss 
were capable of conjecturing the above theorem but probably would not 
have been capable of proving it. The main tool needed in its proof is the 
Baire Category Theorem, which was not discovered until 1899, which was 
33 years after the death of Riemann. 




CHAPTER 4 


Positive Definite Functions 

1. Positive Definite Functions on Sjv__i 

Spherical harmonic functions can be used to solve problems in discrete 
geometry. In particular, Oleg Musin gave a new proof for the kissing number 
k( 3) for spheres using positive definite functions and spherical harmonics in 
his paper [Mu], which appeared in 2006 in the journal Discrete and Com¬ 
putational Geometry. In three dimensions, the kissing number problem is to 
show that no more than twelve white billiard balls can simultaneously kiss 
(touch) a black billiard ball. This problem goes back to Isaac Newton in 
1694 and was not completely solved until 1953. Musin has given a new proof 
that k( 3) = 12, which makes strong use of part of Schoenberg’s theorem 
involving surface spherical harmonics on 

Since Schoenberg’s theorem [Sch, p. 101] does not appear in the books 
[AAR], [ABR], or [EMOT], we will present it here on Sn-i, N > 3, making 
use of the Gegenbauer polynomials. These polynomials and the theorem on 
S'v-i evidently are also useful in dealing with the higher dimensional kissing 
numbers and possibly other problems in discrete geometry. For all this, we 
refer the reader to the 2004 article in the Notices of the AMS by Pfender 
and Ziegler, [PZ]. 

Let /(f) be a real-valued continuous function defined on the interval 
[—1,1]. We say / is positive definite on SV-i if the following prevails for 
every positive integer n: 


(i-i) EE nz j -z%h>o, 

j=1 k =1 

for ..., £ n 6 iS[/v—i and for numbers b \,..., b n 6 R. 

We intend to establish a theorem connecting a positive definite / on 
Sn-i with its Gegenbauer-Fourier series. So for / e C([—1,1]), using Ap¬ 
pendix A, (3.41)-(3.44), we set 

(1.2) o„ = t ~ 1 j ^ C"(t)/(i)(l - t 2 ) v ~*dt, 


where v 
(1.3) 


(N — 2)/2 and 
r n 


<%( 1) 


iE)i> + i) 

(y + n)r(n) 
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In Appendix A, Theorem 3.5, we also show that the system of Gegen- 
bauer polynomials, {C”(t)}™ =0 , is a complete orthogonal system for 

^([-M D 

where /x = (1 — t 2 ) l/ ~^. Here, we establish the following theorem for positive 
definite functions on Sjsr-i (which is due to Schoenberg [Sch] for N = 3). 


Theorem 1.1. Let f 6 CQ—1,1]), and suppose v = (N — 2)/2 where 
N > 3. Define a n by the formula in (1.2). Then a necessary and sufficient 
condition that f be positive definite on Sjv-i is that 

( i ) a n > 0 Vn, 

n 

(**) f{t) = lim ^ ~^ajCj(t) uniformly for i G [—1,1]. 
n ^°° j =o 


Proof of Theorem 1.1. We first show that for each nonnegative integer 
n, Cf (t) is a positive definite function on Sjv-i- To accomplish this, we let 
i Y j,n(0}j=i be an orthonormal set of surface spherical harmonics of degree 
n, as in (3.8) of Appendix A. It then follows from the addition formula for 
surface spherical harmonics given in (3.9) of Appendix A that 

Vn,N 

(1-4) Cf{i-r 1 ) = lN Y J Y ln miM, 

i =l 

where 'y N is a positive constant. Consequently, 

M M Vn,N M 

E E c n& • wk = tn E (E Y ue)bjf > o, 

j =1 k =1 /=1 j =1 

and we conclude from (1.1) that indeed 
(1.5) C'O(t) is a positive definite function on Sn- i, 

for every n. 

To establish the sufficiency condition of the theorem, we observe from 
the definition given for positive definite functions in (1.1) that a finite linear 
combination of positive definite functions is clearly positive definite. Since 
by hypothesis (z), a n > 0, it follows from (1.5) that 

n 

El a jCj (t) is a positive definite function. 

3=0 

Since the uniform limit of a sequence of positive definite functions is 
positive definite, we see from hypothesis (ii) in the theorem that /(f) is also 
positive definite, and the sufficiency condition of the theorem is established. 
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To prove the necessary condition, we first observe that if g G C{\— 1,1]) 
and is also positive definite on Sn- i, then 

( 1 . 6 ) f f g(g ■ £)dS{rj)dS{£) > 0 . 

JSisr-i JS jv_i 

To see that this is the case, we use the definition of the Riemann integral 
and take a sequence of partitions {Vn}^^ of Sjq-i where 

V n = {P] l Y;U and S N .i = U 

and the diameter of P" goes to zero as n —> oo. Also, a n —> oo. In each 
P™, we choose a ,n & P”. Then 

On 

g{T,-S)dS(Z)= lim y,(,-e-)|/>" 

n—>oo z —* 1 J 

3 =1 



where 


P"| designates the TV 


1-volume of P”. Likewise, 


fs N .! Isn-i ■ OdS{v)dS{0 = 


(1.7) 


hm n _ >00 x)?=i Et=i ff(r-r) 


pn 

3 


I P n l 
Hfc I 


Since g is a positive definite function, it follows that the double sum on 
the right-hand side of the equality in (1.7) is nonnegative. Consequently, the 
limit in (1.7) is nonnegative, and (1.6) is established. 

Next, with / as our given positive definite function and g £ Sn- i, we 
see, after introducing a spherical coordinate system as in §3 of Chapter 1 
with g as the pole, that 



f(v0CZ(g-0 dS(0 


|*SV- 2 | / /(cos 0)Cn(cos 9) (sin 0) 2u dd 

Jo 

i Siv_21 J' mczm-fy-idt. 


Consequently, we obtain from (1.2) that 


(1.8) a n = 7 ; [ [ f(vOCZ(g-OdS(g)dS(0, 

7Sjv-i 3 Sjv-i 


where 7 * is a positive constant. 
However, 


(1.9) f{t)Cn(t ) is a positive definite function on Sn-i- 
So it follows from (1.6) and (1.8) that 

(1.10) a n > 0 Vn, 

and condition (i) in the necessary part of the theorem is established. 

To see that the statement in (1.9) is true, we observe from (1.4) that 
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E*iiEf=i 

Mn.AT M M 

=t,E(EE f{^ ■i k )b J b k Y l ^)Y ln (e) }. 

1=1 j =l fc=i 

By positive definiteness, the double sum inside the braces on the right-hand 
side in this last equality is nonnegative for every l. Hence, the left-hand side 
is nonnegative, and the statement in (1.9) is indeed true. 

Next, we see from (3.30) in Appendix A and from (1.2) and (1.3) above, 
that the series 

OO 

(1.11) £ 0 „C(l)r” = ft(r) 

n= 0 

converges uniformly for 0 < r < ro where r$ < 1. 

Recalling that v = from (1.2) and (1.3), we also see that 

(1.12) a n c:( 1) = p }— - 2 -±Yl y‘ f(t)CX(t)(l - ty-idt, 

where /?j, is a positive constant. So from (3.29) in Appendix A, we obtain 
that 

Kr) < 0 V II/IIloc J ^ (1 _ 2 ^ + r r2)jV/2 ( 1 - 

for 0 < r < 1. 

Since (^(t) = 1, we see from Proposition 3.3 and (3.41) in Appendix A 
that the integral in this last inequality is less than or equal to 2 for 0 < r < 1. 
Hence, 

(1.13) h(r) < 2 p v ||/|| L oo for 0 < r < 1. 

But each term in the series defining h{r) in (1.11) is nonnegative. So we 
conclude from (1.13) that 

OO 

y^q n C^(l) < oo. 

n=0 

Next, from (3.30) in Appendix A, we have that | C”(t)\ < C"( 1) for 
t G [—1,1]. Consequently, it follows from this last inequality that the series 

OO 

n= 0 

converges uniformly for t E [—1,1], 

From Corollary 3.6 in Appendix A, we see furthermore that the series 
converges uniformly to /(f). So, 

n 

fit) = lim a-jCfit) uniformly for t € [—1,1], 

n—► oo ^ J J 
3 =0 
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and condition (m) in the theorem is established. ■ 


Exercises. 

1. Given £ £ S 2 is of the form £ = (cos 9, sin 0 cos 0, sin 0 sin ^>), prove 
directly that Pi (t) = t. is positive definite on S' 2 . 

2. Prove that 


Y\ ( 9 , 0) = cos 0 sin 9 cos (j), 

Y ‘2 ( 9 , (j)) = cos 0 sin 0 sin <f>, 

Y 3 ( 6 , 4>) = cos 2 9 — (sin 9 cos 4>) 2 , 

Y 4 (9, <j)) = cos 2 9 — (sin 9 sin 4 >) 2 

constitute a set of four surface spherical harmonics of degree 2 that are 
orthogonal on S' 2 . 

3. Find a nonzero surface spherical harmonics of degree 2, (<9,0), 

which is orthogonal to Yj(9,cf >) on S' 2 . given in Exercise 2, j = 1,2,3,4. 
Using this new set of 5 in conjunction with Theorem 3.4 of Appendix A, 
prove that P 2 ( t ) = \ (3 1 2 — l) is positive definite on S 2 . 

4. Prove that f\ ( 1 _ 2 rt^r 2 ) N /2 (1 “ t 2 ) u ~^dt < 2 for 0 < r < 1 where 
v = and N > 3. 

5. Given / e C([—1,1]) and that / (f) is positive definite on S 3 , let 
ij* = (1,0,0, 0) and g (£) = / (77* • £) for £ € S 3 . Find a function 

u (x) € c°° (B (0,1)) nC(B (0,1)) 

such that 

A u(x) = 0 Vx € B (0,1) 

«(0 = 9(0 V£gS 3 , 

where 

9 2 ii d 2 u d 2 u d 2 u 
dx 2 dx\ dx\ 9x 2 ’ 

B (0,1) is the open unit 4-ball, and B (0,1) is its closure. 


2. Positive Definite Functions on Tv 

As before, we say / £ C(T v) provided that f(x) is a real-valued function 
in C'(R^), and / is periodic of period 27r in each variable. All the positive 
definite functions that we deal with in this section will be in C(T v). Mo¬ 
tivated by Schoenberg’s theorem on Sjv-i, we shall establish an analogous 
result for positive definite functions on Tv- 

In particular, f(x) £ C(T iv) will be called a positive definite function on 
Tjv if it meets the following two conditions: 

(*) f(x) = f(-x) Vx £ T n ■ 
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(ii) Vro > 1, given ad, ...,x n G T/v and b\, ...,b n G R, 

n n 

( 2 . 1 ) ^2 ^2 fix 3 - x k )bjb k > 0 . 

j =i fc=i 

If / meets condition (i) above, we will call / an even function. 
We recall that 

( 2 . 2 ) f(m) = ( 2 tt)~ n [ e~ im ' x f (x)dx 

Jt n 

for m G Atv where An is the set of integral lattice points in R w . 


Theorem 2.1. Let f be a real-valued function and suppose f G C(Tn), 
N > 1. Define f(m) by the formula in (2.2). Then a necessary and sufficient 
condition that f be positive definite on T/v is that 

(i) f(m) > 0 for m G An, 

(ii) f(x) = lim f(m)e irn x uniformly for x G T/v- 

U—>oo —*■ 

|m|<U 

This theorem is essentially due to S. Bochner (see [Ru3, p. 19]). The 
proof that we give here is based on the proof of Schoenberg’s theorem given 
in SI. 


Proof of Theorem 2.1. We first show that for each fixed m G An, 
cos (m-x) is a positive definite function on T/v- To see this, let x 1 ,..., x n G T/v 
and b\,...,b n G R and observe that 

cos[m • (ad — x k )\ = cos (m ■ x J ) cos (m ■ x k ) + sin(m • ad) sin(m • x k ). 

Consequently, 

n n n n 

yy cos[m • (x - 7 — X fc )] 6 j 6 fc = [ yy bj cos (m ■ X i)) 2 + [ yy bj sin (m ■ ad)] 2 
j =i fc=i i=i a'=i 

> 0 . 

So indeed cos (m ■ x ) is positive dehnite on Tn- 

Next, we observe that if g G (7(T/v) is positive definite on T/v, then 

(2.3) [ [ g(x - y)dxdy > 0. 

jt n Jt n 


To see that this is the case, we use the definition of the Riemann integral 
and take a sequence of partitions {V n }^f =1 of T/v where 


V n = and T n = U^T" 
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and the diameter of P" goes to zero as n —> oo. Also, a n —> oo. In each P”, 
we choose a x J,n G Pj\ Then 





On 

lim V 

n—xx) ^^ 
3 = 1 


9(x- 


J,n 



where 


pn 

3 


designates the ./V-volume of P”. Likewise, 


(2.4) 


Jt n It n 9{x~ y)dxdy = 


lim,, 




pn 

3 


\P£\ 


Since g is a positive definite function, it follows that the double sum on the 
right-hand side of the equality in (2.4) is nonnegative. Consequently, the 
limit in (2.4) is nonnegative, and we see that (2.3) is true. 

To establish the sufficiency condition of the theorem, we observe from 
the fact that / is a real-valued function, 


f{—m) = f(m). 

Consequently, it follows from (i) in the hypothesis of the theorem that 

(2.5) /(m) = /(— m) Vm £ Aat. 


Next, we set 

(2.6) F R [x) = y f{m)e im - x , 

\m\<R 

and observe from (2.5) that also 

Fr(x) = y 

\m\<R 

Adding these last two equalities and dividing by two, we obtain that 

(2.7) Pr(x) = y f(m) cos(m • x) VP > 0. 

\m\<R 


From (ii) in the hypothesis of the theorem and (2.6), it follows that 

(2.8) f(x) = lim Fr{x) uniformly for x G T,y. 

R —xx) 


We have already established that cos (m ■ x) is positive definite. Since 
f(m) > 0, we have that 

f(m) cos (to • x) is positive definite on Ty. 
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But a finite linear combination of positive definite functions is positive def¬ 
inite. So it follows from (2.7) that 

Fr(x) is positive definite on Tjv- 

This last fact joined with the statement in (2.8) establishes the sufficiency 
condition of the theorem. 

To establish the necessary condition of the theorem, we observe from the 
formula in ( 2 . 2 ) and the fact that sin (to • x) is an odd function and f(x) is 
an even function that 

(2.9) /(to.) = ( 2tt)~ N / f(x)cos(m-x)dx Vm £ A^r. 

Jt n 

Next, we observe that 

( 2 . 10 ) f{x) cos (to • x) is positive definite on Tv- 

To establish this fact, let x 1 , ...,x n £ Tv and b \,..., b n £ R. Then 

n n 

EE /(ad — x k ) cos[to • (ad — x k )]bjbk 

j =i fe=i 
n n 

= ^ ^ /(ad — x k ) cos (to • ad) A,- cos (to. • x k )bk 
j= i fc=i 
n n 

+EE f(x d — a; fc ) sin(TO. • ad) 6 j sin(TO • x k )bk- 

j =i fc=i 

Since f(x) is positive definite on Tv, it follows that both of the sums on 
the right-hand side of this last equality are nonnegative. Consequently, the 
left-hand side is also nonnegative and ( 2 . 10 ) is established. 

With g[x) = f(x) cos (to. • x), we observe from (2.10) and (2.3) that 


(2.11) / / f(x — y) cos[to • (x 

Jt n Jt n 

But because of periodicity and (2.9) 


/ f(x — y) cos[to • (x — y)\dx 
Jt n 

We therefore obtain from (2.11) that 
(2.12) (2vr) 2Ar /(TO.) > 0 


y)\dxdy > 0 Vm £ A jy. 

(27t) jv /(to) Vy £ T n . 

Vto £ An, 


and condition (i) in the conclusion of the theorem is established. 

To show that condition (ii) holds, let cr^(/, x) represent the iterated Fejer 
partial sum of f(x) as in (2.6) of Chapter 1, i.e., 


(2.13) a%(f,x) 


n n 

E ••• E 

m\ =—n rriN=—n 


\ m l\ X \ m N\ 

n + 1 n + 1 
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Then 

<7n(/> 0) = f f(-y)K%(y)dy 

Jt n 

where K%(y) is the iterated Fejer kernel given in (2.5) of Chapter 1. 

Since (2tt)~ n J Tn K%(y)dy = 1 and K%(y) > 0, we obtain from (2.12), 

(2.13) , and this last equality that 

(2-14) 0<^(/,0)<||/|| Loo(Tjv) Vn. 

Let n* be any fixed positive integer. It then follows from (2.13) and 

(2.14) that 


■" /mu 


^ \\f\\L°°(T N ) Vn > 71*. 


mi=-r rriN=—n* 

Taking the limit as n —> oo of the left-hand side of this last inequality gives 


n* n* 

J2 ••• J2 /M < \\f\\L~(T N ) 
mi =—n* m^=—n* 


Since n* is an arbitrary positive integer and f(m) > 0, we conclude that 


lim f(m) exists and is finite. 

oo ^ ' 

\m\<R 


Using f(m) > 0 once again, we see that this last statement joined with 
Corollary 2.3 in Chapter 1 gives condition (ii) in the statement of the theo¬ 
rem. ■ 


Exercises. 

1. With / E C (Tat) and f(m) given by (2.2), prove that if 

lim y = g (x) uniformly for x £ 7 jv, 

\m\<R 

then / (x) = g (x) Vx € Tjy. 

2. Prove that the function tY^ me \ N [t 2 + |x + 27 rm| 2 ] _ ( 7V+1 V 2 for t > 0 
and x £ Tat is positive definite on Tat. 

3. Prove that the function t~ N / 2 Yl m eA N e _ l a:+27rm l / 4t for t > 0 and 
x £ Tat is positive definite on Tat. 
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3. Positive Definite Functions on Sjvj-iX TV 

In this section, we shall work on the space S ] \r 1 _i x TV Here, N\ > 3 
will be a positive integer. Also, 

V - 2 

"i = ^— 

Using the methods employed in the last two sections, we intend to get an 
analogous result for functions positive definite on a sphere cross a torus. 

To present our result, we let I designate the closed interval on the real 

line 

Z= [- 1 , 1 ]- 

We will say f(t,x) G C(I x TV) provided the following holds: 

(i)f(t,x) is a real-valued function; 

( 3 -^ {H)f(t,x) G C(T x R^); 

(m) Vi £ T, f(t,x) is periodic of period 27 t 
in each component of the x-variable. 

We will say / G C(I x TV) is positive definite on SVi-i x TV provided 
the following two facts hold: 

(3.2) VT € T, f(t, x) = /(f, —a;) for every x G Tat; 

ni ni 

(3.3) Vni > 1, EE bjb k f(e -e,x j -x k )> o 

fc=i i=i 

for (£ J , x J ) G SVj-i x Tjv and bj G R , j = 1, 

Next, for / G (7(1 x TV), we set 

(3.4) f(n,m) = (2 tt)~ n t ~ 1 [ f f(t,,x){l~t 2 ) Ul ~^Cf l 1 (t)e~ vn ' x dxdt, 

Ji Jt n 

for n > 0, m G Av, and r n is defined in (1.3) with u replaced by v\. 

We shall establish the following theorem: 

Theorem 3.1. Let f(t,x ) be a real-valued function, and suppose f G 
C(I xTn),N > 1. Define f(n,m ) by the formula in (S.f)■ Then a necessary 
and sufficient condition that f be positive definite on SV-iX TV, N\ > 3, 
is that the following two conditions hold: 

( i) f(n,m ) > 0 for n> 0 and mG Av; 

n 

(ii) f(t,x) = lim f(k,m)C^(t)e im ' x 

n—>oo z ^ ^ ^ 

/c =0 |m|<n 


uniformly for (t,x) G T x TV. 
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To prove the above theorem, we will need the following lemma: 


Lemma 3.2. Let f(t,x) be a real-valued function, and suppose f G C(I x 
Tjv), N > 1 . Define f(n,m ) by the formula in (3.f). Suppose also that 

(3.5) f(n,m) = 0 for n> 0 and m G Ajv- 

TTten f{t,x) = 0 /or (t, x) E / xT/y. 


Proof of Lemma 3.2. To prove the lemma for n, a nonnegative integer, 
set 

(3.6) M*) = (i-f 2 r-^m 

Then it follows from (3.4) and (3.5) that 

(3.7) f [ I f(t,x)h n (t)dt\e~ im ' x dx = 0 for n > 0 and m G Ajy. 

JTjv Ji 

For each fixed n, it is easy to see that 

f(t,x)h n (t)dt G C'(Tjv). 

But then it follows from (3.7) and Corollary 2.3 in Chapter 1 that 

(3.8) J f(t,x ) h n (t)dt = 0 for x G T/v and n > 0. 

Next, because 

f(t,x ) G C'(I) for fixed x G T/v, 

it follows from Theorem 3.5 in Appendix A in conjunction with (3.6) and 

(3.8) that f(t,x ) = 0 /or f G I and x G Tjy. ■ 


Proof of Theorem 3.1. We first show for n > 0 and m G Ajv that 

(3.9) Cf 1 (t) cos (m • x) is positive definite on S^-i x T/v- 

To see that this is the case, let (£ J ,x 3 ) G SAq-iX T/v for j = l,...,m. 
Then using (1.4) above, we see that 
Clf 1 ■ £ fc ) cos[m • {x 3 — x k )} = 

Un,N 

7 n ^ ^,n(/ J )5/,n(/ fc ) COs(m • X 3 ) COS (iTl ■ X k ) 

1=1 

Un,N 

+7 n X! Y l,n(Z 3 ) Y l,n(€ k ) sin ( m ‘ Sm(m ’ ^)- 
1=1 

where > 0. Consequently, for bj G R, j = 1, 
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E”ii Efeli bjbkCPi? ■ £ k ) cos[m • (x j - x k )] = 

^n,N m Mn,JV ni 

7at E E Y kn^ 3 ) h i cos ( m ' X ^] 2 + 7IV E E sin ( m • • T ' 7 )] 2 ’ 

i=i i=i /=i i=i 

and the statement in (3.9) is established. 

To establish the sufficiency condition of the theorem, we observe from 
(3.4) and the fact that 

f(t,x) G C (I x T/v) is real-valued 

that 

/(n, — m) = f(n,m ) Vn > 0 and Vm G Ajv- 

But by assumption (i) of the theorem, /(n, m) is also real-valued for m G Aat. 
So we conclude 

(3.10) f(n,—m) = f(n,m ) Vn > 0 and Vm G Ajv- 

Next, we set 

n 

(3.11) F n (t,s) = x: E 

k= 0 |m|<n 

for (f, x) G /x Tat and obtain from (3.10) that also 

n 

F n (t,x)=J2 Y f(k,m)C^(t)e- imx . 

k= 0 |m|<n 

As a consequence of these two different representations of F n (t,x ), it 
follows that 

n 

(3.12) F n (t,x) = Y Y f(k,m)C^(t)cos(m ■ x) 

k= 0 |m|<n 

for (t,x) G /x Tat. Since f(k,m ) > 0, we obtain from (3.9) that 

f(k, m^C^ 1 (t) cos(m • x) is positive definite on Sjvi-i x Tjy. 

But then from (3.12), it follows that 

(3.13) F n (t,x ) is positive definite on S^-i x Tat 

for every positive integer n. By assumption (ii) of the theorem, 

(3.14) lirn F n (t,x ) = f(t,x) 

n—xx) 

uniformly for (f,x) G lx Tat. 

So from (3.13), we have that 

(3.15) /(t, x) is positive definite on SNi—i x Tat 
and the sufficiency condition of the theorem is established. 
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To prove the necessary condition of the theorem, we first show that if 
g(t,x ) G C(I x Tjv) is a real-valued function that is positive definite on 
StVj- i x Tjv, then 


(3.16) ( [f g(£-ri,x-y)dS(€)dx}dS(r))dy> 0. 

Js Nl -!xT N J Sjvj-ixTjv 

To see that this is the case, we use the dehnition of the Riemann integral 
and take a sequence of partitions {V n }™ =1 of Sj^-i x Tjv where 

V n = {P- }p x and S Nl - 1 x Tw = U“" : 1 i? 

and the diameter of T” goes to zero as n -> oo. Also, a n —> oo. In each 
Pj 1 , we choose a £ J,n x x^ n G T”. Then 

On 

• r), X - y)dS(£)dx = lim V g(^' n ■ //, aA n - y) |P n 

n—>OO Z ' 1 J 

3 = 1 


'‘S'ati -i xTat 


where 



designates the volume of TJ'. Likewise, 


is*, _! xTjv Lfs*, ..xiy, • v, X - y)dS($)dx\dS(ri)dy = 


(3.17) 


JN 1 - 

lim,. 


,E?=iEfc=i g{e n -e' n ,x- 


j,n _ ^fc,n ^,j,n _ x fc,n\ 


Tr 


ir 1 


Since g is a positive definite function on Sjvi- i x Tjv, it follows that the 
double sum on the right-hand side of the equality in (3.17) is nonnegative. 
So, the limit in (3.17) is nonnegative, and (3.16) is established. 

Next, from (3.2) and (3.4), we see that 


(3.18) f(n,m) = 6 n f f f(t,x)(l — t 2 ) 1 ' 1 2 C " 1 (t) cos(m ■ x)dxdt 

Ji Jt n 

where 5 n is a positive constant. 

Introducing a spherical coordinate system as in §3 of Chapter 1 with 7 j 
as the pole, we also have that 


[ dS(0 

J SjVj-i 

/*7T 

= I'S'jVi— 2 I / /(cos#, x)C " 1 (cos 9) (sin 9) 2ui dd 

Jo 

= Cn! J -t 2 ) vi -*dt, 


where £jvi is a positive constant. 
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So from the periodicity of / in the x-variable and (3.18), 

/ [/ f(£'ih x ~ y )^ 1 (£ ' rj) dS(£)]caa[m-(x 

JT N J Sjvj-i 


= CiVi [ [ [ f(t,x - y)C^(t)(l - t 2 ) Ul *dt\cos[m-(x 
Jt n J i 

= Cni [ [ [ -t 2 ) Ul ~^dt\cos(m-x)dx 

Jt n Ji 

= C N 1 K 1 f( n ^ m )- 


y)\dx 

y)\dx 


Therefore, 

(3.19) f(n,m) = 7 * [ f(^V,x-y)C^(^r]) cos[m-(x-y)]dS(£)dx 

J S/Vj-1 xTjv 

for 7 ] € S^i-i and y £ T where 7 * is a positive constant. But then it 
follows from (3.19) that 

f(n , m) is a positive constant multiple of 

(3.20) 

/ {/ f{^y,x-y)C^(^y)cos[m-(x-y)\dS^)dx}dS(y)dy 

JS^-ixTn J S^-ixTjv 

for n > 0 and for m £ A ad 
W e next claim that 


(3.21) f(t, x)^ 1 (t) cos(m ■ x) is positive definite on SVi-i x Tjy. 

For this claim, we see that the condition in (3.2) is clearly met. So it 
only remains to show that the condition in (3.3) holds. 

To show that this is the case, we invoke (1.4) once again and obtain 

Cn 1 ^ ■ v) cos[m • (x - y)} 

7 l n,N 1 

= 7n ^ Yl,n(£)Yi,n{y) cos(m • x ) cos(m • y) 

1=1 

+7n ^2 YlAOYlAv) sin(m • x) sin(m • y) 

1=1 

where 7 n > 0. So, it follows from this last equality that 

ni ni 

(3.22) EE W(? J ' (e ■ £*) cos[m • (ad - x fc )] 

fc=i 1=1 


^2 + B (ni,l)], 

1=1 


= 7 n 
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where 

n± ni 

- EE bjbkf(£, J ■ £, k ,x 3 - x k )Yi^)Y Un {i k ) cos(m • x 3 ) cos (m ■ x k ) 

fc=l j=l 
ni n\ 

- EE bjYind 3 ) cos(m • x J )b k Yi :n (£ k ) cos(m • x k )f(£ J ■ £ k ,x 3 - x k ), 

fc=i i=i 

and 

B{n i,l) 

n\ n\ 

= EE bjbkf(£, j ■ £ k , - x k )Yi tn (£ j )Yi tn (£ k ) sin(m • x j ) sin(m • x fc ). 

fc=i j=i 

ni ni 

= £ £ b i Y l,n(^) sin(m • x 3 )b k Y hn (^ k ) sin(m • x k )f(£ 3 ■ £, k ,x 3 - x k ). 
k= 1j=l 

It is clear from the fact that f(t,x) is positive definite on S'/Vi-i x T/v 
that both 

A(ni,Z)>0 and -B(ni,Z)>0 

for l = l,...,n nNl . 

Therefore, the sum on the right-hand side in (3.22) is nonnegative. But 
this, in turn, implies that 

ni ni 

EE bjb k f(? • £ V - • £*) cos[m • (x* - x fc )] > 0. 

fc=ii=i 

Consequently, condition (3.3) holds, and indeed f(t,x)C” 1 (t)cos(m ■ x) 
is positive definite on Sjvi-i x T\r. The claim in (3.21) is substantiated. 
Next, we set 

g(t, x) = f(t , x)C? (t) cos (m ■ x), 

and observe from (3.16) and (3.21) that the double integral in (3.20) is 
nonnegative. Since f(n,m ) is a positive constant multiple of this double 
integral, it follows that 

(3.23) f(n,m) >0 for n > 0 and m G An, 

and condition (i) in Theorem 3.1 is established. 

To complete the proof of the necessary condition, it remains to show 
that condition (ii) holds. In order to accomplish this, we set 

OO 

(3.24) h(r,s) = J2 £ /(n, m)C? (l)r n e~^ s , 

n =0 ttiGA^v 

where 0 < r < 1 and 0 < s < oo. 
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Also, we see from (1.3) and (3.4) that for fixed m, 

(2ir) Ar /(n, m)C" 1 (1) 

= />„, (JVl A ( 2 _ + 2 2n) X, j\f(*) c nm-t 2 r^dt 

where P v is a positive constant. So from (3.29) in Appendix A, we obtain 
that 


(2n) N '£f(n,m)C?(iy n 

n =0 

Pui L 6 im XdX l f{t ’ x) (i - 2 rt + r2)*i/2 


1 — ?’ 2 


(1 -t 2 ) Ul ~^dt. 


For fixed r, we treat 
[ f(t,x) 


1 — r 2 


;(i-t 2 y^dt 


(1 — 2 rt + r 2 ) Nl / 2 

as a function of x in C*(T/v) and obtain from this last equality and (4.5) in 
Chapter 1 that 


h(r , s) is a constant (independent of r and s ) multiple of 

2 ]- {N+1)/2 f(t,x) d x, 

where h{r , s) is defined in (3.24). Consequently, 

(3.25) s)| < P* \\f\\ L °° JO- - t 2 ) Ul ~^dt, 

for 0 < r < 1 and 0 < s < oo where (3* is a constant. 

In obtaining the inequality in (3.25), we have made use of the fact (easily 
checked) that 


1 — r 2 


1 1 (1 — 2 rt + r 2 ) Nl / 2 


(1 - t 2 ) vi ~^dt [ s[s 2 + |x| 


/R ;V 



s[s 2 + \ X \ 2 ]~^ N+l)/2 dx = /3 n 


for 0 < s < oo, 


where (3^ is a constant, and from (3.29) and (3.41) in Appendix A with 
G’q 1 (t) = 1, that 


1 — r 2 


(1 -t 2 Y 1 ~ 1 2dt= I (1 -t 2 ) Ul -idt 




Jj (1 — 2 rt + r 2 ) Nl / 2 
for 0 < r < 1. 

Now each of the terms in the series defining h{r , s ) in (3.24) is nonneg¬ 
ative. Hence, from (3.25), we obtain that 


£ £ f(n,m)Cy(l)r n e-W s <P#<oo, 

n =0 mGAff 


for 0 < r < 1 and 0 < s < oo where (3# is a constant. 
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Let n* be any fixed positive integer. Then, it follows from this last in¬ 
equality that 

n* 

(3.26) ]T ]T f(n,m)C"'(l)r n e-^ s <f3# 

n=0 \m\<n* 

for 0 < r < 1 and 0 < s < oo. 

Passing to the limit as r —» 1 and s —> 0, we see from (3.26) that 

n* 

E E < P* <00 

n =0 \m\<n* 
for every positive integer n*. 

Using once again the fact that each term of this last series is nonnegative, 
we conclude that 

n 

(3.27) lim V f(k, m)C!T(l) exists and is finite. 

n— kx> ^ J J 

k =0 \m\<n 


Next, we observe from (3.30) in Appendix A, that 


f(k,m)C^{t)e imx 


<f(k,m)C^( 1) 


VA: > 0 and Mm G An and M(t,x) G I x TV 

But then it follows from (3.27), Lemma 3.2, and this last inequality that 

n 

lim ]T ]T f(k,m)C^(t)e iTnx = f(t,x) 

n^>oc z z ' 
k =0 \m\<n 


uniformly for (t, x) G I X t n . So conditon (ii) in Theorem 3.1 is established, 
and the proof of the necessary condition of the theorem is complete. ■ 


Exercises. 

1 . Given £ G S 2 is of the form £ = (cos 6, sin 0 cos (/>, sin 9 sin (j>) and that 
Pi (t) = t, prove directly that Pi (t) cos m ■ x is positive dehnite on S2 x Tn 
where m G An- 

2. Given / G C(I x Tn) and f(k,m) defined by (3.4), prove that if 

n 

Hm E E f(k,m)C^(t)e imx = g(t,x) 

k =0 \m\<n 

uniformly for (t,x) G I x Tn, then f(t,x ) = g(t,x ) for (f,x) G I x T/v- 

3 . Given / G C(I x T2) and f(t,x ) are positive definite on S2X T2, 
let = (1,0,0) and g(£,x) = / ( 77 * ■ £,x) for £ G .S 2 . Find a function 
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u ( y , x, s ) G C°° ( B (0, 1) x T 2 x R + ) with u ( y , x, s ) continuous in the clo¬ 
sure of B (0, 1) x T -2 x R+ such that 

Lu(y,x,s ) = 0 V (y, x, s) G B (0, 1) x T x R+ 

n(^,x,0) = y(£,x) V(f, x) G 5 2 x T 2 , 

where 

_ <9 2 zz <9 2 zz <9 2 zz 3 2 zz <9 2 zz <9 2 zz 

dy\ dy\ 9y 2 3 ,t 2 (9x 2 ds 2 ’ 

B (0, 1) is the open unit 3-ball, and R + = {s : s > 0}. 


4. Further Results and Comments 

1. Bochner introduced a notion of generalized analyticity for complex¬ 
valued functions in L 1 (' Tn),N > 2. In particular, / G A+, where v G R w 
and |u| = 1, provided / G L 1 (Tjv) and 

f[m ) = 0 if m ■ v < 0 . 

Set A v = U A+ v . It is clear that the class A v generalizes the notion of 
analyticity to higher dimensions. 

Also, Bochner introduced the notion of a strict generalized analytic class 
B v as follows: / G R+ provided (z) / G A+ and 

(zz) with 0 < 7 < 1 such that f(m) = 0 if m ■ v < 7 |m| . 

Set B v = B+ U B± v . 

In a similar manner, we define the class of generalized analytic measures 
on T/v obtaining the classes A v and B v . So, in particular, /j G Ay provided 
/z is a finite-valued complex Borel measure on T/v and 

/z(m) = 0 if m • v < 0 . 

Also, /z G £>+ provided y G and 

with 0 < 7 < 1 such that y,(m) = 0 if m ■ v < \m\. 

Bochner (see [Boc2] or [Ru3, p.201]) obtained the following generaliza¬ 
tion of a well-known theorem of F. and M. Riesz ([Ho, p. 47] or [Ru3, p. 198]) 
on T\ to T/v for N > 2. 

Theorem. Let y G B v . Then y is absolutely continuous on T/v, i-e., 
there exists f G L 1 (Tv) such that if E C T/v is a Borel set, 

y (E) = I fdx. 

Je 

This result is false in general if y G A v (see [Ho, p. 60]). Another proof of 
Bochner’s theorem was found by Helson and Lowdenschlager [HeLo]. 

2. There is also another theorem of F. and M. Riesz [RR] dealing with 
analytic functions in the unit disk, namely the following: 
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Let f (z) be a bounded function that is analytic for \z\ < 1. Suppose 
f (re ie ) = 0 for 9 £ E where E C T\ and \E\ > 0. Then f (z) is 
identically zero for \z\ < 1 . 

There is an interesting generalization of this result to T\r for N > 2 
involving the class B v introduced above. 

For the purpose of the statement of this generalization, we will say / £ 
L°° (T/v) vanishes at xq provided 

lim f [r i (x 0 ) = 0 , 

r —>0 

where (x 0 ) = \B(0, r )\ 1 lB{o,r)f (xo + x) dx. 

In order to present this generalization, we have to introduce the following 
one parameter subgroup G v of T/v- With v £ R v and |x| = 1, 

G v = {x : — 7 r < Xj < it, Xj = tvj mod 2 -t, j = 1, N, — oo < t < oo} . 

A set E C G v is said to a set of positive linear measure if the following 
holds: Define B’cRas follows: 

E* = {t : 3x £ E such that Xj = tvj mod 2 -t for j = 1,..., N}. 

Then E is said to be a set of positive linear measure provided E* is a set 
of positive one-dimensional Lebesgue measure. 

/ vanishes on a subset E C G v provided / vanishes at every point x £ E. 
The following generalization of the F. and M. Riesz theorem holds 
[Shl8]. 

Theorem. A necessary and sufficient condition that every f £ B v , 
which is in L°°(T/v) and vanishes on a subset of G v of positive linear mea¬ 
sure be equal to zero almost everywhere on T at, is that v be linear indepen¬ 
dent with respect to rational coefficients. 


Also, a counter-example is given that shows that the sufficiency condition 
of the theorem is false in general for / £ A v n L°°(Tjv). 




CHAPTER 5 


Nonlinear Partial Differential Equations 


1. Reaction-Diffusion Equations on the TV-Torus 

In this chapter, we show the power of Fourier series in several variables 
in solving problems in nonlinear partial differential equations. 

The techniques presented in this section come from the paper by the 
author [Shll] that appeared in the Indiana University Mathematics journal 
in the year 2009. 

Operating in TV-dimensional Euclidean space H N , TV > 1, and as before, 
letting Tjv be the TV-dimensional torus 

T/v = {x : —7r < x n < it, n = 1, ..., TV}, 


we shall deal with the following reaction-diffusion system with periodic 
boundary conditions and zero initial conditions: 


( 1 . 1 ) 


du 

~5t 


- A Uj = fj(x,t,ui, ... ,UJ ) in T n x (0, T) 


Uj(x, 0) = 0 


for j = 1J. 

A system of equations of the form (1.1) is generally referred to in the 
literature as a reaction-diffusion system and occurs in mathematical biology 
and many other places in applied mathematics (see [Sm, pp. 208-210], [Mur, 
pp. 375-379], and [EK, p. 426]). 

With s = (si,..., sj) and T/v x (0, T) = 12, we assume in the above that 


(1.2) fj(x,t,s ) is a Caratheodory function, i.e., 

fj(x,t,s) is measurable in ( x,t ) for s £R J and continuous in s for a.e. 
(x, t) £ 12. 

Also, we assume the following two conditions: 


(1.3) 


V.R > 0 , 3an(x,t ) £ L 1 (l2) such that 

su P\ Sj \<R\fj( x ^^ s i^-^ s j)\ < oi R (x,t ) 


for Sk £ R, k / j, k = 1 ,..., J for j = 1 , ..., J. 


(1.4) 


Sjfj(x,t,s ) 

< Ci |sj| 2 + C 2 (x,t) |sj| + C 3 (x,t ) Vs £ R 
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and for a.e. (x, t) € Cl where j = 1 , J. 

Also, C\ > 0 with C *2 and C 3 nonnegative functions in L 2 {Cl) and L 1 (f7), 
respectively. 

gi(x) G C'°°(Tjv)will mean that g\ (x) G C°°(R N ) and is periodic of 
period 2ir in each of the variables x n for n = 1, N. 

Likewise, g\(x) G C 2 (Tn) will mean that gi(x) G C^R^) and is periodic 
of period 2ir in each of the variables x n for n = 1,..., N. 

We introduce the Hilbert space Lf 1 (T/v)as follows: iL 1 (Tjv) is the closure 
of the set of functions in C°°(Tn) under the norm generated by the following 
real inner product: 

<gi,hi> H i= [gihi + Vgi-Vhi]dx for g\,h\ G C°°(T N ). 

Jt n 

So if u\,vi G iL 1 (Tjv)i then both u\ and v\ are in the familiar Sobolev space 
W 1,2 (T n ) (see [Ev, pp. 241-257] for the theory of Sobolev spaces) and 

(1.5) <ui,vi>jji= / [u\V\ + V«i • Vuijdx for «i,ui G i7 1 (T/v). 

Jt n 

In this section, we establish two theorems for reaction-diffusion systems. 
The first theorem will deal with a one-sided condition placed on fj(x,t,s ) 
as in (1.4) above. The second theorem will deal with the two-sided condition 
placed on fj(x,t,s) as in (1.98) below. 

We establish the following theorem for our reaction-diffusion system 

( 1 . 1 ). 


Theorem 1.1. Let Tjv x (0,T) = Cl. With s = (s\,...,sj), assume that 
fj(x,t,s ) satisfies the conditions stated in (1.2), (1.3), and (1-4). Then 
there exists 

u G [L 2 (0, T; H 1 (T n ))] j n [L°° (0 ,T~, L 2 (T N ))] J 

with both 

Ujfj(x,t,u ) and fj[x,t,u ) G L 1 (ll) for j = 1,..., J, 

such that u=[u \,..., uj) is a generalized periodic solution of the reaction- 
diffusion system (1.1). 

For periodic solutions, this theorem is a two-way improvement over [BN, 
Th. V.l, p. 302]. In the first place, this result deals with systems. Secondly, 
for J = 1, the condition in (1.4) entails a far weaker assumption than the 
corresponding one made in this last named reference. In particular, this last 
named reference assumes 

fi(x,t,si) < C 2 (x,t ) + C 3 (x,t)/si for si > 0. 

On the other hand, it is assumed in (1.4) above that 

fi(x,t,si) < CiSi + C 2 (x,t) + C 3 (x,t.)/si for si > 0, 
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i.e., linear growth is allowed in this last inequality but not in the previ¬ 
ous one. A similar situation prevails for si < 0. Everything else about the 
assumptions remains the same. 

Also, the techniques employed here are completely different from those 
used in [BN], 

Theorem 1.1 is motivated by and similar to the theorem in the author’s 
manuscript [Shi 1], which appeared in the Indiana University Mathematics 
Journal. 

u\ £ L 2 (0,T; H 1 (Tjy)) will mean that 

u\(x, t) is measureable in = T\ j x (0,T), 

and that 

ui(x,t) £ H 1 (Tn) for a.e. t £ (0, T). 

Also, it will mean that Vui(x,t) is measureable in Q. and that 

ui(-,t )|| 2 h i dt < oo. 

What is meant by the statement in the theorem that u = (iq,..., uj) is a 
generalized periodic solution of (1.1) under the assumption that u possesses 
the properties enumerated in the theorem and fj{x,t,u ) £ L 1 (ll) is the 
following (where Ec (0, T) is a set of measure zero): 

(i.e) (i) [ T [ (-u~ - Uj Ad) = ( f j ( x ,t,u)e ye e c c °°(fi), 

Jo Jt n ot Jn 

(m) lini \\uj(-,t )\\ L 2 = 0 t€(0,T)\E, 

for j = 1,..., J. 

The assertion 0 £ C'^°(U) means the following: 

(?) 9 £ C°° [R iv x(0, T)]; 

(ii) for each fixed t £ (0, T), 9(x,t) £ C°°(Tn); 

{in) 3fi,i2 with 0 < t\ < ti < T such that 
9{x, t) = 0 for 0 < t < ti and t -2 < t, < T. 

We say f\ £ L p (T/v), 1 < p < oo, provided f\ is a real-valued (unless 
explicitly stated otherwise) Lebesgue measurable function defined on of 
period 2 i r in each variable such that 

/ \fi\ p dx < oo. 

Jt n 

As before, we denote the set of integral lattice points in R A by A^r, 
and for m £ A^v, x £ R^, m ■ x will designate the usual dot product 



m ■ x = mix’i + • • • + rriNXN- 
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For /i € L 1 (T/v), we set 

AH = {2-k)~ n 


e-^f^dx, 


and < ■, • > L 2 will designate the usual real inner product in L 2 (T\r). Also, 
< Vui, Vui >l 2= / [Vwi • Vvijdx for u\,v\ £ iL^T/v). 

Jt n 

The first lemma that we deal with is the following: 


Lemma 1.2. Let g\ £ L 2 (T^).Then 

9i £ H\T n ) <=>- ^ |"i| 2 \gi(m)\ 2 < oo. 

mGAjv 

Furthermore, if g\ £ i/ 1 (T/v), then 

(1.7) <Vg 1 ,Vg 1 > L 2 = (2tt) n ^ \m\ 2 \gi(m)\ 2 . 

m£Apf 


Proof of Lemma 1.2. Given gi £ H 1 (T/v), let {gf}™ = i be the sequence 
of elements in C°°(Tn) that tends to g± in the i7 1 -norm. Since the Fourier 
coefficients of gf are 0(|m| -( ' iV+5 ' ) ) as \m\ —> oo, the analog of the equality 
in (1.7) clearly holds for gf, and we have 

<Vg?,Vg?> L 2=(2n) N ]T |m| 2 |^(m)| 2 . 

mGAjv 

Passing to the limit as n —» oo on both sides of this last equality, we obtain 
the finiteness of the right-hand side of (1.7). The equality in (1.7) comes 
from Parsevaal’s theorem (Corollary 2.5 in Chapter 1). 

To establish the lemma in the other direction, we are given g\ £ L 2 (T/v) 
and that the right-hand side of the equality in (1.7) is finite. We set 

(1.8) < = £ sifmje™' 1 

\m\<n 

and obtain from (1.5) that the sequence is Cauchy in the H 1 -norm. Hence, 
there exists h\ £ H l (T V) such that 

lim ||gi - hi\\ m = 0. 

n—xx) 

On the other hand, we obtain from (1.8) and Corollary 2.5 in Chapter 1 
that 

lim ||gf - gi\\ L 2 = 0. 

n—XX) 

But then gi = h\ almost everywhere. Therefore, g\ £ H l (I V). ■ 
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As a matter of convenience, from now on, we shall assume that the T 
that occurs in (1.1) and in the statement of the theorem has the value 2n. 
Thus, from now on, we assume 

(1.9) (0, T) = (0, 2t r) and fl = T N x (0, 2vr). 

We next recall the well-known fact that (see Corollary 2.3 in Chapter 1) 

(1.10) {(2n)~^ N+1 ^ 2 e ikt e im ' x } < ^L_ 00 with m G Atv is a CONS for L 2 (Q), 

i.e., a complete orthonormal system for L 2 (Cl). 

We define the Fourier coefficients for f\(x,t) G L 2 (Cl) with respect to 
the CONS in (1.10) as follows: 


( 1 . 11 ) 

Also, we set 
( 1 . 12 ) 


fi(m, k) = (2 tt)~ n ~ 1 j f 1 {x,t)e- ikt e~ im x dxdt. 

Jn 


M 

S M fi(x,t)= J2 E h(m,k)e ikt e imx 

\m\<M k=—M 


and observe from (1.9) that if /i G L 2 (Cl ), then from Parsevaal’s theorem 
(Corollary 2.5 in Chapter 1), 


( L1 3) Jim \\S M fi ~ /i|| £ a ( n) = 0- 

In the next lemma, we shall study a linear periodic initial value problem 
that is a variation of the nonlinear one set forth in (1.1) above when J = 1. 
In particular, with f\(x, t) G L 2 (I7), we shall study the following problem: 


(1.14) (i) *) _ A'u 1 + ui = fi(x, t ) in T N x (0, 2tt) = 12, 

(ii) ui(x,t) G L 2 (0, 27r; if 1 (Tv)) 

(in) u±(x,0) =0 iGSl. 

Condition (ii) is the boundary value part of the problem and asserts that 
we are dealing with periodic boundary values. Condition (iii) is the initial 
value part. 

In order to study this periodic IYP, we shall need another Hilbert space. 
To do this, we introduce the pre-Hilbert space 

(1.15) 

C 2 (Q) = {ui G C' 2 [R 7V x(0,2tt)] and 

for each fixed t G (0, 2ir), u±(x,t) G C 2 (T/v)}. 


ui (. x,t ) = 

3 =1 


In particular, we see if 
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where G (7 2 [0, 2-7t] and ipj G C°°(Tn), then 74 G C 2 (fi). 

Assuming (1.9), we endow C 2 (I4) with an inner product < •, ■ >^i de- 
hned as follows: 

(1.16) 

/*27T 

<ui,vi>g 1 = / [< uit,vi t > L 2 + < ui,vi > L 2 + < Vui, Vui > L 2]dt 

Jo 

for u\,vi G C 2 (Tt) where u\t = We complete the space C 2 (&) using the 
method of Cauchy sequences, and call the resulting Hilbert space H l (Cl). 
Also, if U] and w\ are in L 2 (Cl) and 

f u\-^-dxdt = — l w\cfdxdt V0GC'^°(fl), 

we shall refer to w i as u\t and call it the weak derivative of u\ with respect 
to t in fh A similar definition prevails for the weak derivative of u\ with 
respect to Xj in Q. 

In particular, we see that if u\{x,t) G H 1 ^), then u\ G L 2 (Cl) and also 
that the following three conditions hold (see [Ev, pp.242, 244]): 

(1.17) (i) u\{x, t) G W 1,2 (£l), 

(ii) ui(x,t) G L 2 (0, 2it,H 1 (T n )), 

(in) u\t(x,t) G L 2 (Q). 

We say u±(x,t ) is a weak solution of the initial value problem (1.14) if 
u\(x, t ) G H 1 ( Cl) and the following two additional conditions are met (where 
E C (0, 27r) is a set of measure zero): 

(1.18) 

(*)lim t ^ 0 \\ui(-,t )\\ L 2 = 0 t G (0, 2ir)\E; 

(ii) < ^(-,t),if(-) >l 2 + < ui(-,f),V>(-) >hi=< h(-,t),ip(-) > L 2 

Vi/’ € i7 1 (Tjv) and for a.e. t G (0, 2tt). 

In the next lemma, we deal with weak solutions of the linear periodic 
IVP (1.14). 

Lemma 1.3. Suppose fi(x,t) G L 2 ( 14). Then there exists u\(x,t)^ i7 1 (I4) 
which is a weak solution of the periodic initial value problem ( 1 . 14 ), ke., 
both (1.18)(i) and (ii) hold. 


The above lemma is, in a way, the analogue of [Ev, Th.5, p.356] for the 
linear periodic IYP (1.14) but with a different proof. 
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Proof of Lemma 1.3. We first establish Lemma 1.3 for Sm/ i(x, t) defined 
in (1.12). To do this, we set 


(1.19) 


( 1 . 20 ) 


u 


(i) 

1 M 


M 


(*>*) = Y Y 7 


ikt 


,( 2 ) 


\m\<M k=—M 
M 


ik + \m\ + 1 


e e 


.*)- E £ : 


fl(m,k) — (|m| 2 +l)i im-x 


ik + \m\ + 1 


\m\<M k=—M 

It follows from the dehnition of C 2 (fl) in (1.15) that 

(1.21) u im( x , t) e C 2 (p) for j = 1,2, 

and we observe from (1.19), (1.20), and Parsevaal’s theorem that 


«imM) “ «i mM) 


( 2 ) 


L 2 


- 12VTJ 2^|m|<M Z—ik=—M ifc+ | m |4l ^ ® ' 

for t £ (0, 27r). Consequently, we obtain that 


lim 

t->o 




L 2 


= 0. 


( 1 . 22 ) 

Defining 

(1.23) «im(M) = 4m( x ^) “ 

we conclude from (1.21) and (1.22) that 


, ( 2 ) 


(1.24) 


u±M(x,t) €E C 2 (D) and lim \\ 2 L 2 = 0. 


Next, as an easy calculation shows, we see from (1.19) and (1.20) and 
from (1.24) that 

du\M 


dt 


- Auim + UlM = S M fi(x, t ) for (x, t) G D. 


Consequently, (1.18) (ii) holds with respect to u\m and Sm/i (x.t). and we 
have that 


(1.25) 


Lemma 1.3 holds for Sm f\(x,t). 


It remains to show that Lemma 1.3 holds for f\(x, t). In order to do this, 
we observe from a calculation using the integral test for series that 


00 1 _ 

Vn>0 - 


k =1 


(1.26) 



166 


5. NONLINEAR PARTIAL DIFFERENTIAL EQUATIONS 


and also from (1.10) and Parsevaal’s theorem that 

12 


(1.27) 

Next, we set 

(1.28) 


E E 

meAjv k=—oo 


< oo. 


u 


?(x,t) = J2 E . h{m i ] e ikt e im ' x 


mGAjv k=—o o 

and observe from (1.27) that both 

12 


ik + \m\ + 1 


E E 

meAjv k =—oo 




ik + |m| + 1 


< oo and E E 

mgAjv k=—oo 


ikfi(m, k) 


ik + Iml + 1 


< oo . 


Therefore, it follows from (1.10), (1.28), and the Riesz-Fischer theorem [Zyl, 
p. 127] that both 

(1.29) u^\x, t) and v$(x,t) are in L 2 (ti) 

where is the weak derivative of in L 2 {p.). 

In a similar manner, we see from (1.26) and Schwarz’s inequality that 

(1.30) 


E H 

mGAjv 


E 7 


/i(m, k) _ eikt 


ik + |m| + 1 


<( 7r + l) E E |/i( m A) 

m£ An k =—oo 


< OO 


I k=—o o 
for 0 < t < 2i r. 

We conclude from Lemma 1.2 and this last inequality that 
u [ l\x,t) G L 2 (0,27r;fl' 1 (Tj V )). 

Also, it follows from (1.26) coupled with this last fact and (1.29) that 


(1.31) 


ii[\x,t) G i7 1 (i7) and lim 


M —>oo 


( 1 ) 

Am - “ 


( 1 ) 




= 0 


where u^(x,t) is defined in (1.19). 
Next, we set 


(1.32) 


u 


( 2 ) 


(x,t)= E ( E —) e -(H 2 +W e ^ 


mGA jv k=—oo 


ik + |m| + 1' 


where the coefficient of e* m ' a: involving the /c-sum is well-defined by (126), 
(127), and Schwarz’s inequality. Also, since the multiple series involved con¬ 
verge absolutely for 0 < t < 2ir, we see that u{\x,t) G C' 0O [R iV x (0, 27 t)]. 
Furthermore, it is clear from Parsevaal’s theorem that 

12 


«i 2 m) ; 2 = (2vtA e 

me Ajv 


E 7 


f(m, k ) 


k=—oo 


ik + |m| + 1 


e —2(|m| 2 +1 )t for t € ( 0)27r ) 
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and we conclude from a calculation like that used in (1.30) along with Lemma 
1.2 that 

uf\x,t) £L 2 (H) n L 2 {0,2tt,H 1 (T n )). 


(1.33) 

Furthermore, 


l2 = (2 tt) N Y (\ m \ 2 + lf 

m£ An 


E 7 


/(to, k) 


k =—oo 


ik + ItoI + 1 


-2(\m\ 2 +l)t 


for t £ (0, 2a), and we conclude from a similar calculation to that used in 
(1.30) that u\f £ L 2 (H). Hence, we obtain from (1.33) that 

(1.34) uf\x,t ) £ iL 1 (H) and also that lim ?4 m — r/j 2 '* _ =0 

M—>o o H 1 

where u\^(x,t) is defined in (1.20). 

Next, we set 

(1.35) ui(x,t) = uf\x,t ) — n^(x,t), 
and observe from (1.31) and (1.34) that 

tii(x,f) £ iL 1 (H). 

To complete the proof to Lemma 1.3, it remains to show that (1.18) (i) 
and (ii) hold for u\(x,t). 

To show the former, we observe from (1.28) and (1.32) that 

(1.36) 

= (2 n) N Y 

mdlxjsi 

for t £ (0, 2ir)\E where E is of measure zero. 

Using (1.26), we obtain that 

E /l(TO, fc) , ikt _ (| m |2 +1 ) t 

ik + ItoI 2 + 1 


/i(ra, k) ikt (| m |2 + p^ 
^ ik + |m| 2 + 1 


k=—o o 


k=—o o 


< 


4(tt+1)(|to| 2 +1) 1 fi(m,k) 


k =—oo 


and we conclude from (1.36) and the Lebesgue dominated convergence the¬ 
orem applied to series that 


4 1} M) - 

This fact coupled with (1.35) tells us that indeed (1.18)(i) holds for ui(x,t). 


lim 

o 


u L (-,t) — if" (-,t) = 0 for t £ (0, 2tt)\E. 

L 2 


To show that (1.18)(ii) holds for ui(x,t), we Hrst observe from (1.31) 
and (1.34) that for a subsequence 


lim 

M^> OO 




,u) 


dt 


dt 


= 0 for a.e. t £ (0, 27r) for j = 1,2. 


L 2 
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Hence, we see from (1.35) that for a subsequence 


(1.37) 


lim 

M—>oo 


9uim ( ^ dui f ^ 

dt j dt J 


L 2 


= 0 for a.e. t E (0, 27r). 


Likewise, we see from (1.31) and (1-34) that for a subsequence 

(1.38) lim — ui(-,t)\\ H i = 0 for a.e. t G (0,27t), 

M—>oo 

and also that for a subsequence 

(1.39) lim \\S M fi(-,t) - /i(‘,i )|| £ 2 = 0 for a.e. t G (0,27t). 

M—>00 

Also, we obtain from (1.25) and (1.18) (ii) 
dlliM 


< 


dt 


(•,*), V’(-) >L 2 + < >h 1 = < 5 , M/i(-,i),V ; (-) > L 2 


Vi/’ G i7 1 (TAr) and for a.e. t G (0, 27t). Taking the limit of both sides of this 
last equality as M —> oo through a subsequence, we see from (1.37)-(1.39) 
that (1.18)(ii) does indeed hold for m(x,t). ■ 


Next, we establish the following lemma, which is useful in showing that 
the solution u\ in Lemma 1.3 is unique. 

Lemma 1.4. Suppose zkq G i7 1 (17) that satisfies (1.18)(i) and (ii) where 
f i G L 2 {fil). Then 

2 -1 J Tn \ui(x,t\ 2 dx + f* < «i(.,t),«i(-,t) >^i dr 

(1.40) = f [ f fi(x,T)ui(x,T)dx]dT for a.e. t G (0, 2tt). 

J 0 J Tjv 

Proof of Lemma 1.4. Since by assumption u\ G i7 1 (fl), we have from 
(1.17) (ii) that 

ui(x,t) G i7 1 (T/v) for t G (0, 2ir)\E where meas(E) = 0. 
Consequently, we have from (1.18) (ii) that 
du 

< l(-)0 >L 2 + < Ul(-,t),Ui(-,t) >m=< fl(-,t),Ui(-,t) > L 2 

for tG (0,27 t)\£'i where meas(E\) = 0. Hence, using (1.17)(ii) and (iii), we 
see that 


(1.41) 


fr [< >l 2 + < > H i}dt 

= fr < fl(-,t),Ui(-,t) > L 2 dt 
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for 0 < r < s < 27r. Now, it is easy to see from the fact that u\ £ EL 1 (Cl) 
that there exists E -2 C (0, 2ir) with meas(E- 2 ) = 0 such that 

[ <- 7 n-(-,t),ui(-,t)> L 2 dt = 2~ 1 [ \ui(x,s)\ 2 dx-2~ l { \m(x,r)\ 2 dx 

Jr 0t JT N Jt n 

for r, s £ (0, 2ir)\E2■ Combining this fact with (1.41) and using (1.18)(i), we 
see that that the equality in (1.40) does indeed hold for t £ (0, 2ir)\E2, and 
the proof of Lemma 1.4 is complete. ■ 


Lemma 1.5. Under the assumptions of Lemma 1.3, the ui(x,t)& H l ( 
ft) which is a weak solution of the initial value problem ( 1 - 14 ) is unique. 
Furthermore, u\(x,t) is defined by the equality given in (1.35), i.e., 
u\=u ( [' > — u^ where u^ is given in (1.28), and in (1.32). 

Proof of Lemma 1.5. Suppose both u\,v\ £ H l ( 11) satisfy (1.18)(i) and 
(ii). Then on setting w\ = u\ — v\ , we see that w\ £ H 1 ( Cl) and satisfies 

lim \\wi(-,t )\\ L 2 =0 t £ (0, 2n)\E 
where meas(E) = 0 and also that 

< -^-(-,t),^(-) >L 2 + < w>iM)>^(-) >rn= 0 V()£ ^(Tjv) 

for a.e. t £ (0, 2n). It follows from these two facts and (1.40) in Lemma 1.4 
that 

2 1 f \w\(x,t\ 2 dx+ f < > H i dr = 0 for a.e. t £ (0, 2tt). 

J T/v J 0 

But by (1.5), the second integral in this last equality is nonnegative. There¬ 
fore, the first integal equals zero a.e. in (0, 27r). However, w\ £ L 2 (Cl). Hence, 

/ |uq(x, t\ 2 dxdt = 0. 

Jn 

We conclude that w\ = 0 a.e. in Cl, which tells us that u\ is indeed unique. 
That U] is given by the equality in (1.35) follows from the proof given of 
Lemma 1.3. The proof to Lemma 1.5 is complete. ■ 


Next, given v\ £ L 2 (Cl), we set 

r? _ V' vi(m,k) 

2—im£A N 2-/k =—oo ik+A m L L 

(L45) 

Horn = V V°° V1 r -\mt r im 

02V\ Z^mGAjv 2^k=—oo i/c+A m e e 

where v\ (m,k) is defined by (1.11) and meets (1-27) and 
(1.46) A m = \m\ 2 + 1. 
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It is clear from (1.10) and (1.27) that 

Bj : L 2 (n) -> L 2 (Q) for j=l,2. 

The following lemma also holds: 

Lemma 1.6. Bj is both a continuous and a compact map of L 2 (Q) into 
L 2 (n) for j=1,2. 


(For the definition of a compact map, we refer the reader to [Ev, p. 503].) 


Proof of Lemma 1.6. To prove the lemma, suppose {ui n }^ =1 is a se¬ 
quence in L 2 {Cl) with the property that 

n 1 ™ 0 H^“ Vl Hi 2 (n) = °- 

Then using the ideas set forth in the proof of Lemma 1.3, we see that 

OO 

(1.47) lim \vi n (m, k) — v\{m, k)\ 2 = 0. 

n^oo ^ J J 

m^Ajsr k=—o o 


Now, it follows from (1.45) and Parsevaal’s theorem that 

°° \vi n (m, k) — vi(m, k)\ 2 


| ik T X, 


(1.48) ||Bi(ui n -ui)|li 2( n) = (2vr) Ar+1 

mGAjv k=— oo 

But then we see from (1.47) that 

( L49 ) ll^iK n ~ v i)\\ 2 L 2 ( n) = °- 

This establishes the continuity of the map B\. 

To show the continuity of the map £> 2 , we observe from (1.45) that 
(1.50) 


m£Apf 


E 

k =—oo 


V\n(m,k) - Vi(m,k) 


ik + \ r 


for almost every t £ (0, 2i r). Integrating both sides of this last equality from 
0 to 27r, we see from (1.10), (1.26), and Schwarz’s inequality that there is a 
constant C such that 

OO 

\\B 2 (vin - ^ 1 ) II 7 , 27 m < c yy yy \vi n (m, k)-vi(m, k)\ 2 Vn. 

m€ A k =—oo 


We conclude once again from (1.47) that 

(1.51) hrn^ ||B 2 (ui n - V\ )11^ 2 (q) = 0. 

This establishes the continuity of the map /3 2 . 
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To show that B\ is a compact map, suppose {vi n }™ =1 is a sequence 
in L 2 ((l) with the property that | ||?On 11^2(0) j is a uniformly bounded 
sequence. Then it follows that for some subsequence {vi n }^ =1 converges 
weakly in L 2 (Cl) to a function v\ in L 2 (Cl) [Ev, p.640]. Hence, we see that the 
compactness of B\ will follow (where we are now assuming the full sequence 
converges weakly) if (i) and ( ii ) below imply that the limit in (1.49) holds 
where 


OO 

<oE E \vin(m, k) — v\(m, k)\ 2 < C Vn, 

m£ A k =—oo 

(ii) lim v\ n (m,k) = v\(m,k) V(m,k). 

n—>oo 

We now establish that the limit in (1.49) holds given (i) and (ii). Let 
s > 0 be given. Choose M > 1 so large so that the following inequality 
holds: 


(2ir) N+1 C ^ s 
(M + l) 2 < 2' 

Then we see from (?'), (1.46), and (1.48) that 

MB/.. .. mi 2 / ^AW +1 \vin(m,k)-Vi(m,k )\ 2 e e 

< (2*) ^ E- | it + V |2 -+2 + 2- 


m|<Af k=—M 
Consequently, using (ii), we obtain that 

lim sup ||£>i(ui n - ui)||^ 2 (f 2 ) < e 


Since e is arbitrary, this establishes the fact that the limit in (1.49) is valid 
and that B\ is indeed a compact map. 

Using the same ideas that we have just used for B\, we can show that 
B -2 is a compact map; what we have to do is to show that (i) and (ii) above 
imply that the limit in (1.51) holds. We now do this. 

From (1.50), we see that 


(1.52) 


| \B 2 (vin - Wl) 11 ^ 2 ( 0 ) < ( 2 vr 


,N 


1 


S 2 A. 

Tn(zA]y 


E 

k =—oo 


vi n (m,k) -vi (m,k) 


ik + \ r 


where X m is given by (1.46). Let e > 0 be given. Choose M so large so that 
both of the following inequalities hold: 


(2ir) N C 



(2tt) n C(tt + 1) ^ e 
2(M 2 + l) 2 < 2 ’ 


M 
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Then we obtain from Schwarz’s inequality, (i), (1.26), and (1.52) that 


\\B 2 (v ln - Vl )\\ 2 L2{Cl) < Y 


\m\<M 


2\ r 


M 

E 

k=—M 


vi n (m,k) - vi(m,k ) 


ik + X ri 


£ £ 

+ 2 + 2 ‘ 


Consequently, using (ii), we obtain that 

limsup \\B 2 (vi n - ui)||^ 2f ^ < e. 

n—>oo ^ ' 

Since e is arbitrary, this establishes the fact that the limit in (1.51) is valid 
and that is indeed a compact map. ■ 


Given v = (v\ r ..,vj) G [L 2 (11)] J , we define B n (v) for n = 1,2 as follows: 

(1.53) B n (y) = (B n (vi),...B n (vj)). 

It is clear that B n {v) : [L 2 (Q)] J —> [L 2 (Q)] J . As an immediate corollary 
to Lemma 1.6, we have the following: 


Lemma 1.7. With B n (v) defined by (1.53), B n (v) is both a continuous and 
a compact map of [L 2 (Q)] J into [L 2 (I7)] J for n=l,2. 

Assuming that fj(x, t, s ) is a Caratheodory function as in (1.2) satisfying 
the additional condition 

(1.54) 3 K > 0 s.t. \fj(x,t,s)\ < K Vs G R J and a.e. ( x,t ) G 

for j = 1 ,..., J, we shall study weak solutions of the following nonlinear 
reaction-diffusion system with periodic boundary conditions: 

- A uj + uj = fj(x,t,ui,...,uj ) in T N x (0,27r), 

Uj(x, 0) = 0 

for j = 1,..., J. 

In particular, we say that u = () is a weak solution of (1.55) 
under the assumption that fj(x,t,s ) satisfies (1.54) provided the following 
holds: 

u(x,t) G [IL 1 (I7)]' 2 and the following two additional conditions are met 
(where E C (0, 27t) is a set of measure zero): 

(1.56) (i) lim \\ Uj (-,t)\\ L2 = 0 t G (0, 2tt)\E; 


on ■ 

(**) < >L 2 + < >H 1 = < fj(-,t,u),'lp(-) > L 2 

\hf G 1L 1 (Tjv), for a.e. t G (0, 2ir), and for j = 1,..., J. 

The following lemma prevails: 
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Lemma 1.8. Suppose that fj(x,t,s) is a Caratheodory function that meets 
(1-54) for j = 1, J. Then there exists u(x,t)£ [H 1 ( H)] J , which is a weak 
solution of the reaction-diffusion system with periodic boundary conditions 
given by (1.55), i.e., both (1.56)(i) and (ii) are valid. 


Proof of Lemma 1.8. To establish Lemma 1.8, we first observe that be¬ 
cause of (1.54), 

= (fffx,t, ■),..., fj(x,t,-)) 

is a continuous map of [L 2 (Cl)] J into [L 2 (Cl)] J . 

Consequently, it follows from Lemma 6 that B n f(x,t,-) is a continuous 
map of [L 2 (tl)] J ' into [L 2 (kl)\ J for n=l,2, where B n is defined in (1.45) for 
n = 1,2. Also, (1.54) and Lemma 1.7 imply that B n f(x,t,-) is a compact 
map of [L 2 (Cl)] J into [L 2 (Cl)\ J for n=l,2. Hence A(v) is a continuous and 
compact map of [L 2 (Cl)] J into [L 2 (0,)] J , where 

(1.57) A(v) = B\f(x,t,v) — B 2 f{x,t,v) for v E [L 2 (Fl)) J . 

Next, we observe from Lemma 1.5 that given v E [L 2 (Q)] J , u = A(v) is 
in [i7 1 (H)] J and Uj, the j-th component of u, satisfies (1.56)(i) as well as 
(1, 56)(ii) with fj(-,t, u) replaced by fj(-,t , v). Hence, if it can be shown that 
there is a u E [L 2 (Q)] J that is a fixed point of the map A(u), i.e., u = A(u), 
then Lemma 1.8 will be established. 

So to complete the proof of Lemma 1.8, it remains to show that the 
continuous and compact map A(u) defined in (1.57) has a fixed point. To 
do this, we invoke Schaefer’s fixed point theorem, [Ev, p. 504], and see that 
for A(u) to have a fixed point, it is sufficient to show that the following set 
is a bounded set in [L 2 (Cl)] J : 

F = E: [L 2 (Cl)] J : u = aA(u) for some 0 < a < 1 j. 

To show that the elements of F are uniformly bounded, we observe from 
(1.10), (1.26), (1.48), and (1.50) that 

II[£*(«)]J ^ (tt + 1)^ INI[L2 ( n)p V^EL 2 (H) for n = 1,2. 
Therefore, from (1.54), 

\\B n f(x,t,v)\\ [L2{Cl)]J < (tt + 1)^Ak(2tt)^ n+1 '>/ 2 . 

So it follows from (1.57) and and this last inequality that if u E F, then 

IMI[ L 2 (Q)]J < 2(71 + 1)5 J§A"(27r) (iV+1)/ ' 2 . 

Hence, we see that the elements of F are uniformly bounded in [L 2 (Q)\ J , 
and the proof of Lemma 1.8 is complete. ■ 
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Proof of Theorem 1.1. Without loss in generality, we assume from the 
start that T = 27t. Next, we set 


(1.58) gj(x,t,s) = sj + fj(x,t,s) for j = l,...J, 

and instead of dealing with periodic solutions of the IVP (1.1), we deal with 
periodic solutions of the following IVP: 


(1.59) 


-gr - A Uj + Uj = gj(x,t,ui,...,uj) in T N x (0,27r), 
Uj(x, 0) = 0 


for j = 1,..., J. 

It is clear from (1.58) that gj satisfies (1.2) and (1.3). It also satisfies 
(1.4) with C\ replaced by C\ + 1. It is also clear from (1.58) that if we 
solve (1.59), then we also have solved (1.1) when T = 27r. So to prove the 
theorem, we see from (1.6) that we have to show the following: 

(1.60) 

(*)3 u G [L 2 (0, 2tt, H 1 (Tn)] j n [L°° (0, 2t; L 2 {T n ))\ j 

with both Ujgj(x,t,u ) and gj(x,t,u ) G L 1 (I1) 


(**) Jo It n ( u i dt 


UjAd + Uj9) = f^gj(x,t,u)9 M6 G 
for j = 1,... J 


(in) lirn^o ||%(*, t )\\ L 2 =0 t G (0,2ir)\E where E C (0,27r) 
and meas(E) = 0 for j = 1,... J. 

To show that (1.60) holds, the first step we take is to set for n > 1, 

g jn (x,t,s ) = Qj(x, t, s) if \gj(x,t,s)\ <n 
= n if gj(x, t,s) > n 

= — n if gj(x,t, s) < —n 

for j = 1,...«/. Then gj n (x,t,s ) satisfies (1.54), and we can invoke Lemma 
1.8 to obtain 

(1.61) u^\x,t) G iL 1 (f2) and satisfies (1.56)(i) forj = l,...J. 
Also, 

(1.62) Uj n \x,t) and gj n (x, t, s) satisfy (1.56)(m) Vn andj = l,...J. 

Next, we show that the following holds: 

(1.63) 

3(7 > 0 s.t. (i) uf ] L2(Cl) <C and (m) g jn (-,-,u {n) ) <C 

for j = 1,..., J and Vn where u^ = (u± l \ ..., u^). 
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To accomplish this, we use (1.61) and (1.62) in conjunction with Lemma 
1.4 to obtain 


>-i 


(1.64) 


J Tn Uj (x,t dx + f* < Uj ’(•, r), Uj (•, r) > H i dr 


= [q[J t gj n (x,T,u^)u ( j l \x,T)dx]dT for a.e. t. G (0, 2ir). 


Observing that for each n and j, sjgj n (x,t, s) satisfies the inequality in 
(1.4) with C\ replaced by C\ + 1 for a.e. (x,t) G 12 and Vs G R J , we see 
from (1.64) that there are two positive constants C\ and such that 


(1.65) 


)t n 


u'- l \x,t) dx < Cl I [ I Uj n> (x,T) dx\dr + C% Vn, 


it n 


,(«)/ 


for j = 1,..., J, and for a.e. t G (0, 2n). 

From this last inequality, in conjuction with the integral form of Gron- 
wall’s inequality [Ev, p. 625], we obtain that there is a positive constant C^* 
such that 


( 1 . 66 ) 


u[ n \x,t) 


2 

dx < Cl* Vn and for j = 1,..., J and for a.e. t G (0, 2n). 


This establishes (1.63)(i) with C = (2nCl*)^. 

To establish (1.63)(ii), we see from (1.63)(i) joined with the fact that 
Sjgj n (x,t,s) satisfies (1.4) that there exists a positive constant C%* such 
that 

(1.67) / u^\x, t)gj n (x, t, u^)dxdt < C%* Vn and for j = 1,..., J, 

JB jn 

where 

Bj n = {(x,f) G Cl : Uj n \x,t)g jn (x,t,u (n) ) > 0}. 

But fl = Aj n U Bj n with Aj n n Bj n = 0, and also the left-hand side of 
the equality in (1.64) is nonnegative. In particular, it is nonnegative when 
t = 2 tt. So it follows from (1.67) that 


u^ l \x,t)gj n (x,t,u^)dxdt < C% 


(«)'! 


Consequently, Uj n \x,t)gjn(x,tj u dxdt < 2 C%* Vn and for j = 
1,..., J, and (1.63) (ii) is established. 

Next, we make use of the fact that gj(x, t, s ) meets the condition in (1.3) 
for j = 1,..., J, to infer that the following holds: 

for R > l,3a/j(x,f) G L 1 (fl) s.t. if u^ n \x,t) < R , 

( 1 . 68 ) 

then \g jn (x,t,u^)\ < oir(x, t) Vn for j = 1, ..., J. 
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We see, in particular, from this last inequality that 

g jn (x,t,u^ n) ) < \a 2 (x,t)\ + u^\x,t)g jn (x,t,u { - n) ) 

Vn, for j = 1,..., J and for ( x,t ) € Cl. So we conclude from (1.63)(ii) that 
(1.69) 

3C& such that / gj n (x,t,u^) dxdt < C ^ Vn and for j = 1,..., J. 

Jn 

We also see from (1.68) we can obtain the following: 

(L7°) 

{gjn(x,t,uW)}™ = i is absolutely equi-integrable in L 1 (fi) for j = 1,..., J. 

What is meant by this last statement is Ve > 0, 35 > 0 s.t. given E C Cl, 
with meas(E) < 6, then f E \gj n (x,t,u^)\ dxdt < e Vn and for j = 1,..., J. 
To establish (1.70) with C as in (1.63)(ii), 

(1.71) select R > 1 such that CR~ l < -. 

Next, with an(x,t) as in (1.68), choose 6 > 0, such that E C Cl, and 

(1.72) meas(E) < 5 =>■ / \oir(x, f)| dxdt < 

Je 2 

From (1.68), we see that 

\g jn {x,t,u n )\ < \a R (x,t)\ + \u jn (x,t)g jn (x,t,u n )\ R~ l Vn. 

The statement in (1.70) follows easily from this last inequality joined with 
(1.63)(ii), (1.71), and (1.72). 

Next, with C as in (1.63) (ii), we see from (1.64) that 

/*27T 

(1.73) / < u^\-,t),uf'\-,t) > H i dt < C Vn and for j = 1,..., J. 

Jo 

It then follows from (1.5), this last inequality, and standard Hilbert space 
arguments (see [Ev, pp. 638-640]) that 

3 Uj G L 2 (0, 27t; iV^T/v)) s.t. (z)Zim n ^.oo w dxdt = f^UjW dxdt, 

(1-71) 

(ii) lim / <u[ n \-,t),v(-,t) >ffi dt = / <u-j(-,t),v(-,t) >jji dt, 

n ^°° Jo Jo 

\/w G L 2 (Cl), Vn G L 2 (0, 27 t; H 1 (Tat)), and for j = 1,..., J, where we have 
used the full sequence rather than a subsequence for convenience of notation. 
With Uj as in (1.74), we will demonstrate that 

(1.75) lim iE l) — u-j =0 for j = 1,..., J. 

v ’ n^oo J 3 L 2 (H) 

To establish (1.75), we use (1.10) and designate by u^ n \m,k) and 
Uj(m,k ) the corresponding Fourier coefficients of uj”' 1 and uj, as in (1.11). 
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Since both and Uj are in L' 2 (Xi), it follows from Parsevaal’s theorem 
that 

0 OO 0 


(1.76) 


(n) 

U) ~ Uj 


L 2 (H) 


= (2? t) n+1 Y Uj (m, k) — Uj(m, k) 


m£Ajv k =—oo 


Also, we have from (1.74) (i) that 

(1.77) lim u\ n \m,k) =Uj(m,k) V(m,k). 

n—xx) 

Next, from (1.61) and (1.17)(ii), we see that uj"' 1 £ H l (T V) for a.e. t 
and for every n. Hence, we obtain from Lemma 1.2 that 

(1.78) 

> H i={2tt)~ n Y 

m£AjY 

Vn, for j = 1,..., J, and for a.e. t £ (0, 2n) where 

(1.79) X m = |m| 2 + 1. 

Also, we see from (1.73) that 


Vme Ayr. 


u < f\x,t)e~ im - x dx 


r2n 

Jo 

[ u^\x,t)e- imx dx 

2 oo 

dt = (2n) 2N+1 Y \uf\m,k) 


Jt n 

k=— oo 


Consequently, we obtain from (1.73) and (178) that 


< C Vn and for j = 1,..., J. 


(27r) iV+1 ^ A m ^ |u( n) (m, k)) 
itkeAn k=—oo 

But this last inequality in conjunction with (1.77) enables us to conclude 

12 


(1.80) (2n) N+1 Y ^rn Y | Uj(m,k)-Uj(m,k) 

meAjv k=—oo 

Vn and for j = 1,..., J. 

Continuing, we use (1.62) and (1.56) (ii) to obtain that 


< 4 C 


Ir e lkT if TN e im ' x [du ( j 1 \x,T)/dr+X m Uj 2, (x,T)]dx}dT 


,( n b 


(1.81) 


f e lkT [( gj n (x,t,u^)e im ' x dx\dr \/n,\/m,\/k, for j = 1,..., J 
Jr J Tat 


and for 0 < r < t < 2ir. 


Using the fact that £ El 1 (Cl), we next see that there exists E\ c 
(0,27r) with meas(E\) = 0 such that 

J Tn e~‘ imx dx f* e~ tkT du ( j l \x,T)/dT dr = J Tn e~’ im ' x u'- l \x,T)e~' lkT \ x zl dx 
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+ [ ( ike lkr e im ' x uf\x,r) dxdr VA and Vm, 

Jr Jt n 

with 0 < r < t < 2ir and r,i 6 (0, 2n)\Ei. Hence, we obtain from this last 
equality joined with (1.81) that 


(L82) 

ir Jt n + A m )e~ lkT e~ xm ' x u^ (x , r)dxdr = 

— J Tn e~ im ' x u^ n \x,T)e~ lkr \ x zJ r dx 

+ Si e~ ikr [f TN 9jn{x, t, u^J)e~ im ' x dx]dT 

VA and Vm with 0 < r < t < 2 -tt and r, t £ (0, 2tt)\E\. 

From (1.66), we see for a.e. r and t in (0, 2ir) with r < t, that the absolute 
value of the first expression on the right-hand side of (1.82) is majorized by 
2 (2ir) N ^ 2 (Cf*) 2 . Likewise, we see from (1.69) that the absolute value of the 
second expression on the right-hand side of (1.82) is majorized by C#. Hence, 
we obtain from (1.82) that there exists C (0, 27 t) with meas(E- 2 ) = 0 such 
that 
(1.83) 

(*A + A m) [ [ e- ikT e~ im - x uf\x, r)dxdr < 2 (2tt) JV/2 (C?*)* + C* 

Jr Jtn 

\/k and Vm and for 0 < r < t < 2 -jt with r, t £ (0, 2n)\E2- Taking the limit 
in (1.83) as r —> 0 and as t —> 27t with r. t £ (0, 2ir)\E2, we conclude that 

uf\m, k) < [2 (2tt) jv/2 (CD* + C # ]/ |iA + A m | VA, Vm, Vra, 

and for j = 1,..., J. 

This last inequality joined with the limit in (1.77), in turn, gives us 


2 

(1.84) Uj n \m, k ) — Uj(m, k) < /{k 2 + A 2 J 

VA, Vm, Vn, and for j = 1,..., J where C® = 4[2 (2tt) n ^ 2 (C**) 2 + C#] 2 . 

To see that the limit in (1.75) actually prevails, from the equality in 
(1.76), we see it is sufficient to show that 


(1.85) 


lim limsup > > 

n ^°° M t-J ^ 

\m\<M k=—oo 


1 

(m, A:) — Uj (m, A’) = 0 


for j = 1,..., J. 

To establish this last fact, given e > 0, we choose Mq to be a positive 


integer so large that 

M 0 - 2 4C < | 
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where C is the constant in (1.80). Also, we observe from (1.79) that 


Mq < |m =>■ 1 < 


K 


Hence, it follows from (1.80) that 


( 1 . 86 ) 


Y Y | “5 n) - % ( m > 

n|>Mo k=—o o 


2 < M 0 - 2 4C < | 


Vn and for j = 1,..., J. 

Next, let the number of integral lattice points in the following set 

{m : \m\ < Mq} 

j_l 

be designated by Mq, and choose A'o to be a positive integer so large that 

M*K^C° < t 


where C® is the constant in (1.84). Then, using the fact that 
Kq 1 , we see from (1.79) and (1.84) that 


i 


< 


A'o+l k? — 


Y Y ( m > k) — Uj(m, k) < ]T K^C0<M#K^C0< 

\m\<Mo k=Ko+l \m\<Mo 

Vn and for j = 1,..., J. Similarly, 

-(A'o+l) 

Y Y |^ ( m > fc ) - % ( m > 

\m\<M 0 k=— oo 

Vn and for j = 1,..., J, and we obtain from these last two inequalities that 
E|m|<M 0 EfcL-oo A:) - %(m, A:)’ 


2 < - 
- 4 


<£ 


\m\<M 0 


Hkl-K 0 k) - Uj(m, k) 




+ - 

^ 2 


Vn and for j = 1,..., J. 

From (1.77), (1.86), and this last inequality, we therefore obtain that 


OO 


lim limsup 

n—>oo oo 


E E 

\m\<M k=—oo 


n$ n) (m, k) 


Uj(m, k) 


2 

< e. 


But e is an arbitrary positive number. Hence, the left-hand side of this last 
inequality is zero, and the assertion in (1.85) is established. Consequently, 
the limit in (1.75) also holds, and this is the key fact in the proof of the 
theorem. 

Continuing, from (1.64) and (1.75), we see that the following three facts 
also hold: 
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3E 3 C (0, 27r) with meas{E 3 ) = 0 such that 

(1.87) lim [ — Uj(x,t) dx = 0 for t £ (0, 

71—XX) rri J J 

J In 

(1.88) lim 7 S- n \x,t) =Uj(x,t ) for a.e. (x,t) £ H; 

n—>oo J J 

(1.89) f u^ n \x,t) dx < 2 f [f u^\x,T)gj n (x,T,u ( - n \x,T))dx\dT 

Jt n Jo Jt n 

for t £ (0, 27t)\£ , 3, for j = 1,..., J and Vn, where we have used the full 
sequence rather than a subsequence for convenience of notation. 

We next show that the limit in (1.60)(iii) holds, i.e., 

(1.90) lim / \uj(x, t )\ 2 dx = 0 t £ (0,27r)\£ , 3 

JTjv 

for j = 1,..., J. 

To do this, we observe that the inequality in (1.4) holds for Sjgj n (x, t, s ) 
with C\ replaced by C\ + 1, and therefore, from (1.89), we obtain 

f u^\x,t) dx < 2 f f [(Ci + 1) v^\x,t) 

JTn J 0 J Tn 

+ C 2 (x, t ) u^\x, t) + C 3 (x, t)]dxdr 

for t £ (0, 2n)\E 3 , Vn, and for j = 1,..., J, where Ci is a positive constant, 
C 2 (x,t) e L 2 (Cl), and C 3 (x,t ) eL 1 (0). Also, C 2 and C 3 are nonnegative 
functions. Passing to the limit on both sides of the above inequality as 
n —> 00 and making use of (175) and (1.90), we see that 
( 1 - 91 ) 

It n \uj(x,t)\ 2 dx <2 f* J Tn [(Ci + 1) \uj(x,t)\ 2 


+ C 2 (x, t) \uj(x, t)| + C 3 (x, t)\dxdr 

for t £ (0, 2n)\E 3 . But Uj £ L 2 (0). Consequently, the limit as t —► 0 of the 
integral on the right-hand side of the inequality in (1.91) is zero. Hence the 
limit of the integral on the left-hand side of the inequality in (1.91) is zero if 
t —> 0 through the values in (0, 2n)\E 3l and (1.90) is completely established. 

Next, using the fact that Uj £ L 2 (Cl) for j = 1 we designate the 

value of the integral when t = 2ir on the right-hand of the inequality in 
(1.91) by the positive constant Jif. Hence, 
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We would like to show that the rest of the items in (1.60)(i) also prevail. 
To do this, we use (1.63)(ii), (1.69), (1.88), and Fatou’s Lemma [Ev, p. 648] 
to obtain that 

(1.93) (i) / \ujgj(x, t, u)\ dxdt < C and (ii) / \gj(x, t, it)| dxdt < C 1 **, 

Jo. Jn 

for j = 1where C and C* are positive constants. From (1.74), we 
see that Uj G L 2 (0, 27r; i7 1 (T/v)) for j = 1,..., J. So (1.92) along with the 
inequalities in (1.93) show that all the items in (1.60) (i) do indeed prevail. 

Since the limits in (1.90) are the same as those in (1.60) (iii), to complete 
the proof to the theorem, it remains to show that the equalities in (1.60) (ii) 
hold. We now do this. 

From (1.61) and (1.62), we infer that eH 1 (Q) and 

f) ( n ) / \ 

It < >L2 dt + ft<ut> H 1 dt 


(1.94) 



< > L 2 dt 


\/8 G C £°( fi ), 


Vn, and for j = 1,..., J. Now the first integral on the left-hand side of the 
equality in (1.94) is equal to 




(x, t)6(x, t)dt]dx. 


But 9 G and vt G Hence this latter integral is equal to 


r*27T 


ut (x,t) — (x, t)dxdt. 


de 


>t n 


We record this fact as 


(1.95) 


r^ Out 


n2n 


< 


dt 


-(■,t),6(-,t) > L 2 dt = — 


ut^dxdt. 
J dt. 


Also, from the fact that 9 G C%°(&) and u^ G i7 1 (fi), we see that 


r*27T 


' 0 J Tjv 


d 

dx k 


^ « 27t /» ^2 

u\ n \x,t)— — 9(x,t)dxdt = — / / u) l \x,t)-—-~9(x,t)dxdt 

J dx k Jo Jt n 3 dx 2 k 

for k = 1, Hence, we obtain from (1.5) that 

(1.96) [ <utI,t),9(-,t) > H i dt = f [ [~ut A0 + u^djdxdt. 

Jo Jo Jt n 

From (1.95) and (1.96) joined with (1.94), we consequently have that 
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(1.97) 

it ItJ-Uj 1 ^ ~ u t M + u f )e \ dxdt 


= It It n 9jn{x, t, u { f > )9{x, t)dxdt V9 G C%°(h), 

Vn, and for j = 1,J. 

Now the limit in (1.88) implies that 

lim g.j n (x,t,ut) = g.j(x,t,u ) for a.e. (, x,t ) G f2. 
n—>oo J J J 


From the observations that 0 G C'“(n), that 

gj n (x, t, ut ) is absolutely equi-integrable in L 1 (fl) 

(see (1.70)), and that gj(x,t,u ) G L x (f7) (see (1.93)(ii)), we obtain from this 
last limit and Egoroff’s Theorem [Ev, p. 647] that the limit of the integral 
on the right-hand side of the equality in (1.97) as n —» oo is equal to 

/*2tt /* 

/ / gj(x,t,u)0(x,t)dxdt V6 G C'^ >0 (fl) 

and for j = 1,..., J. 

On the other hand, from (1.75), we see that the limit of the integral on 
the left-hand side of the equality in (1.97) as n —> oo is 


f 2n f . , ,36 . , 

Jo Jt 

Hence, we obtain that 

It m 


Uj(x, t)A6(x, t ) + Uj(x, t)9(x, t)\dxdt. 


Uj(x, t)A9(x, t) + ttj(x, t)9(x, t)\dxdt 


= / 0 27r / Tjv 9j{x, t, u)9(x, t)dxdt V9 G C~(H), 
and for j = 1,..., J. 

But this last equality is the same as the equality in (1.60)(ii). Therefore 
(1.60) (ii) is indeed true, and the proof of the theorem is complete. ■ 


If we replace (1.4) by the two-sided condition 
(1.98) \fj(x,t,s)\ <Ci\sj\+C 2 

for a.e. (x, t) G Cl and Vs G R, where C\ and C 2 are positive constants 
and j = 1,..., J, then we can obtain an improvement to the conclusion of 
Theorem 1.1. In particular, we can show that the solution u to the reaction- 
diffusion problem (1.1) under assumption (1.98) is in [i7 1 (H)]‘ 7 , which is 
defined in (1.16) above with T = 2n. Also, we can obtain a weak solution to 
the problem (1.1). In other words, we can show that 
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u(x,t) £ [i/ 1 ( 0)] <7 and the following two additional conditions are met 
(where E C (0,27r) is a set of measure zero): 

(1.99) (i) lim \\ Uj (-,t)\\ L2 = 0 t £ (0, 2ir)\E; 


ou ■ 

(**) < >R 2 + < Vuj(-,t),Vip(-) > L 2 =< fj(-,t,u),ip (•) > L 2 

\/fi £ ii/ 1 (T)v), for a.e. t £ (0, 27t), and for j = 1, J. 

We do all this in the following theorem, which we shall prove: 


Theorem 1.9. Let T,y x (0, T) = S2. ITit/i s = (si,..., sj), assume that 
fj(x,t,s ) satisfies the conditions stated in (1.2) and (1.98) for j = 1J. 
TTien t/iere exists 

u £ 3 n [L°° (0, T; L 2 (Ty))] J 

with Ujfj(x,t,u ) £ L 1 (f7) and fj(x,t,u ) £ L 2 (fl) /or j = 1,J, such that 
u = (■ ui,...,uj ) satisfies the conditions in (1.99) and is, therefore, a weak 
solution of the reaction-diffusion system (1.1). 


Proof of Theorem 1.9. With no loss in generality, we once again assume 
that T = 2n and observe that fj(x, t, s ) clearly satisfies the conditons in the 
hypothesis of Theorem 1.1. So, by that theorem, we have the existence of a 

(1.100) n£ [L 2 (0,2tt,H'(T n ))] j n[L°° (0, T; L 2 (Ty))] J , 

which is also a generalized periodic solution of the reaction-diffusion system 
( L1 )‘ 

What we have to do is show that this u £ [if 1 (fl)] J and that it meets 
condition (ii) in (1.99). We already know that it meets condition (i) in (1.99). 
As in the proof of Theorem 1.1, we set 


( 1 . 101 ) 

9j(x, t, s) = sj + fj(x,t 

,s) for j = 1 ,. 

..J, 

and 





9 jn{x,t,s) = Qj(x,t, 

s) if | gj(x,t, 

s)\ < n 

( 1 . 102 ) 

= n 

if gj(x,t, 

s) > n 


= — n 

if gj(x,t , 

s) < —n. 


Then from (1.61) and (1.62) in the proof of Theorem 1.1, we obtain 

(1.103) u^ n \x,t) £ H 1 (fl) and u^ satisfies (1.56)(i) for j = 1, ...J. 
Also, 

(1.104) u^\x,t) and gj n (x,t,u^) satisfy (1.56)(ii) Vn and / = 1, ...J. 
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Next, we observe from (1.100) that, in particular, u G [L 2 (Q)] J . Hence, 
it follows from (1.98) that 

(1.105) fj(x,t,u ) G L 2 (H) for j = 1 ,...</, 
and also from ( 1 . 101 ) that 

(1.106) gj(x,t,u) G L 2 (H) for j = l,...J. 

So, we invoke Lemma 1.3 and obtain the existence of 

(1.107) v = (v ll ...vj)e[H 1 (n)} J 
such that 

(1.108) Vj and gj(x,t,u ) satisfy (1.18) (i) and (ii) for j = 1 ,...«/. 

As a consequence of (1.104) and this last fact, we have that 

< >L 2 + < > H i 

=< gjn(-,t,u (n) ) - gj(x,t,u),1p(-) > L 2 
VV> G i/ 1 (Tjv), for a.e. t G (0, 27t), and for j = 1,..., J. 


But then, invoking Lemma 1.4, we obtain 

12 


2 1 It n uf\x,t)-Vj{x,t) 


dx 


(1.109) 


+ /o < ^" ) (x,T)-u i (x,T),u^ ) (x,T)-u i (a:,T) >#i dr 


f 
/ 0 


9ji 


l (i,l,« ln) ) - gj(x,t,u ) - vj(x,t) 


dx > dr 


for a.e. t G (0,27r) and for j = 1,..., J. 

Next, we recall certain facts from the proof of Theorem 1.1, namely from 
(1.75) that the following holds: 


( i ) lira 


( 1 . 110 ) 


(n) 

•n—>oo || Uj 


(ii)\im n ^ 00 u^ n \x,t) =Uj(x,t ) for a.e. (x,t ) G .fh 


L 2 (f2) 


We observe from (1.98) and (1.101) that 


9jr 


%tM n) ) 


< 


,00 


+ Ci 


» 


+ c 2 


1 2 


Vn. Hence it follows from (1.110) (i) that 
2 

{ 9 jn(x,t,u ( n )) }™ =1 is absolutely equi-integrable in L 1 (H) for j = 1,..., J. 
Also, we obtain from ( 1 .110) (ii) that 

lim gj n (x,t,u ^) = gj(x,t,u) for a.e.(x,t) G H. 
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From these last two facts joined with Egoroff’s theorem and Schwarz’s 
inequality, we see that the integral on the right-hand side of the equality in 
(1.109) goes to zero as n —» oo. We state this as 

dxdr = 0 

for t G (0, 27t) and for j = 1, J. 

But then it follows from (1.109) and this last limit that 


lim 

n—xx) 



t n l 


g jn (x,t,u {n) ) - gj(x,t,u ) u ( - 1 \x,t) - vj{x,t ) 


lim 

n— xx) 


0 JT n l 


uf\x,r) -Vj(x,T) 


1 2 


dxdr = 0 


for a.e. t G (0, 2a) and for j = 1,..., J. 

We conclude from (1.110) (i) and this last fact that 

(1.111) Uj(x,t ) = Vj(x,t ) for a.e. (x,t) G .Cl and for j = 1,..., J. 

From this last equality and (1.107), we see that indeed 

u = (m,...uj ) G 


Also, from (1.108) joined with ( 1 . 111 ), we obtain that 


on ■ 

< >L 2 + < >m=< >L2 

\/ip G H 1 (Tn), for a.e. t G (0, 2tt), and for j = 1,..., J. 

But using (1.05) and (1.101), we see this last equality can be replaced 
with 


< 


duj 


0 >L 2 + < V«j(-,t), V^(0 >R2=< /j(-,t,u),V’(0 >R2 


' L,- ' ' ' l'')l V ) ''L* -' JjV 

This establishes (1.99) (ii) and completes the proof of the theorem. 


Exercises. 

1. Prove that dd 1 (T 2 ), which is defined in (1.5), can be generated also 
by the functions in C 2 (TV) where 

C 2 (T 2 ) = {() 6 G 2 (R 2 ) : ( x ) is periodic of period 27r in each variable}. 

2. Given {/n}^Li> a sequence of functions absolutely equi-integrable in 
L 1 (T 2 ) with the property that 

lim f n (x) = 0 for a.e. x G T/v, 

n—xx> 

prove that liirp^oo f T , |/„ (x)| dx = 0 . 

3. Using the notation of this section, given U = d ~2 x (0, 2a) and 
/ G [(7 2 (U)] 2 , find it G [dT 1 (ST)] J n [L°° (0,27r; L 2 (T 2 ))] 2 , which satisfies the 
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conditions in (1.99) where 

fi(x,t) = cos t cos x\ + sin 2 1 sin 3x2, 

h (x, t) ■■ 


E 

k=1 


cos kt % cos nxi. 


k 5 


n =1 




4. Using the notation of this section, given 11 = T 2 x (0,27r) and 
f (x,t,s) £ [(7(12 x R 2 )] 2 and meets the conditions in (1.98), find 

u £ [R 2 (12)] 2 Pi [L°° (0,27r;L 2 (r 2 ))] 2 , 

which satisfies the conditions in (1.99) where 


fi(x,t,u) = — u\ + sin t cos x\ + cos 2t sin X 2 

f 2 (x,t,u) = u 2 /2 + 1 + COSXi- 


2. Quasilinear Ellipticity on the IV-Torus 

In this section, we shall study the existence of solutions to quasilinear 
elliptic partial differential equations under periodic boundary conditions. 
Once again, we will see the power of Fourier analysis in handling these 
difficult problems. 

The material presented here comes mainly from the author’s Transaction 
paper, [Shl2], and makes use of an ingenious (according to the referee of said 
paper) Galerkin-type argument. It serves quite well as an introduction to 
the general subject of quasilinear ellipticity. 

We will use the notation introduced in the previous section of this chap¬ 
ter except that now u will represent a function and not a vector function as 
it did previously. 

In particular, we will operate in TV-dimensional Euclidean space R 2 ^, 
TV > 2, and as before, let T,y be the TV-dimensional torus 

Tjv = {x : — 7 T < x n < 7 r, n = 1,..., TV} . 

g(x) £ C°°(Tn) will mean that g(x) £ ^“(R 1 ^ ) and is periodic of period 
27 t in each of the variables x n for n = 1,..., TV. 

We introduce the Hilbert space H l (J Xr) as follows: 

R 1 (T/v) is the closure of the set of functions in C°°(T/v) under the norm 
generated by the following real inner product 

<g,h> H 1 = I [gh + Dg-Dh]dx for g, h £ C'°°(T/v), 

Jt n 

where Du = {D\u, ..., D^u) and D n u = du/dx n . (In this section, we will 
use the notation Du = Vit.) 
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So if u,v G H\T n ), then 


( 2 . 1 ) 


< u,v > H 1 = 


[to + Hu • Dv]dx for u, v G H 1 {Tn). 


Also, for each n, u has a weak partial derivative on T /v with respect to 
x n , that there is a function w G T 2 (T/v) such that 

f uD n (j)dx = — f wcj)dx Vcj) G C°°(T n ), 

JTm JTm 


for n = 1,AT. We refer to as D n u. 

This last equality could also have been written as 

< U,D n (j) > L 2= - <W,(j)> L 2 


We shall consider second order, quasilinear elliptic operators Q, operat¬ 
ing on i^ 1 (Tjv) of the form 

N N 

(2.2) Qu = — Di[a % i (x,u)Dju\ + b* (x, u , Du)DjU. 

i,j= i 1=1 

The coefficients of Q, namely the functions a^{x,s) and V(x,s,p) are 
assumed to be defined for (x,s) G T/v x R and ( x,s,p ) G T/v x R x R v , 
respectively. Furthermore, we shall suppose the following throughout this 
section. 

(Q i) The coefficients a l ^(x,s) and V{x,s,p) satisfy the Caratheodory 
conditions: For each fixed s G R and p G R, ;V , the functions a^(x,s) and 
b>(x,s,p) are measureable; for a.e. x G T/v, the functions a l ^{x,s) and 
V{x, s,p ) are respectively continuous in R and R x R^, i,j = 

{Q 2) 3 a nonnegative function a(x) G L 2 (T/v) and an p > 0 such that 

\a lJ (x, s)| < a(x) + p |s| 
for s G R and a.e. x G T^, i,j = 1 

(Q 3) The principal part of Q is symmetric, that is, a l i{x,s) = a^ l (x,s) 
for s G R and a.e. x G T/v, = 1, 

(Qa) Q is uniformly elliptic almost everywhere in T/v, that is, there is a 
constant p 0 > 0 such that 

A 

Y2 A, > i?ol£| 2 

i,3 =1 

for sGR, a.e. a: G T/v, and £ G R jV ( |£| 2 = £ 2 + • • • + £, 2 N ). 

(Q 5) There is a nonnegative function b(x ) G T 2 (T/v) and positive con¬ 
stants r/j and p 2 such that 

\b’ J (x,s,p)\ < b{x) + p 1 |s| + p 2 \p\ 
for s G R, a.e. x G T/v, and p G R N ,j = 1,..., N. 
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(Qe) For every u G H l (T Xr), the vector fnnction 

b (x,u,Du) = [V(x, u, Du ),..., b N (x, u, Du)] 
is weakly solenoidal, i.e., 



for u. v G i^ 1 (Tjv). 

(Q7) If {n n }^Li a sequence of functions in L 2 (Tjv), which tends 
strongly to u G T 2 (Tjy) and {w n }^ =1 is a sequence of vector-valued 
functions in [L 2 (T/v)] iV , which tends weakly to w G [L 2 (T/v)]^, then 
{b(x,M n ,w n )}“ =1 is a sequence of vector-valued functions in [L 2 (Tn)] n , 
which tends weakly to b (x,u, w) G [L 2 (T/v)]^. 

By strong convergence in (Q 7 ), we mean convergence in norm. 

It is clear that there are many examples of a lJ (x,s ) that satisfy (Qi) — 

(Q4) • 

Before proceeding, we give an example of a vector b (x, s,p ) that meets 
(Q 5 ), (Qe); and (Q 7 ). Define the j-th component of b(x,s,p) as follows: 

b 1 (x, s, p) = p -2 sin x\ 
b 2 (x,s,p) = —p\ sin x\ — s cos x\ 
b>(x,s,p) = 0 for j = 3,..., N. 

Clearly, condition (Q 5 ) is met. If u G ff 1 (T/v) and 4> £ C°°(Tn), then 

J Tn [D 2 (usinxi) D\(j) — D\ (usinxi) D 2 <t>\dx 

= f T us\nxi(D\D 2 <j) — D 2 D]<p)dx = 0. 

So (2.3) holds for 0, and therefore, it is easy to see from the definition of 
H 1 (Tn) that condition (Qg) is met. 

To see that condition (Qj) holds, let {u n }^ =l be a sequence of func¬ 
tions in L 2 (T/v), which tend strongly to u G L 2 (T Xr), and {w n }^L 1 be a 
sequence of vector-valued functions in \L 2 (Tw)} n , which tend weakly to w 
in [ L 2 (T n )] n . Then, 

6 1 (a;,it n , w„) = w n2 sinxi 
b 2 (x,u n , w n ) = —u> n isinxi — u n cosxi 


V{x,Un, W„) = 0 


It is clear that 


lim / & (x,u n ,w n )vdx = 


>t n 


>t n 


for j = 3,..., IV. 

V(x, u, w)vdx Vu G I 2 (Tjv), 
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for j = 1 ,...,N. Consequently, condition (Q 7 ) is met. Therefore, b (x, s,p) 
has met all the asserted conditions, and our example is complete. 

We shall study equations of the form 

(2.4) Qu = f(x) 
and 

(2.5) Qu = / (x, u). 

For the former, we shall suppose / (x) £ L 2 (T/v), and for the latter, we 
shall suppose / (x, s) meets the following two conditions: 

(/— 1) f(x,s) meets the same Caratheodory conditions that a l i(x,s) 
meets in (Qi) above; 

(/ — 2) For each r > 0, there is a ( r € L 2 (T/v) such that 

1 / ( x , s)\ < Cr ( x ) f° r l s l ^ r an< 4 f° r a - e - x £ T/v- 

To establish the first theorem in the paper, we shall also need the fol¬ 
lowing one-sided condition on / (x, s). 

(/ — 3) Given e > 0, 3 a nonnegative function c e (x) £ L 2 (T/v), and a 
constant so (e) such that 

sf (x, s) < es 2 + c e (x) |s| for |s| > sq (e) and for a.e. x £ T/v, 
we note that (/ — 3) is a generalization of the notion 

limsup f (x, s) /s < 0 uniformly for x £ T/v- 

|s|—XX) 

We set 

( 2 . 6 ) T± (x) = limsup f(x,s)/s, 

S —>dz(X) 

and will establish the following theorem: 


Theorem 2.1. Assume (Q\) — (Q 7), (/ — 1 ), (/ — 2 ), and (/ — 3). Sup¬ 
pose 

(?) / (x) dx < 0 and (ii) / T_ (x) dx < 0 , 

Jt n Jt n 

where T + (x) and T_ (x) are defined in (2.6). Then, there exists a distribu¬ 
tion solution u £ Id^T/v) of Qu = f(x,u ) on T/v with f (x,u) £ T 1 (T/v) 
and f (x, u) u £ T^T/v). 


We shall prove two more theorems about the quasilinear elliptic operator 
Qu in this section. The statement of these theorems can be found immedi¬ 
ately after the proof of Theorem 2.1, which will be given next. 
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To be quite explicit, what we mean by u G H l (J )v) is a distribution 
solution of Qu = f (x,u) on Tv with / (x,u) G L^Tv) is the following: 


( 2 - 7 ) . 

AT IV 

a l i(x, u)Dj'uDi4> + (f>V(x, u, Du)DjU 

i,j =i i =1 

V0 g C^Tv). 



dx 



f (x,u) 4>dx 


Because Q1 = 0 • 1, we see that 0 acts like an eigenvalue of Q. Also, 
since Q is a generalization of —A, 0 acts like the first eigenvalue of Q. So 
Theorem 2.1 is referred to in the literature as a result at resonance (see 
[DG, p.4]). Theorem 2.1 is a generalization to the quasilinear case (with a 
different proof) of the result given by De Figueiredo and Gossez in [DG, p. 
10 ]- 

Theorem 2.1 is in a certain sense a best possible result, i.e., if we replace 
(i) above by (i') below and keep (ii), the theorem is false. Likewise, if we 
keep (i) and replace (ii) above by (ii”) below, the theorem is false. 

(*') It n ?+ (x) dx = 0. 

(**") It n t - ( x ) dx = °- 

To see that this is the case for (i '), we shall suppose Theorem 2.1 holds 
if (i) is replaced by ( i') and arrive at a contradiction. Set 


P (s) = { 


o, 

—s, 


s> 0 
s<0 


and 

/ (x, s) = 1 + (3 (s) for x G T/v and seR, 

Then, / (x, s) meets (/ — 1), (/ — 2), and (f — 3). Furthermore, it follows 
from (2.6) that 


T + (x) = 0 and T- (x) = — 1 for x G T/v- 


Therefore, condition (if) is met. Likewise, condition (ii) is met. So if Theorem 
2.1 were true with (i) replaced by (i'), a distribution solution u G iL 1 (T/v) 
of Qu = f (x,u) on T/v would exist, i.e., we would have that (2.7) holds. 

On setting (f> = 1 in (2.7), and observing that D{ (1) = 0 for i = 1,..., A, 
we obtain from (2.7) that 

( 2 . 8 ) / 

J In 

Now / (x, u) = 1 + P (u (x)) for x G T/v- So 


N 


yy b?(x, u, Du)Dju 


j= 1 


dx = 


f (x, u) dx. 


(2.9) 


/ (x, u) > 1 a.e. in T/v- 


Also, we observe from (Qq) that the left-hand side of (2.8) is zero. Therefore, 
we obtain from (2.8) and (2.9) that 

0 > (2tt) n 
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is a contradiction. We conclude that Theorem 2.1 does not hold when (i) 
is replaced by (i 1 ). A similar example shows that (i) cannot be replaced by 
(i"). Theorem 2.1 is indeed a best possible result. 

If we take 


/ (x, s) = 1 + x’i — s for x £ T/v and s £ R, 


then it follows that / ( x , s ) satisfies (/ — 1) — (/ — 3). Also, T+ (x) = —1 
and T- (x) = — 1 for x & Tat- So this / (x, s) is an example of a function 
that will work for Theorem 2.1. 

We shall use a Galerkin technique to establish Theorem 2.1. In order to 
accomplish this, we observe that there is a sequence {VtILi of real-valued 
functions in C°°{Tn) with the properties stated in (2.10) and (2.11) below. 

(a) V’i = (2vr) _Ar/2 , 


( 2 . 10 ) 


( b ) J Tn ^ki'idx = S u 


where 5 k i is the Kronecker -delta k, l = 1,.... 

Given ^ £ C°°(Tn) and e > 0, 3 constants ci, ...,c n such that 


( 2 . 11 ) 


(а) \i/> (x) - ELi CfcV’fc Dl < 

(б) | Dji/) (x) - ELi CkDjiJ> k (x) | < e, 


uniformly for x € T/v and j = 1,..., N. 

To show that such a sequence with the properties enumerated in (2.10) 
and (2.11) does indeed exist, we proceed as follows: First of all, we see from 
Corollary 2.3 in Chapter 1 that in dimension 2 

{cosmixi cosm 2 x 2 }L=o,m2=o u {cosmixi sinm 2 x 2 }L= 0 ,m 2 =i 

U {sinmixi cos m 2 x 2 }L=i,m 2 =o u {sinmixi sinm 2 x 2 }L=i,m 2 =i 

properly normalized gives rise to a CONS (a complete orthonormal system) 
in T 2 (T 2 ). Likewise, in dimension 3, we see that 

{cos mixi cos m 2 x 2 cos m 3 x 3 }~’=^ = o,m 3 =o 

U {cos mixi cos m 2 x 2 sin m 3 x 3 }L=6L2=o,m3=i 


U {sin mixi sin m 2 x 2 cos m 3 x 3 }^~{~ 2= i jm3=0 

U {sinmixi sinm 2 x 2 sinm 3 x 3 }L={^ 2 = 1 ,m 3 =i 

(where we have in all a union of eight sequences) properly normalized gives 
rise to a CONS in L 2 (T 3 ). 

We see that we can proceed like this in any dimension N and obtain a 
union of 2 N sequences of sines and cosines that will give rise to a CONS 
in T 2 (T/v). So we have established the existence of a real-valued sequence 
{V’fcILi C , °°(r/v) which is also a CONS in L 2 (T\r), and therefore meets 
the conditions in (2.10). 
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Next, we observe that any real-valued trigonometric polynomial of the 
form 

a m e im x where a m = a_ m 

\m\<M 

can be written as a finite real linear combination of the elements in the 
sequence {ipkYkLv F° r example, for N = 2 , 

e im x + e~ tm ' x = 2 cos (■ m\X\ + 7712X2) 

= 2 cos mixi cos 7712X2 — 2 sin 7711X1 sin 7712X2- 

So it is easy to see from Theorem 2.1 in Chapter 1 that conditions ( 2 . 11 )(a) 
and ( 2 . 11 )(b) do indeed hold. 

The first lemma we prove is where is the sequence in ( 2 . 10 ) and 

(2.H). 


Lemma 2.2. Let F (x) be a nonnegative function in L 1 (Tn), and let 
f (x, s ) satisfy (/ — 1 ) and (/ — 2 ) . Suppose that 

1 / (x, s)\ < F (x) for s £ R and a.e. x € Tjy. 


Suppose also that Q satisfies (Q 1 ) — (Qq) .Then if n is a given positive 
integer, there is a function u = 7 iVq + • • • + 7 n 7/> n such that 
( 2 . 12 ) 


It n Eij=i u)DjuDifi k + X)jli u, Du)DjU + mf k n 1 


dx 


for k = 1 ,..., 71. 


= / Tjv f (®> “) 


Proof of Lemma 2.2. This makes use of the Galerkin argument cited in 
the introduction. 

For each a = (or, ..., a n ) € R n , we introduce an n x n matrix A ( a ) with 
components .A*,/ (a) given as follows: 

Ml (a) = £ij= 1 < AV’fe, Eg=l a q^q) D Ml >F 

(2.13) + < &*'(•> Eg=i “WV D Yf n q=l a q fi q )D j fi l > L 2 

+ < '•PkMi > l 2 ™ _1 . 

We observe from (Qi), (Q 2 ), and (Q 5 ) that 


(2.14) 


A k i (a) £ C (R n ) for k,l = 1,..., n. 
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Next, we observe from (2.13) that for (3 = (Pi, — ,P n ) 


Ya =i Am (a) f3 l — 


E"=iEij=i < D i $ k ,a t3 (-,Y% =1 a q 'il> q )0iD j 'il> l > L 2 

(2.15) 

+ Ei*=i < V’ifc, EjLi Eg=i D Eg =1 aqlpJPiDjlpi > L 2 

+ Ei*=i < >L 2 n- 1 . 

Now it follows from (Qe) and the fact that Djil ; 2 = 2‘ipDji^ that 

n 

(2.16) ^2 < (-,(!), D(j))Djtlj > L 2=0 

l=i 

for <f), ^ £ C°°(Tn). Consequently, we see from (2.15) that the quadratic 
form P ■ A(a)P = Efc ;=i Aki(a)PkPl is such that 

A n 

(2.17) P ■ A(a)P = ^ < D i ip,a l3 (-,'^2a q 'il> q )D j i/) > L 2 + < > L 2 n^ 1 

*> 1=1 <?=i 

where ^ = Pi^i H-b/^Vv 

It follows from (Q 4 ) that the right-hand side of (2.17) majorizes 

770 / |ii>V ; | 2 dx+ < ip, ip >L 2 n _1 , 

Jt n 

where t/> = Piipi + • • • + P n ^ n and ID ?/^ 2 = |-DgAi | 2 + • • • + |7>i /> n | 2 • We 
conclude therefore from (2.17) and (2.10)(b) that 

P ■ A{a)P > \p\ 2 n~ 1 . 

Since P is arbitrary in R n , it follows from this last inequality that for 
each a £ R”, the inverse matrix [yl(a )] _1 exists, and furthermore 

(2.18) l|[^(«)] _1 |U - n Va£R™, 

where ||-|j M designates the usual n x n matrix norm. 

Next, for each a £ R n , we set 

n 

(2.19) S k (a) =< ip k , /(•, ^2 a q ip q ) >l 2 

<7=1 

for k = 1, ...,n. We observe from (/ — 1) and (/ — 2) that Sfc(a) £ (7(R n ). 
Also, we see from the hypothesis of the lemma that there is a constant Id 
such that 

\s k (a)\ < r x 

V a £ R" and k = 1,..., n. We set 

(2.20) S(a) = (Si(a),...,S n (a)), 
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and conclude that 

S is a continuous map of R'" into the closed ball of R” 

(2.21) with center 0 and radius n 1//2 Ti. 


Next, we set G (a) = [41(a)] 1 S’(a) and observe from (2.14), (2.18), and 

(2.21) that G (a) £ [C(R n )] n and maps R n into the closed ball of R n with 
center 0 and radius n 3 / 2 ri. Consequently, G is a continuous map of this 
last mentioned closed ball into itself. We invoke the Brouwer fixed point 
theorem (see [Ev, p. 441]) and conclude that there exists 7 = (7 1 ,...,7 n ) 
such that [ 41 ( 7 )] 5 ( 7 ) = 7 , i.e., 

- 4 ( 7)7 = 8(7)- 

We set u = 7 iip 1 + • • • + 7 n ' , f } n an d obtain from (2.15), (2.19), and (2.20) 
with a = (3 = 7 that 

EEl EiJ=l < AV’fc. Eg=l 7 q i>q)7lDj1pl >L2 
+ EILl < V’fe, E?=l ^(4 Eg=l 7q^q, D Eq=l 7q^q)7lDj1p l > L 2 

+ E”=1 < ' l Pki7l' l Pl >L 2 n- 1 =< 1p k J(-,Eq=l7 q 'tpq) >L 2 

for k = 1, ...,n. But this is (2.12) in the statement of the lemma, and the 
proof of the lemma is complete. ■ 


The next lemma we prove is the following: 


Lemma 2.3. Let n be a given positive integer and f(x,s) satisfy (f-1) and 
(f- 2 ). Suppose that Q satisfies (Qi)-(Qe) and that there is a nonnegative 
function F(x) in L 2 (TV) such that 

(2.22) sf (x,s) < F (x)\s\ +s 2 /2n 

for a.e. x £ T V and Vs £ R. Then there is a function u = 7 iV’i + ‘ • '+ 7 nV’n 
such that (2.12) in Lemma 2.2 holds. 


Proof of Lemma 2.3. For each positive integer M, set 

( f (x, M) s > M 

f M (x , s) = < / (x, s) — M < s < M 
{ f (x, —M) s < -M. 

It follows from (/ — 2) that there is a ( M (x) £ L 2 (Tv) such that 
|/ M (x, s)| < Cm (* t ) / or a - e - x ^ Tv and Vs £ R. 
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But then we obtain from Lemma 2.2 that there exists { 7 such 
that 

(2.23) U M = + 

satishes (2.12) with / replaced by f M , i.e., 

Yhj =1 < AV’fc) DjU M > L 2 + < ip k ,u M > L 2 n _1 

(2.24) + £?=i < i/, k , V Du m ) D jU M > L 2 

= < Y> kJ M (-^ M ) >L 2 

for A; = 1,..., n. 

Now it follows from the definition of f M (x, s ) and from (2.22) that 
s/ M (x, s) < F (x) |s| + s 2 /2n 
for a.e. x £ and Vs £ R. Consequently, 

(2.25) u M (x) f M [x, u M (s)] < F (x) |u M (x)| + u M (x) 2 /2 n 
for a.e. x £ Tat and M = 1, 2,.... 

Next, we multiply both sides of (2.24) by 7 ^ and sum over k = 1, ...,n. 
Using (Q 4 ), (2.16), and (2.23), we then obtain 

< u M ,u M > L 2 n _1 << u M ,f M (• ,u M ) > L 2 

for each positive integer M. But then it follows from (2.25) that 

< u M ,u M > L 2 (2 n)~ l << \u M \ ,F > L 2 . 

By hypothesis F £ L 2 (Tjv), we obtain from this last inequality in con¬ 
junction with Schwarz’s inequality that 

< u M , u M > L 2 < 4n 2 <F,F > L 2 . 

We next employ (2.10)(b) and (2.23) in conjunction with this last fact to 
obtain 

(7f ) 2 + -" + (7n / ) 2 <4 n 2 <F,F > L 2 
for every positive integer M. 

Since n is a hxed positive integer, we infer from this last inequality that 
there is a subsequence of { 7 ^} fc=1 , which converges for each k = 1 , ...,n. 
For ease of notation, we shall suppose this subsequence is the full sequence 
and record this fact as 

(2.26) lim 7 fc f = 7 fc> k = l,...,n. 

M^oo 

We set u = 7 + • • • + 7 n tjj n and obtain from (2.23) and (2.26) that 

(2.27) 

liniM^oo yM ( x ) = u {x) uniformly for x £ Tjy, 


limM-voo DjU M (x) = DjU (x) uniformly for x £ Tjy and j = 1,..., N. 
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From (Qi) and this last fact, we see that 

(a) limM—>oo a lj ( x , u M (x)) = a lj ( x , u (. x )), 

(2.28) 

( 6 ) limM->oo & (x, u M (x), Du m (x)) = V (x, u (x), Du (x)) 

for a.e. x £ T/v and i.j = 1, N. 

From (Q 2 ), in conjunction with (2.27) and (2.28), we obtain that 

(2.29) lim < Diip k , aF (•, u M ) DjU M > L 2 =< Di^ k , aF (•, it) DjU > L 2 
M—>oo 

for k = 1 ,..., n. 

Likewise, we see from (Q 5 ) that 

(2.30) 

lim < ip k , V (•, u M , Du m ) DjU M > L 2 =< ip k , V (•, u, Du) DjU > L 2 
M^oo v 

for k = 1 ,..., n. 

Next, we observe from (2.23) and from (2.26) that the sequence 

is uniformly bounded on T/v and in C°° (T/v) for each M. We consequently 
obtain from the definition of f M (x, s) that there is an M$ such that for 

f M ( x , s) = f (x, s ) for M > Mo 

for x £ T/v- But then it follows from (/ — 1 ), (/ — 2 ), and (2.27) that 

lim < ip k ,f M > L 2 =< if> k ,f(-,u) > L 2 

M^oo v 7 

for k = 1 ,..., n. 

We conclude from (2.24), and the limits in (2.27), (2.29), and (2.30) 
joined with this last limit that 

Hi,j=l < D i^ki alJ M) D j u >L 2 + < V’jfc, « >L2 
+ E"=i < V’jt, V (‘,u, D u) Dju > L 2 
= < V’fc, /(’,«) >L2, 

for k = 1, ...,n. But this establishes (2.12) for u = + • • • + 7 n i/i n , and 

the proof of the lemma is complete. ■ 

Lemma 2.4. Suppose f(x,s) satisfies (f-1) and (f-2), and there is a non¬ 
negative function F £ L 2 (T/v) snc/i that 

sf (x, s) < F (x) |s| + s 2 for a.e. x £ T/v and Vs £ R. 


(2.31) 
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Suppose Q satisfies (Qi)-(Qe), and also for every positive integer n, there 
is u n = 7 iV’i + • • • + TnV’n; which satisfies 

Tdj=i < (■,u n )D j u n > L 2 + < ip k ,u n > L 2 n ' 1 


(2.32) 


+ E-=i < i’k, V (v« n , Du n ) DjU n > L 2 


= < V’fc, f(-,U n ) > L 2, 

for k=l,...,n. Suppose furthermore there is a constant K such that 

(2.33) |K || l2 < K f or n = 1,2,.... 

Then there is a constant K* such that 

(2.34) < |/(-,«")!, K| > L 2 <K* for n= 1,2,.... 


Proof of Lemma 2.4. Multiplying both sides of (2.32) by yjj and sum¬ 
ming over k=l,...,n, we obtain from the hypothesis of the lemma and (2.16) 
that 

n 

^ < DiU n , a VJ (-,u n ) DjU n > L 2 + < u n , u n > L 2 n -1 =< u n , f (-,u n ) > L 2 . 

i,j =i 

Consequently, we have from (Q 4 ) and this last fact that 

(2.35) 0 << u n , f (•,«") > 1,2 . 

Next, we set 

A n ={i£ T n : u n ( x ) / (x, u n (x)) > 0 }, 

(2.36) 

B n = {x G Tat : u n (x) / (x, u n (x)) < 0}, 
and observe from (2.31) that 

f u n (x) / (x, u n (x)) dx < ||F|| L 2 ||n n || L 2 + ||it n ||/ / 2 
■J A n 

for n = 1 , 2 ,.... Consequently, we have from (2.33) that there is a constant 
K\ > 0 such that 

(2.37) f u n (x) / (x, u n (x)) dx < K\ for n = 1, 2,.... 

J A n 

Also, it follows from (2.35) and (2.36) that 

— f u n (x) / (x, u n (x)) dx < f u n (x) / (x, u n (x)) dx 

J Bn ^ An 

Therefore, we obtain from (2.37) and this last fact 

f \u n (x)| |/(x, u n (x))| dx < K\. 

J B n 
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But this fact in conjunction with (2.36) and (2.37) gives 



u n (re)| |/ ( x,u n (x))| dx < 2K\ 


for n = 1, 2,.... This last inequality is (2.34) with K* = 2K\. ■ 


Lemma 2.5. Suppose the conditions in the hypothesis of Lemma 2.f hold. 
Then the sequence 

{f(x,u n (x ))}~ =1 

is absolutely equi-integrable. 


Proof of Lemma 2.5. The precise definition of absolutely equi-integrable 
was given earlier in this chapter (1.70). 

To prove the lemma, let £ > 0 be given. Then choose r > 0 so that 

(2.38) K*/r < e /2 


where K* is the constant in the conclusion of Lemma 2.4. Next, using 
(/ — 2 ), choose Cr ^ T 2 (TV) so that 

(2.39) |/ (x, s)| < C r i x ) for a - e - x ^ Tjv and |s| < r. 

Also, set 


(2.40) 


A n ={i£ T n : | u n (x)| < r} , 
B n = {x G T n : I u n (,x)| > r} , 


and choose 5 > 0, so that 
(2.41) meas(E) < 5 


(x) dx < e/ 2 . 


Now, suppose meas(E) < 5 with 5 as in (2.41). Then it follows from 
Lemma 2.4 and (2.39)-(2.41) that 

f \f (x,u n (x))\dx < f C r (x)dx + - f \u n (x) f (x, u n (x))| dx 

J E J ErA n r JErBn 

< e/2 + K*/r 


for n = 1,2,.... From (2.38), we see that the right-hand side of this last 
inequality is < e. Hence {/ (x,u n (x ))}))/ =1 is absolutely equi-integrable. ■ 


Next, with < -, ->jji defined in (2.1), we establish the following lemma: 


Lemma 2.6. Suppose {v n }™Li is a sequence in H 1 (T/v) with 

Ibnllifi < K Vn, 
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where K is a positive constant. Then there exists a subsequence {v nj \J } _ 1 
and v€ H 1 (TJv) such that 

(2.42) lim \\v n . - v\\ 2 = 0. 

Proof of Lemma 2.6. Since ||w n ||^i < K Vn, it follows from standard 
Hilbert space theory (see [Ev, p. 639]) that there exists v £ H 1 (T/v) and a 
subsequence {u n . } j=| such that 

(2.43) lim <v n ., w> H i=<v, w> H i \/vj £ iL 1 (T/v). 
j ^oo 

From Parsevaal’s theorem, which is Corollary 2.5 in Chapter 1, we see 
that 

(2.44) (27r) _JV \\v nj - v \\\ 2 = lim V] |u n . (m.) - n (m )| 2 Vra^, 

R^oo z ' 

|m|<_R 

where v (m) is the Fourier coefficient of v introduced in Chapter 1 above 
(L1) ‘ 

Also, it is easy to see from the uniform boundedness condition in the hy¬ 
pothesis of the lemma and from Parsevaal’s theorem that there is a constant 
K\ such that 

(2.45) lim ^2 \ m \ 2 | v nj (m) — v(m )| 2 < K\ \/nj. 

\m\<R 

We see from (2.44) that the proof of the lemma will be established once 
we show that the following fact holds: Given e > 0, 



To establish this last inequality, we choose Rq so large that with K\ as 
in (2.45) 

Ki/R 2 o < £■ 

Then, 

lim ^2 \vnj (m) - v(m )\ 2 < ^ \v nj (m) - v (m)| 2 

|m|<_R |m|<_Ro 

t-L ^2 m 2 l*s ( m ) - ^( m )I 2 

° |m|>R 0 

< ^ ¥ n i ( m ) -v(m)| 2 + I\\/Rf) 

\m\<R 0 

< ^2 \v nj ( m ) - V (m )\ 2 + £ 

\m.\<Ro 
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Vraj. From (2.43), we see that limj^ oo J2\m\<R 0 \vn j ('in)-v(m)\ 2 = 0. 
Therefore, we obtain from this last set of inequalities that 



which is (2.46). ■ 

We shall also need the following lemma: 

Lemma 2.7. Suppose v G H^Tn) and 

DjV (x) = 0 for a.e. x G Tn, 
for j=l,...,N. Then v (x) = constant for a.e. xG T/v- 

Proof of Lemma 2.7. Using the notation of Chapter 1, as in the proof 
of Lemma 2.6 above, we see that if <f> G C°°(Tn), then it is easy to see that 

Dj(j) (m) = imj(j) (m) Vm G An 

for j = l,...,N where c f>{m ) is the Fourier coefficient of f>. It follows from the 
definition of fV^T/v) that similarly 

DjV ( m ) = irrijV (m) Vm G An 

for j = l,...,N. But then we obtain from the hypothesis of the lemma that 

v ( m ) = 0 Vm G A n\ {0}. 

Consequently, it follows from Corollary 3.4 in Chapter 1 that 
v (x) = v (0) for a.e. x G Tn, 
which proves the lemma. ■ 

Proof of Theorem 2.1. Since / satisfies (/ — 1) — (/ — 3), we see that 
for every e > 0, there exists a nonnegative function F e (x) G L 2 (Tn) such 
that 

(2.47) sf(x,s) < es 2 + F e (x) |s| 

for a.e. x G Tn and Vs G R. Consequently, it follows from Lemma 2.3 that 
there is a sequence {u n }f(1 1 with the following properties: 

(2.48) u n = 7iVh + • • • + TnV’m 
Jr„[£m= ^(x^DjvFD^ 

+ £^Li uU i Du n )DjU n + u n if k n~ l }dx 

= It n f uU ) ^kdx 


(2.49) 
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with k = 1 where {'i/Jk}h=i is the orthonormal sequence in 

(2.10)(a),(b). 

We claim there is a constant K such that 

(2.50) j|u n || H i < K Vn. 

Suppose that (2.50) is false. Then there is a subsequence of {/}“l l5 
which, for ease of notation, we take to be the full sequence with the following 
properties: 

(2.51a) lim ||n"j|= oo, 

n—>oo 

U n 

(2.51b) with v n = -r:—77—, 3v € H 1 such that lim \\v n — v \\ T 2 = 0, 

11 U n | \ H i n—> oo 

(2.51c) lim v n ( x) = v (x) for a.e. x € TV, 


(2.51d) lim < w,DjV n > L 2=< w,D.;v > L 2 Vw G L 2 (Tjv) j = 1, ..., 1 V, 

n—>oo J J 

where we have also made use of Lemma 2.6. 

Next, we observe that Dj ( u n ) 2 = 2 u n DjU n and consequently obtain 
from (Qg) that 


A 


U 


^V(x, 

1=1 


u 


\ Du n )DjU n dx = 0. 


Using this fact in conjunction with (2.48), (2.49), and (2.51b), gives us 
that 


(2.52) 


J Tn EX -1 u n )D jV n DiV n + ( v n f n~ l ]dx 

= ||u n ||^i f T f(x,u n )u n dx. 


Now it follows from (Q 4 ) that 


A 

^2 a ii {x,u n )D j v n D i v n > % | Dv n (®)| 2 

i,j= 1 

for a.e. x 6 T/v, where r/ 0 is a positive constant. Consequently, we obtain 
from (2.47) and (2.52) that for every e > 0, there is an F e £ L 2 (T/v) such 
that 

(2.53) 7 ?0 |||lV*||£ a < £ ||^||i 2 + \\u n \\ H \ |K|| l2 ||F £ || l2 . 

From (2.51b) we see that ||u n ||#i = 1 and furthermore that ||u n || L2 < 1. We 
conclude from this last fact in conjunction with (2.51a) and (2.53) that 

lim sup |||Z>7/ n |||2 2 < st/q 1 , 
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and therefore, since £ > 0 is arbitrary, that 

(2.54) lim sup || \Dv n \||^ 2 


= 0 . 


Since \DjV n {x)\ < \Dv n (x)\, we obtain from this last limsup and (2.51d) 


that 



4>Djvdx 


0 \/(j) G C°° (T n ) 


for j = 1,..., N. Hence, 

(2.55) DjV (x) = 0 for a.e. x € Tjy and for j = 1,..., N. 


But then it follows from Lemma 2.7 that v is equal to a constant almost 
everywhere in Tn- 

To calculate this constant, we observe from (2.1) that 

lKll^ = llKllli 2 + lll^ n llli 2 - 

Also, from (2.51b), we see that 

(a) IKIItfi = 


(6) lirn^oo \\v n \\ 2 L2 = \\v\\ 2 L 2 . 

We conclude from these last three equalities in conjunction with the limit 
in (2.54) that 

Mb = i- 

But v is equal to a constant almost everywhere in T/v- Therefore, v = 
(27r) _JV / 2 almost everywhere in Tn, or v = — (2ir)~ N ^ 2 almost everywhere 
in T n . 

We shall suppose 

(2.56) v = ( 2tt)~ n I 2 a.e. in Tn 


and arrive at a contradiction. A similar line of reasoning prevails in case the 
other alternative holds, and we leave the details of this part to the reader. 
To arrive at a contradiction, we see from (Q 4 ) and (2.52) that 


(2.57) 


0 < / / (x, u n ) u n dx Mn. 


Also, from (2.47) with e = 1, we see that 

\2 , 771 / \ innii— 1 


(2.58) 
We set 


{v n Y + F 1 (x)v n \\u n \\-\ 

—f(x,u n )u n \\u n \\J 1 2 1 >0 Vn. 


(2.59) g n = the left-hand side of the inequality in (2.58) 
and obtain from (2.57) that 
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We conclude from (2.51a,b) and (2.56) in conjunction with this last inequal¬ 
ity that 


lim inf / g n dx < 1 . 

n—xx) / r r 


This last inequality joined with (2.58), (2.59), and Fatou’s lemma [Ru2, p. 
24] gives 


(2.60) 


lim inf g n ( x ) dx < 1. 


From (2.51b), we see that u n (x) = v n (x) || u n ||^i- Therefore, we have 
that 

lim v n (x) = (2tt )~ n ^ 2 and lim u n (x) = oo a.e. in T/v. 

n—> oo n —>oo 

Also, we have that 

f(x,u n )u n ||n" H^i = (v n ) 2 f (x,u n ) /u n . 

Consequently, from (2.6), (2.58), and (2.59), we know that 

lim inf g n (x) > ( 2 tt)~ N — ( 2 n)~ N (x) a.e. in T/v- 

n—>x> 

But then we obtain from (2.60) that 

/ F + (x) dx > 0. 

Jt n 

This last inequality contradicts condition (i) in the hypothesis of the the¬ 
orem. We have arrived at a contradiction. Therefore, (2.51a) is false, and 
(2.50) is indeed true. 

From the fact that (2.50) holds, it follows from Lemma 2.6 that there is 
a subsequence of {u n }^ L 1 , which, for ease of notation, we take to be the full 
sequence with the following properties: 

(2.61a) 3u G H 1 (T/v) such that lim ||tt n — u \\ T 2 = 0, 

n^oc 

(2.61b) lim u n (x) = u (x) a.e. in T/v, 

n—>oo 

(2.61c) lim < w, DjU n > L 2 =< w, DjU > L 2 \/vj £ L 2 (Tn) j = l,...,N. 

n—>oo 

From (2.61b) and ( Qi ), we see that 

lim [x,u n (x)] = a*- 7 [x,u{x)\ a.e. in T/v- 

n—>x> 

Also, it is easy to see from (Q 2 ) and (2.61a) that the sequence 

| \a lj [x,u n (x)]| 2 | is absolutely equi-integrable in L 1 (T/v). 

L J n= 1 

It consequently follows from EgorofF’s theorem, that 
lim IIa*- 7 (•, u n ) — a*- 7 (•, w)|| r2 = 0. 
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But this fact in conjunction with (2.50) and Schwarz’s inequality implies 
that for fixed k, 

N 

lim Y < Ditp k , \a 1 ^ (•, u n ) — a* 2 (•, rt)l DjU n >l 2= 0. 

n— >oo 4— <■ L J J 

*d=l 

From (2.61c), we also see that 

N r N r 

lim / a l j (x,u) Di‘il) k DjU n dx = . / a 12 (x,u) Di'i/j k D jU dx. 

71—XX) ^ r J ^ J I rp J 

tj=l ij=l 


So we conclude from these last two limits that 
(2.62) 


n a r . 

lim y < D i 'ip k ,a 13 {-,u n ) DjU n > L 2= V . / < 

n^OG L - J Z ' rp 

i,j=l i,j =1 

for k = 1, 2,.... 

Next, from (Qq) and (2.3), we obtain that 


a lJ (x, u ) Diip k DjU dx 


>t n 


N 


yV(az,u n ,Du n )Dj[u n il> k ) 
3= 1 


dx = 0, 


and consequently that 
(2.63) 

TV . N , 

yy / IP{x,u n ,Du n )il 3 k DjU n dx = / lP(x,u n ,Du n )u n Dj'ilj k dx. 


3= 1 ,/Tjv 


f=i JTjv 


On the other hand, from (Q5), (2.50), and (2.61a), we see that 

N 


lim f \u n — u\ \V(x,u n , Du n )\ dx = 0, 

' X ./ 1 / a 


and consequently from (2.63), we obtain that 


lim n _ >oc Eu=i ! Tn ^0*5 u "> Du n )ip k DjU n dx 


(2.64) 


‘' 3 —-1 JTjv 


= - lim n _ >0O J Tn fP(x, u n , Du n )uDjil) k dx. 


However, from (2.61c), we see that {Du n }^ =1 is a sequence of vector¬ 
valued functions in [L 2 (T)v)] JV , which tends weakly to Du € [A 2 (T/v)]^. 
Also, from (2.61a), we see that {u n }^ =l is a sequence of functions in L 2 (T\r), 
which tends strongly to u in L 2 (Tjv). Therefore, it follows from (Q7) that 


lim^oo < u,bP{-,u n ,Du n )Djil) k > L 2 


= EiL 1 < u^{-,u,Du)Dj^ k > L 2. 
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But since u £ H 1 (T)v), we obtain as earlier in (2.63) that 
J2f=i < u i&(■, u, Du)Djip k > L 2 

= - Ejli J Tn V{x, u, Du)^ k Djudx. 

We consequently conclude from these last two equalities joined with (2.64) 
that 

lim^ Ef=i < ^ k iW(-i un i Dun ) D j un >L 2 

(2.65) 

= E)=i ! Tn &*(*> u ' Du)'ip k D j udx 

for k = 1,2. 

Next, we see from (2.50) and Lemma 2.5 that the sequence 
{/ (x,u n (x))}^Li is absolutely equi-integrable. Also, we see from (/ — 1) 
and (2.61b) that 

lim / (x, u n (x)) = f (x,u (x)) for a.e. x £ T/v- 

n—>oo 

It consequently follows from (2.50), Lemma 2.4, and Fatou’s lemma that 

(2.66a) uf(x,u) £ L 1 (T N ), 

and then from (/ — 2) that 

(2.66b) / (x, u) £ L 1 (T N ). 

Also, we obtain from the absolute equi-integrability above joined with Ego- 
roff’s theorem that 

(2.67) lim / tp k (x) f (x, u n ) dx= ip k (x) / (. x , u) dx 

n ^°° J Tn J Tn 

for k = 1, 2 ,.... 

From (2.49), (2.62), (2.65), and (2.67), we obtain 

Eij=i • ,/t n a * J (®> w ) D i^kDjU dx 

(2.68) + St n & ( x ’ Du)'i/j k D j udx 

= Jt n (®) / (®>«) rf® 

for k = 1,..., n. 

From (Q2)) we see that a*- 7 (•, w) Dju £ L 1 (T)v). From (Q5), we see that 
fr 7 (-,u, Du) Dju £ L 1 (T/v). From (2.66b), we have that /(•,«) £ T 1 (Tjv). 
Also, it follows from (2.11) that given (f> £ C°° (T/v), there is a sequence 
{0ri}^=i an< i there are real constants such that 


— C 1 V’l + ' • • + CiV'n 
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and 

lim^oo (j> n (, x ) = (f>(x), 
lim, )WOO Dj(f> n (; x ) = Dj4> ( x ) 

uniformly for x e T/v, J = 1, N. We conclude first that (2.68) holds with 
ip k replaced by 4 > n , and next on passing to the limit as n —> oo that 

i • /tjv n ) Di<j)DjU dx 

+ KqLi Jt n W(x, u, Du) 4 >Djudx 
= J Tn 4 >f (x, u) dx 

V0 £ (T/v). 

But this last equality is the same as (2.7). So indeed u is a distribution 
solution of Qu = f(x,u ) on T/v. This fact joined with (2.66a) and (2.66b) 
completes the proof of the theorem. ■ 


We intend to prove two more theorems in this section. The first of the 
two deals with Qu = f (x,u) where f (x,u) = g(u ) — h(x). The second 
theorem studies Qu = f (x). 


Theorem 2.8. Assume (Q i) — (Q 7 ), where g £ C (R) n T°° (R), h 
£ L 2 (T/v) and that the limits lim.g^oog (s) = g (00) and lims^-^g (s) = 
g (—00) exist. Suppose also that 

(2.69) g (00) < g (s) < g (—00) Vs £ R. 

Then a necessary and sufficient condition that a distribution solution m£ 
H 1 (T/v) of Qu = g{u) — h (x) exists is that 

(2.70) (2it) N g ( 00 ) < f h (x) dx < {2 tt) N g (— 00 ). 

Jt n 


Theorem 2.8 is also referred to in the literature as a result at resonance 
and can be found in [Shl2, p. 570]. It is motivated by the work of Landesman 
and Lazer [LL, p. 611], but the proof given here is different. More elliptic 
resonance results can be found in [BN, Chapter IV] and in [KW]. 

An example of a g € C (R) fl L°° (R) that meets the condition in (2.69) 
is 


g (s) = —Arctan s Vs £ R. 
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Theorem 2.9. Assume {Q\) — {Qr) and let f £ L 2 (T/v). Then a 
necessary and sufficient condition that a distribution solution u £ H 1 (Tat) 
of Qu = / ( x ) exists is that 



f ( x ) dx = 0. 


This result first appeared in [Shl3, p. 204], 


Proof of Theorem 2.8. We first establish the necessary condition of the 
theorem. Suppose then that 


£ij =1 • Jt n a ' 3 ( x > u ) D if D jU dx 


+ £j = i / Tjv b 3 (x, u, Du)<fiDjudx 

= It n 0 b («) - h (®)] 

V(/> £ C 100 (T/v), where u £ TT 1 (Tat) and that (2.69) also holds. We choose 
</> = 1 in this last equality and observe that the left-hand side then becomes 
zero. Consequently, 


g (u) dx= h (x) dx. 


But because of (2.69), 

g ( 00 ) < 

We conclude that 

(270% ( 00 ) < 


g{u) dx < (2 tt) N g (— 00 ). 


1 t n 


h (x) dx < (271 -) N g (— 00 ), 


and the necessary condition of the theorem is established. 

To establish the sufficiency condition, we observe that 

bW - h(x)\ < \\g\\ LOO + \h(x)\ 

Vs £ R and Vx £ Tat. Since the right-hand side of this last equality is in 
L 2 (Tat), we see that the conditions in the hypothesis of Lemma 2.2 are met. 
Hence, there exists a sequence of functions {u n } c ^ > =1 with 

u n = 71^1 +••• + 7>n, 
where the { 7 ^ }? =1 are real constants, such that 

£fj=i J Tn a ' 13 (®» uU ) Dffi k D jU n dx + n~ l % if k u n dx 
+ EyL 1 J Tn V( x i uU i Du n )^ k DjU n dx 


= $t n V’fc [9 («") - h (x)] dx 


(2.71) 
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for k = 1,n. 

We claim, as in the proof of Theorem 2.1, that there is a constant K 
such that 


(2.72) \\u n \\ H i < K Vn. 

Suppose that (2.72) is false. Then there is a subsequence of {u n }™ =1 > 
which, for ease of notation, we take to be the full sequence such that the 
properties enumerated in (2.51a)-(2.51d) hold. 

Now, as in the proof of Theorem 2.1: 

r N 

/ u n ^ V(x, u n , Du n )DjU n dx = 0. 

JTn 3 =1 

So we obtain from (2.71) that 

Jt n ay ' ( x > ' u ") DiV n DjV n dx + n _1 J Tn ( v n ) 2 dx 

(2.73) 

= ||« n ||^ 1 i J Tn V n [g (u n ) - h (x)] dx 

where v n = u n / ||^ n ||^i- 

From (Q 4 ), we obtain that 

N r 

Vo II \Dv n \\\ 2 L 2 < V / a ij (x, « n ) D i v 1 l D j v n dx. 
i,j= i J t » 

Also, from (2.51b), we see that ||x n || i 2 < 1. So we conclude from (2.73) that 
there exists a constant K\ such that 

rio\\\Dv n \\\ 2 L 2 < ATi|K||-i Vn, 

where > 0 . 

Using (2.51a) in conjuction with this last inequality gives 

(2.74) lirn \\\Dv n \\\ 2 T 2 = 0 . 

n—>00 

From (2.51b), we see that 


N 

1 = IKII&a + Y, \\DjV n \\ 2 L 2 Vn. 

3 =1 

So from (2.74), we obtain that lim )WOO ||x n ||^2 = 1, and hence from (2.51b) 
that 

(2.75) \\v \\ 2 l2 = 1. 

From (2.51d) joined with (2.74), we also obtain that 

< w, DjV > 1 , 1 = 0 Vw € L 2 (Tjy) and j = 1,..., N. 

Therefore, Djv (x) = 0 almost everywhere in T/v for j = 1,..., N, and we see 
from Lemma 2.7 that 


v = constant almost everywhere in T/v- 
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It follows therefore from (2.75) that v = (27r) N ^ 2 almost everywhere in Tjv 
or v = — {2 tt)~ n/2 almost everywhere in T/y. 


We shall suppose 

(2.76) v = (27r) -iV / 2 a.e. in T)v, 


and arrive at a contradiction. As the reader will easily see, a similar line of 
reasoning gives a contradiction in case the other alternative holds. 

Suppose then that (2.76) holds. We observe from (Qa) and (2.73) 


i-i 

I m 


>t n 




h (x)] dx > 0 


and consequently that 


(2.77) [ v n h(x)dx. <[ v n g(u n )dx. 

Jt n Jt n 

Since u n = v n ||u n ||#i, we see from (2.51a), (2.51c), and (2.76) that 

(2.78) lim v 11 (x) g (u n (x)) = (2n)~ N ^ 2 g (oo) a.e. in Tjy. 

n^oo 

Also, since g £ L°° (R), it follows from (2.51b) that the sequence 
{ v n g (m ")}“ =1 is absolutely equi-integrable on T^. Therefore, from Egoroff’s 
theorem and (2.78), we obtain 

(2.79) lim f v n g (u n ) dx = (2 tt) N ^ 2 g (oo). 

n—> °° Jt n 

On the other hand, from (2.51b) and the fact that h £ L 2 (Tjy), we see that 


lim / \{v n — v) h\ dx = 0 . 

Jt n 

Consequently, from (2.73), we have 

lim [ v n h (x) dx = f h(x)dx. 

TL—>OC I ' / - / y 

j In j J-n 

We conclude from (2.77) and (2.79) that 



h ( x ) dx < (277)^ 5 (oo). 


But this contradicts the first inequality in (2.70), which is strict. We conclude 
(2.51a) is false, and hence that the inequality in (2.72) is indeed true. 

From the fact that (2.72) holds, it follows from Lemma 2.6 that there is 
a subsequence of {u n }'^ =11 which for ease of notation we take to be the full 
sequence, and a rt £ H 1 (Tw) with the properties enumerated in (2.61a)- 
(2.61c). 
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Using (Q\ ), (Q 2 ), (2.61a), (2.61b), and (2.72) exactly as in the proof of 
Theorem 2.1, we obtain that 

(2.80) 

n n r 

lim ^2 < Diip k , a 1 ' 7 (•, u n ) Dju n >l 2= ^2 ' / {x,u) Di^ k DjU dx 

71 °° L J = 1 hj = 1 ' 1 ^ 


for k = 1 , 2 ,.... 

Similarly, we obtain from the proof of Theorem 2.1 that 
lim^oo Y!j=i I Tn Du n )ip k DjU n dx 

(2.81) 


= -■'EjLiItn V(x,u n , Du n )uDjip k dx. 


Next, from (2.61b) and the fact that g G C (R), we see that 


lim g ( u n ( x )) = g (it (x)) a.e. in T/v- 

n —>00 

Since 5 is also in L°° (R), we obtain from this last equality and the Lebesgue 
dominated convergence theorem that 

lim <-i/; k ,g(u n ) > L 2 =<i/j k ,g(u) > L 2 for A: = 1,2,.... 

n —>00 

From this last fact in conjunction with (2.80), (2.81), (2.71), and (2.72), we 
finally obtain that 

Ef J= i It n q13 (®> u ) Di^kDju dx 

(2.82) +J2f=if TN b j (x,u,Du)tp k D j udx 

= It n 4k id («) - h (x)] dx 


for k = 1,..., n. 

From (Q 2 ), we see that (• ,u ) DjU G L 1 (T/v). From (Q5), we see that 

(-,it, Du) Dju G T 1 (T^r). From the hypothesis of the theorem, we have 
that p (u) — /i(x) G L 1 (Tat). Also, it follows from (2.11) that given (j) G 
C 00 (Tat), there is a sequence {(/>„}1 and there are real constants {c ”}^_ 1 
such that 

4 n = C 14 l + • • • + Ci'lpn 

and 

linin^oo <j) n (x) = 4 (x ), 

lirn^oo Dj(j) n (x) = Dj(t> (x) 
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uniformly for x G Tjv, j = 1, We conclude first that (2.82) holds with 

ip k replaced by cf > n , and next on passing to the limit as n —> oo that 

£ij=1 • Sts u ■) D i < l >D i u dx 


+ £j=i It n &( x i Du)4>Djudx 

= fr N 0 b (“) - h (®)] dx 

V0 G (7°° (Tjv). So indeed u G H 1 (Tjv) is a distribution solution of 

Qu = g (u) — h (x) 

on Tjv- ■ 


Proof of Theorem 2.9. We prove the necessary condition of the theorem 
first. So suppose that u G H 1 (Tv) is a distribution solution of Qu = f (x) 
where / G L 2 (Tjv). Then 

£ij=i • It n aV ( x > u ) dx 

+ f T]V V{x, u, Du)4>Djudx 


= St n <t>f ( x ) 

V0 G (7°° (Tjv). We take <f> = 1 in this last equality and observe that D* 1 = 0. 
So we are left with 

7Y.' r r 

(x,u, Du)Djudx = / f{x)dx. 
j—I JTm JTn 


But from (Qe) and (2.3), we see that the left-hand side of this last equality 
is zero. We conclude that 

[ f (x) dx = 0, 

Jt n 

and the necessary condition of the theorem is established. 

To establish the sufficiency condition of the theorem, we introduce the 
new Hilbert space (Tjv) defined as follows: 

Hi (Tjv) = ju G H 1 (Tjv) : J^v(x)dx = o| . 

We observe that if 0 G (7°° (Tjv) n// ( J (Tjv), then 
Dj(j) (m) = imj0 (m) Vm G Ajv 

for j = l,...,iV where 0 (m) is the Fourier coefficient of 0 introduced in 
Chapter 1. Also, the fact that 0 £ #0 (Tv) implies that 

0 (0) = 0. 
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From Parsevaal’s Theorem, (Corollary 2.5 in Chapter 1), we obtain from 
the above that 

2 N 

(2-k) n y m 2 =Yw d mI> 

|m|>l j= 1 

and that 

(2tt) n Y |<M m ) = WHh • 

|m|>l 

Consequently, (j) € C 00 (Tat) niLp (T/v) implies that 

N 

< E ii^iii* • 

i=i 

Since every v G //q (Tat) is the limit of a sequence of such (j) in in the 
H l -norm , we see that a similar inequality holds for v £ Hq (T/v). We record 
this fact as 

N 

(2.83) v £ Hq (T/v) \\v \\ 2 l2 < E \\ D j v \\ 2 L 2 • 

1=1 

Continuing with the proof of the theorem, since the conditions in the 
hypothesis of Lemma 2.2 are met, there is a sequence {u n }™ =1 with the 
following properties: 

« n = 7?^ + ---+7^n* 

(2.84) + XqLi ^k^i x iDu n )Dju n + u n ^ k n~ l ]dx 

= Jt n f ( x ) ^kdx, 

with k = 1 ,...,n where {VtI/^Li is the orthonormal sequence in 

(2.10)(a),(b). 

Now, from (2.10)(a), = (27r) JV,/2 . Putting this value in (2.84) and 

observing from (Qq) that 

r N 

/ E Du n )DjU n ]dx = 0, 

j=i 

we obtain from the hypothesis of the theorem that 

(2tt)~ N ^ 2 f u n n~ 1 dx = 0. 

Jt n 

Consequently, u n £ Hq (Tat) and is of the form 

(2.85) u n = 1 n^ 2 + ... +1 n^n 
Vn > 2. 
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Observing that Dj (u n ) 2 = 2 u n DjU n , we see from (Qe) that 


A 


u n V(x , « n , Du n )DjU n ]dx = 0. 


,T » j=i 


So on multiplying both sides of (2.84) by yjj and summing on k from 2 thru 
n, we obtain 


[ [ a ij (x, u n )DjU n D iU n + (u n ) 2 n~ l }dx = f f (x) u n dx. 

4Tjv jj = i 4 Tjv 

We conclude from (Q 4 ) and this last fact that 

A 

Vo 11 Dj u ' 1 IIl 2 < IKIIa 2 ||/|| L 2 
i=i 

where ? 7 o is a positive constant. 

Since u n £ (T/v), we obtain from (2.83) and this last inequality that 


Vo 


A 

vi=i 


1/2 


< 


L 2 


Vn > 2. Using (2.83) once again, we see that this in turn implies that there 
is a constant K such that 

(2.86) \\u n \\ H i <K Vn > 2. 

From the fact that this last inequality holds, it follws from Lemma 2.6 
that there is a subsequence of {k"}“ = 2 , which, for ease of notation, we take 
to be the full sequence and a«£ Hq (T/v) such that (2.61a), (2.61b), and 
(2.61c) hold. 

Proceeding exactly as in the proof of Theorem 2.1, we see from (2.62) 
that 

limn^oo < AV’au a lj (•, u n ) DjU n > L 2 


= EiJ= 1 • Jtjv °* J ( X ’ D i^k D j u dx 


for k = 2, 3,.... 

In a similar manner, we obtain from (2.65) that 


lim^oo J2j=i < i)kiV(-,u n ,Du n )DjU n > L 2 


= Ej =1 It n Du)^ k Djudx 


for k = 2, 3,.... 
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So, we obtain from these last two limits joined with (2.84) that 

It n Eij=i alJ ( x , u)DjuDi^ k 

(2.87) + XqLi u, Du)Dju\dx 

= Jt n f ( x ) V ’kdx , 

for k = 2, 3,.... 

From (Q 2 ), we see that (-,u) Dju £ L 1 (Tat). From (Q 5 ), we see that 
V (-,u, Du) Dju £ L 1 (T^r). From the hypothesis of the theorem, we have 
that / (x) £ L 2 (Tat) and J Tjv / (x) dx = 0. Also, it follows from ( 2 . 11 ) that 
given cp £ C°° (Tat), there is a sequence! 4>n\^=i and there are real constants 
{ c <? } r/_ 1 suc ^ that 

4> n = Cilf) 1 + C%lp 2 + ' ' ' + Cilp n 

and 

lim n _^ 0O <p n (x) = (j) (x), 
lim )WOO Dj(j) n (x) = Dj<p (x) 

uniformly for x £ Tat, j = 1,..., N. We conclude first that (2.87) holds with 
ip k replaced by <f> n , and next on passing to the limit as n —► 00 that 

E£=i • It n qIJ ( x > «) DiCpDjU dx 

+ ^JjLi fr N ^ (x, u -> Du)4>Djudx 

= It n m ( x ) dx 

V<t> £ (Tat). 

So indeed u £ H 1 (Tat) is a distribution solution of 

Qu = / ( x ) 

on Tat. ■ 


In the quasilinear elliptic resonance results that we have discussed in this 
section, i.e., Theorem 2.1 and Theorem 2.8, the second order coefficients 
depended on x and u, and were of the form a l3 (x,u). For results where the 
coefficients are of the form a lJ (x, u, Du), we refer the reader to the author’s 
research monograph published by the American Mathematical Socciety [Sh, 

14]- 


Exercises. 

1. Give an example to show that Theorem 2.1 is false if ( ii ) in the 
theorem is replaced by (ii") where 
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(ii") f T- (. x ) dx = 0 . 

Jt n 

2 . Prove that if A is a real n x n matrix with the property that 

(3-A(3>K\(3\ 2 Mj3 s R n , 

where K is a positive constant, then A~ l exists and [[aC 1 ||^ < K~ l where 
||-1| M designates the usual n x n matrix norm. 

3. Give an example of a solenoidal two-vector 

b (x,s,p) = (b 1 ( x,s,p),b 2 ( x,s,p )) 

on T -2 that meets (Q 5 ), (Qe), and (Q 7 ) where b 1 depends upon s but b 2 does 
not depend upon s. 

4. Given that / (x, s ) meets (/ — 1) and (/ — 2), suppose there exists a 
u € L 2 (T 2 ) such that 

uf (x,u) e L 1 (T 2 ). 

Prove that / (x, u) G L 1 (T 2 ). 

3. Further Results and Comments 

1. In an infinite strip in the upper half-plane, a uniqueness theorem 
for solutions of the heat equation holds, which is similar to the uniqueness 
theorem for harmonic functions in the unit disk described in §4 of Chapter 
3. With Str a jj = Rx (a,/3) where a,(3 are nonnegative real numbers, the 
following theorem holds [Shl9]: 

Theorem. Let u G C 2 (Strong) with (3 > 0, and suppose 

r)ii f) z ii 

-Qj; 0, t) = -^2 (x, t ) V (x, t ) G Str 0 ,/3- 

Suppose also that u G L°° (Str t0t p) Vfo such that 0 < to < (3. Suppose 
furthermore 

(i) lim u (x, t) = 0 V.t G R, 

(ii) sup \u (x, t)| = o(t _1 ) as t—> 0 . 

Then u(x,t ) is identically zero for (x,t) G Strong. 

This theorem is false if (i) is replaced with (i') or if (ii) is replaced 
with (ii 1 ) where 

(i / ) lim u (x, t) = 0 VxGR\{0}, 

(ii') sup \u (x, t)| = 0 (t _1 ) as t—+ 0 . 

The counter-example for (i') is k (x,t) = t~ 2 e~ x2 / 4t . 
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The counter-example for (ii r ) is dk (x,t) /dx = x2 / u . To see 

that dk(x,t ) /dx is indeed a counter-example for ( ii'), observe 

dk 


lim 


dx 


t 2 , t 


= 2" 1 e- 1 /4. 


2. Using Galerkin techniques and harmonic analysis, we can also obtain 
results about time-periodic quasilinear parabolic boundary-value problems. 
In particular, let ft C R jV be a bounded open set, N > 2, and define ft = 
ft x T\ where T\ = [—7r, 7t) . Define 

A = {v (x, t) £ C°° (D x R) : v satisfies (All) and („4 2 )}, 


where 

(All) v ( x , t ) = v (x, t + 27r) Vx £ ft and Vt £ R, 


(Al 2 ) 3U, a compact subset of D, such that v (x,t) = 0 
Vx £ D\£' and Vt £ R. 


Introduce, for u,v €. A, the following inner product: 

N 

<u,v >H=< D t u,D t v > L 2 (n) +J2 < D jU ,D jV > L2 ^y 

3 =1 

The Hilbert space we obtain from Al by completing A by means of Cauchy 
sequences generated from the above inner product will be called H. 

Let Q ( u ) = — Ylf=i Dj{ 1 + [1 + Vit • Vu ]"2 }DjU and introduce the 
two-form for u,v £ H : 



With ||u|| L 2 


u \\ L 2 (p)’ define 

AJ = liminf Q (u, u) / || u \\ 2 l2 for u £ H. 
flu || L 2->00 


Consider the problem 
du 

(3.1) — + Q(u)=g(x,t,u) + h(x,t) 

where u £ H, h (x, t) £ L 2 , and g (x, t, s) satisfies the following three 
conditions: 

(g- 1 ) g £ c(dxr) 

(g- 2) |fif(x,f,s)| < Cl |s| + |hi (x,t)| 

(g -3)sg(x,t,s) < T |s| 2 + |s| |/i 2 (x, t)| 

where ci is a positive constant, hi,h -2 £ L 2 (YA and T < A*. 
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We say it is a weak solution of the time-periodic quasilinear parabolic 
boundary-value problem (3.1) provided u G H and 

vD t udxdt + Q (u, v ) = [g (, x , t, u ) + h (x, t)\vdxdt \/v G H. 

Jn J n 

The following result about these matters was obtained by Lefton and Shapiro 
in [LefS], 


Theorem. With H as above, g satisfying (g — 1), (g — 2), (g — 3), and 
h € L 2 ( sY), there exists u G H that is a weak solution of (3.1). 


This theorem is a nonresonant result because the inequality T < A][ is 
strict. Resonant results also are presented in [LefS], and other quasilinear 
operator besides the Q (u) above are considered. 

More results about time-periodic quasilinear parabolic differential equa¬ 
tions are presented in [Shl4, Ch. II], 

3. When Fourier series methods are combined with recent developments 
in the Calculus of Variations, interesting one-sided resonant results can be 
obtained for the nonlinear Schrodinger differential equation in R^, N > 1, 

(3.2) —An + q (x) u = Ai u — au~ + g(x, u ) + h. 

Here, q G C (R W ) ,q > 0, and q(x) —> oo as |x| —► oo. Also, Ai is the 
first eigenvalue associated with the Schrodinger operator, a > 0, u~ (x) = 
— min (u (x ), 0) , h G L 2 (R^) , and g ( x , t) G C (R, ;V x R). 

Let Cg ( R n ) = |« G C 1 ( R n ) : J rN [|Vti| 2 + (1 + q) u 2 ]dx < oo j and 
introduce in this space the inner product 

< u, v>i q = / [Vu-Vu + (1 + q)uv\dx. 

Jr n 

Close Cg (R n ) using this inner product and the method of Cauchy se¬ 
quences. Call the resulting Hilbert space H^. 

For the function g appearing in (3.2), the following assumptions are 
made: 

(g — 1) 3b G L 2 (R N ) such that | g (x, t)\ < b (x) Vx G R N and Vt G R , 

(g - 2) lim^oo g (x, t) = g + (x) Vx G R N , 

(g — 3) g (x, t) < g + (x) Vx G R w and Vi G R. 

Say u is a weak solution of the Schrodinger equation (3.2), if u G and if 

/ [Vm • Vu + quv\dx = / \\\u — au~ + g(x,u) + h\ vdx Mv G H(.. 

Jrn Jrn 
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Next, we introduce the solvability condition 

(3.3) f [g+ (x) cj) i (x) + h (x) fa (x)]dx > 0, 

Jr n 

where fa ( x ) is the first eigenfunction associated with the Schrodinger oper¬ 
ator. 

Combining linking theory in the variational calculus [St, p. 127] with 
Fourier analytic methods, the following one-sided resonant result is obtained 
in [Sh20]. 

Theorem. Let g E C (R jV x R) satisfy (g — 1), (g — 2), and (g — 3), let 
a > 0, and let h G L 2 (R w ) , N > 1 .Then the solvability condition (3.3) is 
both a necessary and sufficient condition for obtaining a u G H) { . which is 
a weak solution to the Schrodinger equation (3.2). 

In [Sh20], a more general solvability condition than (3.3) is used for the 
sufficiency condition in the above theorem, namely the following: 

lim < / [G {x, tfa (x)) + th (x) fa (x)]dx > = +oo, 

[Jk n J 

where G ( x , t ) = g (. x , s) ds. 



CHAPTER 6 


The Stationary Navier-Stokes Equations 

1. Distribution Solutions 

The results in this Chapter are motivated by our two manuscripts on 
the stationary Navier-Stokes equations entitled, “Generalized and Classical 
Solutions of the Nonlinear Stationary Navier-Stokes Equations” [S'/rlO] and 
“One-sided Conditions for the Navier-Stokes Equations” [S7il5]. The first 
paper appeared in the Transactions of the American Mathematical Society 
and the second in the Journal of Differential Equations. 

The main results in §1 deal with the situation when the driving force 
depends on x and v in a nonlinear manner, i.e., is of the form f (x, v), and 
come from the Journal of Differential Equations paper. The main theorem 
in §2, motivated by the Transactions paper, establishes a regularity result 
for the stationary Navier-Stokes equations when f ( x ) £ C a (Tjv), 0 < a < 
1, obtaining in two and three-dimensions a solution pair (v,p) with v £ 
C 2+a (Tjv) and p £ C 1+a (Tjv ). 

As far as we can tell, the nonlinear results of the type mentioned above do 
not appear in the standard texts dealing with the stationary Navier-Stokes 
equations, i.e., they are not in the books by Ladyzhenskya [La], Temarn [ Te \, 
or Galdi [Ga\. Also, as far as we can tell, the proof of the theorem in §2 using 
the CN-Calderon-Zygmund theory likewise does not appear in the standard 
texts dealing with the stationary Navier-Stokes equations. 

Also, in §1, we establish the basic result for the stationary Navier-Stokes 
equations under periodic boundary conditions when the driving force is 

f (x) £ L 2 (Tjv). 

We shall operate in real iV-dimensional Euclidean space, R/ v . N > 2, 
and use the following notation: 

x = (xi,...,x N ) y = (yi ,..., y N ) 
ax + fly = (axi + flyi,axjsr + Avn) 

x-y = xiyi + ... + x N y N , \x\ = (x-x)%. 

With Tjv, the iV-dimensional torus 

T N = {X : ~TT < Xj < 7T, j = 1,..., N}, 

we shall say f\ £ T r (Tjv), 1 < r < oo, provided fi is a real-valued (unless 
explicitly stated otherwise) Lebesgue measurable function defined on of 
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period 2tt in each variable such that 

[ |/i| r dx < oo. 

JTn 

<f> = (<f> l , G [C°° (! Tn)] n means that (f)j G C°° (R a ) and periodic 

of period 2ir in each variable, j = 1, ...N. 

if 1 (TV) is the closure of the set of functions in C°°(Tn) under the norm 
generated by the following real inner product: 

<9i,hi>m= [g\h\ + V.gi • Vh\\dx for g\,h\ G C°°(T N ). 

Jt n 

In particular, we see if g\ G H 1 (Tn), then g\ is in the familiar Sobolev 
space W 1 ’ 2 (T n ). By this, we mean, g\ G L 2 (Tn) and there are functions 
w\, ...,wn G L 2 (Tn) such that 

f g\d(j) l /dx^dx = — f Wj^dx V (/> 1 G C°° (Tn) 

Jt n Jt n 

for j = 1 We refer to Wj as a weak partial derivative of g\, and 

frequently write wj as dgi/dxT 

In this section, we will establish three resonance-type existence theorems 
for periodic solutions of the stationary Navier-Stokes equations. So, we deal 
with the equations 

— uAv (x) + (v (x) ■ V) v (x) + Vp (x) = f (x, v (x)) 

(1.1) 

(V • v) (x) = 0 

where v is a positive constant, and v and f are vector-valued functions. 

f = (/i, — ,/jv) :T n xR N and, throughout this section, f will 

meet the following two Caratheodory conditions: 

(/ — 1) For each fixed s = (si, ...,sn) G R' v , fj (x, s) is a real-valued 
measurable function on Tn, and for almost every x G Tn, fj(x, s) is contin¬ 
uous on R^, j = 1, ...N. 

(f — 2) For each r > 0, there is a finite-valued nonnegative function 
C r ( x ) G L 2 (Tn) such that 

| fj (x,s)| < ( r (x) for |sj| < r, for a.e. x G Tn, 
and for G R, k / j, j, k = 1, ...N. 

We will deal with the pair (v,p) where v G [ L 2 (Tn)] and pGl 1 (Tn)- 
We say such a pair is a distribution solution of the stationary Navier-Stokes 
equations (1.1) provided the components of f (x, v (x)) are in L 1 (Tn) and 

— j Tn [vv ■ A 4> + v • (v • V) 4> + • 4>\dx 

= J T [f (x, v (x)) • (f> (x)\dx 


J Tn v • V£dx = 0 

for all 0 G [C°° (T n )] N and £ £ C°° (T N ). 
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First of all, however, we will present the very basic theorem for the 
stationary Navier-Stokes equations on the iV-torus where the components 
of f do not depend on v, i.e., 

f(z) = ifi{x) ,-Jn (x)). 

The next three theorems we present will deal with the situation where 
the components of f actually do depend on v, i.e., 

f (®,v(®)) = (/l (x, V (x) ),..., /tv (x, V (x))). 

The first theorem we prove is the following: 


Theorem 1.1. Let f (. x ) = (/i (x) ,..., /tv (x)) be a vector-valued, function 
where fj £ L 2 (T/v) for j=l,...N. Then a necessary and sufficient condition 
that there is a pair (v,p) with Vj £ H 1 (T/v) for j=l,...N and p£ T 2 (T/v) 
such that (v, p) is a distribution solution of the stationary Navier-Stokes 
equations (1.1) is that 

(★) f fj (x) dx = 0 for j=l,...N. 

JTn 

If A £ R and the pair (v,p) is a classical solution of (1.1) with f = Av, 
then it is easy to see from (1.2) that A > 0. Also, it is easy to see that the 
pair (v,0) satisfies (1.1) with f = Ov whenever v is a constant vector field. 
This indicates that, in a way, zero plays the role of the first eigenvalue for the 
system (1.1). The literature refers to results for elliptic equations that occur 
at the first eigenvalue as results at resonance. Motivated by these facts, 
and the papers of Landesman and Lazer [LL], DeFigueiredo and Gossez 
[DG], and Brezis and Nirenberg [BN], we also present in this section two 
best possible resonance existence theorems where the components of f are 
subjected to one-sided growth conditions. The third resonance theorem is 
not one-sided, but it does present a necessary and sufficient result. 

We say that f satisfies the one-sided growth condition (/ — 3) provided 
the following holds: 


(/ — 3) lirn sup fj (x,s) /sj <0 uniformly for x £ T/v, 

| S j | —> oo 

and s fc £ R, k ^ j, j, k = 1, 

To be specific, by (/ — 3), we mean for each fixed j, given e > 0, there 
is an so > 0, such that 

(1.3) fj(x,s)/sj<e for s 0 < \sj\ 

for x £ T/v and s^ £ R, k / j, j , k = 1,..., N. 
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We also note for future use that (1.3) is equivalent to 


(1.4) 


fj (x, S) < ESj 


for -sq < Sj 


> ssj for — sq > sj. 


Now, Theorem 1.2 will deal with the growth condition (/ — 3) and a 
more restrictive growth condition on sets of positive measure. In particular, 
we define 


(1.5) 


E j{ f) = {x eT N : limsup| s ,.|^ 00 fj (x,s) /sj < 0 


uniformly for Sk £ R,1 / j, k = 1,..., N} 

for j = 1 

Also, for each set of positive integers n and l , we set 

Ej(f,n,l) ={i£ T/v : fj (x,s) /sj < — rW 1 for |sj| > l 

( 1 . 6 ) 

and for s*, G R,fc / j, k = 1,..., N} 


Explicitly, xo G Ej(f) means there is a pair of positive integers n and l 
such that xo G Ej(f,n,l). Consequently, 

OO OO 

(1.7) Ej( f)= (J U^( f ,n,0. 

n= 11=1 

Also, it is easy to see that if f meets (/ — 1), then Ej( f, n, l ) is a measurable 
set. With |£j(f)| designating the IV-dimensional Lebesgue measure of Ej( f), 
Theorem 1.2 will have as part of its hypothesis that \Ej (f) > 0 for j = 
1 ,-,N. 

We now state Theorem 1.2. 


Theorem 1.2. Let f = (/i,...,/jv) be a vector-valued function satisfying 
(/ — 1), (/ — 2), and (/ — 3) where N > 2. Suppose that 

(1.8) |£,'( f )l>0 for j = l,...,N, 

where Ej( f) is defined by (1.5). Then there exists a pair ( v,p ) with 

p, fj (x, v) , and Vj fj (x, v) G L 1 (T/v) and Vj&H 1 (T/v) 

for j = 1 ,...N such that (v,p) is a distribution solution of the stationary 
Navier-Stokes equations (1.1). 

An example of an f that meets the hypothesis of the theorem is f = 
(/i,-,/at) where 

fj (x, s) = Sjrjj (x) + rjj (x) 
and rjj is a nonnegative function that is in L 2 (T/v) with 



rjj (x) dx > 0 for j = 1,..., N. 
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Clearly, there are many more such functions. 

Theorem 1.2 is a best possible result, i.e., it is false if we replace condition 
(1.8) by the slightly less restrictive condition “(TV — 1) of the sets Ej( f) are 
of positive measure and the remaining set is of measure > 0.” 

To see that Theorem 1.2 is false under such an assumption, we set 

fi ( x , s) = -1 and fj (x, s) = -s 3 for j = 2,..., TV. 

Then, it is clear that f = (/i,..., / n ) satisfies (/ — 1), (/ — 2), and (/ — 3), 
that -Ei(f) = the empty set, and that Ej( f) = T/v for j = 2,..., TV. Con¬ 
sequently, |£i(f)| = 0, and \Ej(f)\ = (2ir) N for j = 2,..., TV, and the 
less restrictive assumption is also met. Suppose there is a pair (v,p) with 
p £ L 1 (T/v) and v £ [ H 1 (T/v)]^ such that the first equation in (1.2) holds 
for all 0 E [C 00 (Tn)] N . Taking 0 = (1, 0,..., 0) in the first equation in (1.2) 
gives 0 on the left-hand side of the equal sign and — (2 ir) N on the right- 
hand side of the equal sign. Since 0 / — (27r) J , we conclude that no such 
pair exists, and our assertion concerning the best possibility of Theorem 1.2 
is established. 

In order to state Theorem 1.3, we need to introduce two further one-sided 
growth conditions. 

We say f satisfies (/ — 4) if the following holds: 

(/ — 4) There exists a finite-valued nonnegative function ( 6 L 2 (Tn) 
such that 


fj (x, s) < 

C(x) 

for 

Sj > 0 

> 

~C(x) 

for 

Sj < 0 

for x£ T/v, s £ R^, and j = 1,... 

, TV. 




To introduce the next one-sided condition, we suppose g (x, s) satisfies 
(/ — 1) and h = (hi, ...,/iat) is a vector-valued function with hj (x) finite¬ 
valued and in L 1 (T/v) for j = 1,..., TV. We say (g, h) satisfies (/ — 5) pro¬ 
vided the following holds: 


(/- 5 ) 


limsup Sj _, 00 . 9 j (x, s) - hj (x) < 0 
and 

lirn inC^.oo g 3 (x,s) - hj ( x ) > 0 


uniformly for x £ T/v, Sk £ R, k / j, k = 1,..., TV for j = 1,..., TV. 

We also set 
(1.9) 

Ej~(g, h) = {x £ Tat : limsup^^^ g 3 (x, s) - hj (x) < 0 


uniformly for Sk £ R ,k j- j, k = 1,..., TV}; 
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( 1 . 10 ) 

E- (g,h) = {x € Tjy : liminf^.^-oo gj (x,s) - hj (x) > 0 

uniformly for Sf. £ R ,k j, k = 1, N}\ 
E+ (g, h, n, l) = {x G T/v : gj (x, s) — hj (x) < —n _1 for Sj > l 

( 1 . 11 ) 

and for sk £ R,A; / j, k = 1,..., A/"}; 

Efi( g, h, n, I) = {x G T/v : (x, s) — hj (x) > n -1 for Sj < —l 

( 1 . 12 ) 

and for sk £ R ,k j, k = 1,..., N}. 

We observe that 

E+ ( 9, h) = U“=i U/=i E +( g, h, n, l ) 

(1.13) 

Efi (<?) h) = U^=i Ur^i EJ (g, h , n, l) 

for j = 

We now state Theorem 1.3. 


Theorem 1.3. Let f (x,s) = g(x,s) — h (x) be vector-valued functions 
with h (x) finite-valued and in [L 2 (Tn)] n , N > 2. Suppose that g satisfies 
(/-!),(/- 2 ), and (/ - 4 ) and (g, h) satisfies (/ — 5). Suppose further¬ 
more that 


(1.14) 


T+(g,h) 


> 0 and 


EJ( g,h) 


> 0 


for j = 1,...,1V where Ej~( g, h) and E (g, h) are defined by (1.9) and 
(1.10), respectively. Then there exists a pair (■ v,p ) with 

P, fj (x,v), and Vj fj (x,v) G L 1 (Tv) 

and Vj G Id 1 (Tv) /or j = 1,..., N such that (v,p) is a distribution solution 
of the stationary Navier-Stokes equations (1.1). 


An example of an f that meets the conditions in the hypothesis of The¬ 
orem 1.3 but not Theorem 1.2 is f = (/i, ...,/jv) where 

fj (x, s) = -r)j (x) Sj/ (1 + sf ) 1/2 - rjj (x) /2 
and is a nonnegative function that is in L 2 (T/v) with 



rjj (x) dx > 0 


for j = 1,...,1V. 


By modifying the counter-example used for Theorem 1.2, it is easy to 
show that Theorem 1.3 is also a best possible result. In particular, we now 
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show that Theorem 1.3 is false if we replace (1.14) by the following less 
restrictive condition: 


(1.15) 


g,h) 
EJ{ g,h) 


> 0 , 

> 0 , 


j = 2,..., N 


Pi (g,h)| > 0. 

We take hj = 0 for j = 1,..., N, gj (x, s ) = — Sj for j = 2,..., N, and 
gi(x, s) = —1 for si > 0 

= — (l + sf) 1 for si < 0. 

Then it is clear that g meets (/ — 1), (/ — 2), and (/ — 4), that (g, h) meets 
(/ — 5), and that (1.15) holds where Ef(g, h) = the empty set. 

Suppose that there is a pair (v,p) with p in L 1 (Tat) and v in H 1 (T/v) 
that satisfies (1.2) for all E C°° (T/v). Taking <fi = (1,0, ...,0) in the first 
equation in (1.2) gives 0 on the left-hand side of the equal sign. Since v\ £ 
L 2 (T/v), there is a set A C T/v and a constant K such that |A| > ir N 
and |ni (x) < K for x £ A. Consequently, after multiplying both sides 
of the equation by —1, the right-hand side of the equal sign in (1.2) is 
> 7r N (l + K 2 ) '. But 0 > tt n (l + A' 2 ) 1 is not true. So we have arrived 
at a contradiction. We conclude that no such pair (v,p) exists, and our 
assertion concerning the best possibility of Theorem 1.3 is established. 

We will also establish the following result, which is the direct analogue 
of a familiar Landesman-Lazer result [LL, p. 611]: 


Theorem 1.4. Suppose that g (s) = (g\ (si),..., gw (sn)) and gj (sj) £ 
C (R) for j = 1, ...N, N > 2. Suppose also that the limits 

(1.16) lim g.j ( t ) = gj (oo) and lim g~ (t) = gj (—oo) 

exist and are finite, and that 

(1.17) gj (oo) < gj (t) < gj (-oo) 

for t£ R and j = 1 Suppose furthermore that the components of 

h (x) are finite-valued and in L 2 (T/v) and that f (x, s) = g (s) — h (x).Then 
a necessary and sufficient condition that there exists a pair (v,p) with 

V , fj (x, v), and vj fj (x, v) £ L l ( T N ) 

and Vj £ H l (T/v) such that (v,p) is a distribution solution of (1.1) is that 

(1.18) (27 t) N gj (oo) < / hj (x)dx < (2ir) N gj (—oo) 

Jt n 


for j = 1, ...N. 
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To establish these four theorems, we will make strong use of the theory 
of multiple Fourier series. In particular, if f\ £ L 1 (T/v), we set 

/i (m) = ( 2tt)~ n f fi (x) e~ imx dx Vm £ Ajsr 

Jt n 

where A jy represents the set of integral lattice points in R jV , and 
Sr = Y /i ( rn ) e* m x - 

|m|<R 

If f\ £ L 2 (T/v), it is well-known that 

lirn [ | (fi,x) - fi (x)| 2 dx = 0. 


R—>00 


'Tat 


Also, Parsevaal’s Theorem tells us that 

f \f (x)\ 2 dx = (2 it) N Y |/iM • 

mG Aj\r 

For fi E L 1 (Ttv), we will also set for t > 0, 

(1.19) /i(x,t)= Y 

ttiGAtv 

/i(x, f) is also called the Abel means of fi, and it is well-known (see Theorem 
4.3 of Chapter 1) that 


( 1 . 20 ) 


lim / |/i(x, t ) - fi (x)\dx = 0. 
t n 


t^o 

Also, for f > 0, set 

(1.21) H 0 (x,t)=Y 

| m |>0 

and for j = 1,..., AT, set 

(1.22) H j (x,t)=Y 

\m\>0 

We also define 

(1.23) 

4>(x) = (27r) Ar [|S , Tv- 1 | {N — 2)]” 1 |x| _(Ar_2) Vx £ T N \{0} and N>3 


ii-2 e im-x-\m\t 


| —2 im-x— \m\t 


= (27r) log |x| 1 Vx £ T 2 \{0} and N = 2,, 

where |S(/v-i| is the (./V — l)-dimensional volume of the ( N — l)-sphere, 
i.e., for N = 3, |5jv_i| = 47r. In particular, for general N > 2, |S(/v-i| = 
2(vr) Ar / 2 /T(f). 

A well-known lemma (see Lemma 1.4 of Chapter 3) concerning the func¬ 
tions just introduced is the following: 
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Lemma A. The following facts hold for the functions defined in (1.21), 
(1.22), and (1.23) where N> 2: 

(i) lim t _»o Hq(x, t) = Hq(x) exists and is finite and 

lim Hj(x,t) = Hj(x ) exists and is finite 

Vx G K n \ {27rm} and j = 1,A; 

(**) lim| T |^ 0 [A 0 (x) — 3>(x)] exists and is finite] 

(in) lim| a .i_^ 0 [Hj(x) + {2tt) n Xj/ |<S/v-i| \x\ N ] exists and is finite for j = 

(iv) H 0 (x),H j (x) G L l (T N ) for j = 1,A; 

(v) Hq(x)— |x| 2 /2A is harmonic in R jV \ {27rm}; 

(vi) Hj(x ) is harmonic in H N \ {27rm} for j = 1,A; 

(vii) limt^o Jt n \^o{x,t) — Hq(x)\ dx = 0 and 

limt^o / | Hj(x,t) — Hj(x)\ dx = 0 

Jt n 

for j = 1,..., A. 

Two other well-known lemmas about multiple Fourier series are the fol¬ 
lowing: 


Lemma B. If f\ is a function in L r (T/v), where 1 < r < oo, then 

V h{m) r ^^e im - x 

H> o H 

is also the Fourier series of a function in L r (T/v) for j,k = 1,A. 


Lemma C. If f\ is a function in C a (Tr\r), where 0 < a < 1, then 

J* / \ TRjTTlk im-x 

fi(m) 2 e 
\m\ 

is also the Fourier series of a function in C a (T \r) for j , k = 1,A. 

The statement made in Lemma C is (5.5) and (5.6) in the proof of 
Theorem 5.1 in Chapter 2. Likewise, the statement made in Lemma B is 
(6.8) in the proof of Theorem 6.1 in Chapter 2. 

In order to study the system of stationary Navier-Stokes equations, we 
will need a result about the system of stationary Stokes equations, which is 
the following: 

—uAv (x) + Vp (x) = h (x) 

(1.24) 

(V • v) (x) = 0 

where v is a positive constant, and v and h are vector-valued functions. 

We will deal with the pair (v,p) where v G [ L 1 (T/v)] and pGl 1 (Tat). 
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if he [l 1 (Tn)] n , 

provided 


we say such a pair is a distribution solution of (1.24) 


(1.25) 


— J Tn [uv • A <f> + pV ■ (f>\dx 

= /tJ 11 ( x ) • 4 >{x)}dx 


J Tn v • V£cix = 0 

for all 0 € [C°° (T n )] N and £ <E C°° (T N ). 

In order to obtain distribution solutions of the stationary Stokes equa¬ 
tions, we introduce a set of functions using Lemmas A and B above. First 
from Lemma A above, we observe that there is a function Hq (x) g L 1 (t n ), 
which is periodic of period 27 t in each variable and is in 

C°° (R*\ U meAjv {2nm}) 

with the following Fourier series: 


E 

| m |>0 


—2 gim-x 


Because of (ii) in Lemma A, the singularity of Hq (x) at the origin is the 
same as that of 4* (x), which is defined in (1.23) above. So we observe the 
following is true: 

For each N > 2, there exists tq with 1 < xq < oo, such that Hq g 
L ro (T n ). 

Because of this fact and Lemma B, we consequently see that there are 
functions 


(1.26) Uj G L r ° (Tjv) , j, k = 1, ..., N , 

which have the following Fourier coefficients: 



5 k j — rrijUik I m 


-2 


TO 


-2 -1 
V 


0 


for to ^ 0 
for to = 0. 


where 6 k is the usual Kronecker-5. 

Also, from (1.22) and Lemma A, we set 


(1.27) qj (x, t) = —Hj (x, t) 

and see there are functions 


(1.28) q^L^Tn), j = l,...,N, 

which have the following Fourier coefficients: 

qj (to) = —iuij / |to| —2 for m/0 
= 0 for to = 0. 


Using the functions u k and qj, we next establish the following lemma 
about distribution solutions of the Stokes equations: 
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Lemma 1.5. Suppose hj G L 1 (Tjy) and hj (0) = 0 for j = 1, N. Set 

(x - y) h k (y) dy , 


p(x) = ( 27 r) W [ 

Jt n 

and v = (v i, ujv). T/ien v G [L 1 (T\t)] N , p £ L 1 (Tjv), and the pair (v,p) 
is a distribution solution of the Stokes equations given in (1.2f). 


22 qk ( x ~ hk (y) dy ’ 

fc=i 
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Likewise, we see that 

N * ( +\ N N 

E = E 

i=l * ^ m£A N k =1 i=l 

But the item in brackets in the above equation is zero. So, we have that 

dvj (a, t) = Q 

<9x,- 

j=i j 

We conclude from the above computations that v (x, t) and p(x,t ) are 
classical solutions of the Stokes equations when in (1.24), h (x) is replaced 
by h (x, t). Because they are classical solutions, it follows that they are 
distribution solutions. So in particular, we have that 

— J Tjv [uv ( x , t) ■ A (f> (x) + p (x, i) V • 0 (x) ]o?x 
(1.29) = / Tjv [h (x, t) ■ cj) (x)\dx, 


Jt n v ( x > 0 ' ( x ) dx = 

for t > 0, 0 £ [C ,0O (Tjv)] iV , and £ e C°°{T N ). 

Now from the hypothesis of the lemma, we see that vj (x) £ L 1 (T/v) and 
p(x) £ L l (T/v). So it follows from (1.19) and (1.20) above that 

lim t _> 0 J Tn | vj(x, t ) - Vj (x) | dx = 0 for j = 1,..., N, 


Likewise, 


lirn^o J Tn I p{x, t)-p (x) | dx = 0. 


lim / \hj(x, t) — hj (x)| dx = 0 for j = l,...,N. 


o 


' Tjv 


Consequently, on taking the limit as t —> 0 on both sides of the two 
equations in (1.29), we obtain that 

“ St n [uv (x) • A0 (x) + p (x) V • 0 (x) )dx 


= It n I h ( x ) -<f>(x)]dx, 


Jt n V ( X ) • V £ ( X ) dx = °> 

for 0 £ [6 YOC (T/\r)]' V and £ £ 6 Y0C (Tv), which concludes the proof of the 
lemma. ■ 


Next, we use a clever Galerkin technique to establish a basic lemma for 
the stationary Navier-Stokes equations. But first we need some more facts 
from the theory of multiple Fourier series. 
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We say a real-valued, vector-valued function ip 6 J (Tv) if 

ip G [C°°(T V )] W ' and V • ip (x) = 0 Vx G Tv. 

We claim that there is a real-valued sequence {V ,n }^Li with ip n G J (Tv) 
such that 


(1.30) [ ip n -ip l dx = 5? 

Jt n 

n, l = 1,2,.... Furthermore, this sequence can be chosen so that it has the 
following additional property: given ip € J (Tv) and e > 0, there are 
constants ci, ...,c n such that 


(1.31) 


1 1p(x) -£"=! Clip 1 {x)\ < £ 


dip(x) 

dx k 


W" „ dip l {x) 
2-^ 1=1 dxk 


< £ 


for x G Tjy and k = 1,..., N. Also, 

(1.31 ') iP 1 = (ajv, 0,..., 0), iP 2 = (0, oat, 0,..., 0), .-,ip N = (0,0,., 0, a N ) 


where 

a N = {2it)~ N/2 . 


To establish this claim, we first note from (1.19) and (1.20) above that 

/ gim-x\ j s a complete orthogonal system for L 1 (T/v). 

J me a n 

By complete, we mean the following: given f\ G L 1 (T/v), then 
/i (m) = 0 Vm G A/v =$■ fi = 0 for a.e. x G Tv. 

Also, we note that if g\ G (7°° (Tv), then given £ > 0, 3 i?o > 0 such that 


9i (x) - ^2 gi (rn) e v 

\m\<R 


dgi (x) 


dx k 


^ im k gi (m) e v 

|m|<R 


< e, 


< £ 


for R > i?o, for x G Tv, and k = 1,..., N. This follows from the fact that 
9i (m) = O (|mp 4Ar ) 


as \m\ —»• oo. 


We can replace the orthogonal system { e im ' x ) in the above by the 

J mGA jy 

real orthogonal system 
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where 


and 


Ayv = { m ^ A^r : 777-1 > 0, mi = 0 and 777-2 > 0, 
mi = m 2 = 0 and m 3 >0, ..., 

mi = m 2 = • • • = mjv-i = 0 and myv > 0} 

A^ = {m G Aat : mj > 0, j = 1,IV} . 

In other words, if we define for A G T 1 (Tyv), 

fi (rn) = 2 N [ fi (x) cos m ■ xdx , 

(2tt) Jtjv 


/1 M = 


( 277 )^ 


fi (x) sinm • xdx, 


then 


fi (m) = 0 for m G U {0} and /f (m) = 0 for m G A^, 

implies that /1 (x) = 0 for a.e. x G Tyv. 

Likewise, if <71 G C 00 (Tyv) with g} (0) = 0, then given e > 0, 3 Rq > 0 
such that 


9i ( x ) ~ ^2 [si ( m ) cos m ' x + Pi (m) sin m ■ x] 


d(j\ (x 


9xfc 


- — mfc [ 5 ® (m) cos m - x — gl (m) sin m • x] 


< e, 


< e 


|m|<R,meA^ 

for I? > Ro, for x G Tyv, and k = 1,..., IV. 

To get the sequence {i/) n }™ =1 for N = 2, we proceed as follows. We first 
set 

J° (Tyv) = jf G J (Tyv) : fj (x) dx = 0 j = 1,..., IV| 

and observe that 

(1.32) (A, A) € J° (T 2 ) =s> A (m) = 0 Vm 2 = 0. 

This follows from the fact that 

dfi (x) , d /2 (x) 


+ 


= 0 Vx G Tyv 


<9xi 9x2 

implies that 

imi fi (m) + 7777 - 2/2 ( 777 ) = 0 Vm G Ayv- 
Next, we observe that using (1.32), 

/ im, 2 e tm ' x — irriie im ' x \ 1 
V H ’ 1777-1 /J m gA 2 \{0} 

is a complete orthogonal system for J° (T 2 ). 
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Likewise, as above, it follows that 


m 2 cos to • x —mi cos to • x 


TO 


TO. 


me 


U 


777-2 Sin TO • X —TO. 1 Sill 777 ■ X 


777 


TO. 


me 


is a real complete orthogonal system for J° (T 2 ). 

From this last observation, it is easy to see that the claims asserted in 
(1.30) and (1.31) are true for J (I 2 ). 

To validate these claims for J (X 3 ), we use (see Exercise 5 below) the 
following real complete orthogonal system for J° (T 3 ): 


7772 COS TO • X —777 1 COS TO • X 


777 


777 


,0 


me 


u 


-m 3 cos m • x mi cos m • x 

5 U- — 


u 


7771 \m\ 

TO3 COS TO • X —7772 COS TO • X 


meA^ 


U 


| TO | | TO. | 

7772 Sill 777 • X — TOl sin 777 • X 


m€ 


TO 


TO 


,0 


ieAf 


U 


-TO 3 Sill TO • X TOl Sill TO • X 
5 O5 


u 


| TO. | | TO. | 

7773 sill TO • X —7772 sill TO • X 


me A 3 


777 


777 


meA^ 


A similar situation prevails for J° (Tjv), IV > 4. So, the claims asserted in 
(1.30) and (1.31) are true for J (Tjv). 

Using (1.30) and (1.31), we will prove a basic lemma for the stationary 
Navier-Stokes equations. But first we introduce more notation. 

For v, w £ [ H 1 (T/v)]^ and 0 £ [C 00 (Tjv)] iV , we set 


r v W 1 _ r Ix'N dv(x) _ d-w(x) 
[V, Wj JTff 2—<k=l dxj, dxf. 


dx 


(1-33) (v, w) = J Tn v • w dx 

{0 , V, w} = J Tn 0 • (v • V) w dx, 
and observe that if V • v =0, then 
(1.34) {0 ,v,w} =-{w ,v, 0}. 

We will need the following lemma in the sequel: 
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Lemma 1.6. Let v £ [T 1 (T/v)]^ with the property that 


Vj (x) dx = 0 for j = 1, ...N. 


Suppose futhermore that 


Also, suppose that 


v (x) ■ Vf (x) dx = 0 £ C°° (T/v). 


v (x) -A-0 (x) dx = 0 V'j/j £ J (Tat). 


Vj (x) = 0 a.e. in T tv, 


for j=l,...N. 


Proof of Lemma 1.6. We designate the Fourier series of Vj by 

me Ajv 

Writing e im ' x = cos (rn ■ x) + i sin ( m ■ x) , we see from the second hypothesis 
in the lemma that 


Consequently, 


So, if we set 


for t > 0 and 


v (x) • Ve imx dx = 0 Vm £ Atv- 


irrijVj{rn) = 0 Vm £ Atv- 


fOM) = Y 

mGA^v 


0 im-x— \m\t 


v(x,f) = (xi(x,t), ...,v N (x,t)), 
we see that Vj(x,t ) £ (7°° (T/v) and that 

v (x, t) £ ,J (Tjv) for t > 0 . 

Hence, it follows from the third hypothesis in the lemma that 

/ v (x) -Av (x, f) dx = 0 Vt > 0. 

Jt n 

But then we obtain that 


J] |m | 2 |xj(m)| 2 )e _ l m ^ = 0 Vt > 0. 

meA;v j=1 
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This last fact coupled with the first hypothesis in the lemma shows that 
Vj(m ) = 0 Vm £ Atv and j = 1,.... N. 

This fact in turn implies that 

Vj (x) = 0 a.e. in T^ for j = 1, N, 
completing the proof to the lemma. ■ 


With {'i/’ n }^ =1 , the sequence in (1.30) and (1.31) above, we next prove 
the following 


Lemma 1.7. Let F (x) £ L 1 (T/v) be a nonnegative function and let f (x , s) 
satisfy (/ — 1) and (/ — 2). Suppose that 

\fj(x,s)\<F(x) Vx £ T/v and Vs £ R^, 


j = 1, ...,1V. T/ien if n is a given positive integer, there is a vector-valued 
function v =y 1 '0 1 + • • • + 7 n i/ ,n suc/i that 


(1.35) v if 1 ,v + j^, v, vj + n 1 =J if 1 (x) ■ f (x, v (x)) 

/or l = 1,.., n. 


dx 


Proof of Lemma 1.7. For each a = (ai,..., a n ) £ R n , we introduce the 
components of an n x n matrix 


(1.36) A a (a) = 


= u 


+ i V,'Yl l Uk^ k A l \ + (V, •*/>*) 


n 


-l 


fe=i 


i, l = 1,..., n. 

We see that A (a) gives rise to a linear transformation on R n sending 

P = (Pl,-,Pn) into 


A (a) (3 = E An («) Pi, ■■■■> ^2 A n i ( a ) Pi 


J=i 


i=i 


where 


^2 An (a) Pi 


= V 


1=1 




1=1 




k=1 1=1 


+ ( il> t ,'jr,Pi*l > 1 ) n l . 


1=1 
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Observing from (1.34) that {t/>, w,i/>} = 0 for i/>,w G J (Tjv), we see from 
this last equality that 


I=i 


P-A(ot)(3 = fa An («) P t 

1 

r n n 


= u 


Li=l 


z=i 


+ ( ^2M 1 


n 


-i 


,i=l 


Z=1 


From (1.30), we see that (i/d,i//) = 5). Consequently, we obtain from this 
last computation that 


n~ l \P\ A < \P\\A(a)p\ V/3g R" 


Therefore, A (a) 1 exists for a 6 R n and 


(1.37) ||[A(«)]- 1 || A ,<n Va G R" 

Next, for a G R", set 5 (a) = (Si (a),..., S n (a)) where 


(1.38) 


Si (a) = / i/d (x) ■ f x, cqi/^ (x) dx 


>t n 


l=i 


for i = 1 , ...,n. Since f meets (/ — 1) and (/ — 2 ), it follows that S is a 
continuous mapping of R" into R™. Also, since 

\fj(x,s)\ <F(x)e L 1 (Tjv) 

and i/d G C°° (T)v), it is clear from (1.38) that S maps R" into a compact 
subset of R n , i.e., there is a positive integer M such that 

\S(a)\<M VaeR n . 

Consequently, it follows from (1.37) that 


A(a)~ 1 S{a) 


< nM Va G R" 


Therefore, 


led < nM 


A(a) _ 1 S(a) 


< nM. 


Since A ( a ) 1 S (a) is clearly continuous as a function of a, it follows from 
the Brower fixed point theorem that there is a 7 G R n such that 

A ( 7) -1 S ( 7 ) = 7- 

Consequently, S ( 7 ) = A ( 7 ) 7 . But then 

n 

(1-39) Si ( 7 ) = An ( 7 ) 7 ; 

1=1 


v = 7z^' 

Z=l 


for z = l,..., n. We set 
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and see from (1.36) and (1.39) that 

( 7 ) = u[t/>\v] +{i/>\v,v} + (i/>\v) n -1 . 

We conclude from (1.38) that 

v [•*/»*, v] + {-0*, v, v} + (-0*, v) n _1 = f ip 1 (x) • f (x, v) dx 

Jt n 

for i = 1 This last expression is exactly (1.35), and the proof of the 

lemma is complete. ■ 

We are now ready to prove Theorem 1.1. 


Proof of Theorem 1.1. We will establish the necessary condition first. 
Suppose then the pair (v,p) where v G [ L 2 (Tjv)] andp G L 1 (Tjv) satisfies 
(1.2) where f (x, v (x)) is replaced by f ( x ) and 

fO) = 

with f G [L 2 (Tjv)]^. 

In (1.2), take 

4> (x) = i/i- 7 (x) for j = 1,..., N 

where ^ (x) is defined in (1.31'). Then it follows that the left-hand side of 
of (1.2) is zero. So we obtain that 


/ f (x) • -i/d (x) dx = 0 for j = 1,..., N. 

Jt n 

But we see from (1.31 7 ) that this last fact is the same as the ■^'-condition in 
the theorem, which establishes the necessary condition of the theorem. 

To prove the sufficiency part of the theorem, we invoke Lemma 1.7 with 
f (x, s ) replaced by f (x) where f (x) meets the ★-condition in the theorem. 
Then for each positive integer n, we obtain a vector-valued function 


v 


l = 7?^ 1 + -"+ 7 > r 


such that 


(1.40) 




(x) • f (x) dx 


for l = 1,..., n. 

Next, recalling (1.3T) and (1.34) and the ★-condition in the theorem, 
we see from (1.40) that 


(1.41) ^-0 / ,v n ^?r x = 0 for l = 1,..., N and Vn. 

We proceed with the proof by multiplying each side of the equation in 
(1.40) by 7 ‘j and sum on j from 1 to n to obtain 


Wv n ,v"]+{V" 


V ' 


^ + (v" 


, V 


n 1 = 


(x) • f (x) dx. 
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Since {v n , v n ,v n } = 0, we obtain from this last equation that 

N 

(1-42) uK ) v-]<^||^|| i2 ||/ J || L2 . 

3 = 1 

From (1.41), we see that v™ (0) = 0. So 

N 

IKIlL ^HW dv V dx k\\ 2 L z- 

k=1 

We conclude from (1.33) and (1-42) that there is a constant K such that 

N 

Vn - 


It follows from Lemma 2.6 in Chapter 5 that there exists Vj € H 1 (T/v) 
such that 

(0 U? ^ Vj in H 1 (T/v), 


(1.43) 


(ii) v™ -> Vj in L 2 ( T N ), 
(m) v™ —> Vj a.e. in T/v, 


(zu) u”(x)|<G(x) a.e. in T^ Vn, 

for j = 1,..., IV where G E L 2 (T/v) and where we have used the full sequence 
for ease of notation: 

v"e J (T^). Therefore, from (1.34) and (1.43), we see that for fixed k, 

Jim^ |'0 fc , v n , v n | =-Jim o {v n ,v n ,' i /; fe } = -{v,v,z/> fc } = jz/> fc ,v,v}. 

So it follows from (1.40) and (1.43) that 

(1.44) v [i/> ra ,v] + {■?/>”, v, v} = f xp n (x) ■ f (x) dx 

•iTv 

for n = 1,2 ,..., where v G [id 1 (Tat)] 7V . 

Also, we see from (1.41) and (1.43) that 


(1.45) 


Next, we set 


(1.46) 


/ Vj (x) dx = 0 for j = 1,..., N. 
JTat 


hj (x) = fj (x) - ^ (x) duj (x) /<9x fc 


for j = 1, ...IV. 
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Since v n G J (TV), it follows that 


(1.47) 


[ v n -V£dx = 0 G C°° (Tjv) 
Jt n 


and consequently that 

TV 

/ !>?■(*) (x) /^Xfc dx = 0 for ni and 712 positive integers, 

''Tv fc=1 

and j = 1,At. 

But then it follows from (1.43) that 

r N 

/ Ufc (x) (x) /9xfc dx = 0, 

■'Tv fc=1 

and we conclude from (1.46) and the ★-condition in the theorem that 

/ hj (x) dx = 0, 

Jt n 

for j = 1, ...IV. 

Using hj, we invoke Lemma 1.5 and obtain a w = (uq,..., wn) with 

w G [T 1 (T^)] and ap G L 1 (Tv) such that the pair (w,p) is a distribution 
solution of the Stokes equations given in (1.24) with w replacing v, i.e., the 
equations in (1.25) hold with w replacing v. In particular, from Lemma 
1.5, we have that 


(*) w i (*) = ( 2?r ) N It n [eLi u j ( x ~ y ) h k (v)\ d y 
(**) P ( X ) = (2tt) _JV / Tjv [Ef =1 (x - y ) /i fc (y) dy, 


(1.47 ') 


for j = 1, 

We replace (p by xp G J (Tv) in the first equation in (1.25) and obtain 


/Tjv 


z/w • Ai/> dx = / h (x) • -0 (x) dx. 


'Tv 


Also, from (1.44) and (1.46), we see that 

— / vv • Axp dx = / h (x) • xp (x) dx Mxp G J (Tv). 

-'Tv -'Tv 

In addition, from (1.43), (1.47), and the second equation in (1.25) for w, we 
obtain that 

f (v - w) • V£dx = 0 G C°° (Tv). 

JTn 

It is also clear from the definition of Uj (x), (1.47 '), and (1.45) that 
[vj (x) — Wj (x)] dx = 0 for j = 1,..., A. 


L 
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We conclude from these last four equations and Lemma 1.6 that 
Vj (x) = Wj (. x ) a.e. for x G Tjv 

for j = 1 

Since w satisfies the equations in (1.25), it follows from this last estab¬ 
lished fact that 


(1.48) 


— f T [ux ■ A<f> + pS7 ■ <p]dx 

= / Tjv [ h ( x ) -<t>(x)]dx 


J Tn v • Vfdx = 0 

for all cf G [C°° (! T N )] N and f G C°° (T N ). 

Since v G H 1 (T/v), we obtain from the second equation in (1.48) that 
N 

T. dv k /dx k = 0 in L 2 (T N ). 

k=1 

Consequently, 

{</>,v,v} = - {x,x,<f>} V0 G [C°° (T n )] N . 

So, we conclude from (1.46) and the first equation in (1.48) that 

— [uv • A(f> + v- (v-V0) + pV ■ (f)\dx = / [i (x) ■ 4> (x)\dx 
Jt n Jt n 

V0 G [C°° (T n )] n . 

This fact coupled with the second equation in (1.48) shows that the pair 
(' v,p ) is a distribution solution of the stationary Navier-Stokes equations 
(1.1) and completes the proof of the theorem. ■ 


Next, we establish the following lemma: 


Lemma 1.8. Let n be a given positive integer and let f (x,s) satisfy (f-1) 
and (f-2). Suppose there is a nonnegative function F (x) G F 2 (Tn) such 
that 


(1.49) 


fj (x, s) < Sj/2n + F (x) for 0 < s, 
fj (x, s) > Sj/2n — F (x) for s < 0 


for s G R iV , x G Tn, and j = 1 Then there is a vector-valued function 

v (x) = 7iV , i + • • • + 7 n ip n such that (1.35) holds. 


Proof of Lemma 1.8. Let M be a positive integer. Set 
t (s ,j, ±M) = (ti (s ,j, ±M) , ...,t N (s ,j, AM)) 
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for j = 1, 

...,1V where 




tk (s ,j, ±M) = 


k^j 


= 

±Af, 

k = j, 

for k = 1, 




Next, 

we set 




ff (*, s ) = /j (*, t (s ,j, 

M)) 

M < Sj 

(1.50) 

= fj (x, s) 


|sj| < M 


= fjX, t (s,j, - 

-M) 

Sj < — M. 

Since 

f meets condition (/ — 2), it 

: follows from (1.50) 

F m G l 2 

(T^r) such that 




\fj' O'' - - s >l 

< F m 

(*) 


for x G T/v, s G R iV , and j = 1, N. 

Since f M (x , s) also meets condition (/ — 1) and (/ — 2), it follows from 
Lemma 1.7 that if n is a given positive integer, there is a sequence of vector¬ 
valued functions {v M }^ =1 such that 

(1.51) 

U |V, V M ] + {</>*, V M , V M } + V M ) n " 1 = J l!> 1 (x)-f M {x, V M (x)) dx 
for l = 1, ...,n where 

n 

(1.52) v M (,) = ^ T fVW. 


Z=1 


Next, we observe from (1.50) that the inequalities in (1.49) still hold if 
we replace the left-side with fj 1 ( x,s ). But then it follows that 

(1.53) Sjfj 1 (x, s) < s|/2n + |sj| F (x) 

for x G T/v, s G R N , and j = 1,..., N, and M = 1, 2,.... Since 

{v M ,v M ,v M } = 0, 

we consequently infer from (1.51) and (1-52) that 


M , r M\ n -i = 


>t n 


v [v M ,v M ] + (v M ,v M ) 

But then it follows from (1.53) that 
1 / [v M ,v M ] + (v M , v M ) /n < (v M ,v M ) /2n + N 
This in turn gives that 


v M -f M (x,v M (x))dx. 


V 


M 


(x) F (x) dx. 


(1.54) 


M . M\V 2 


[v M , v M ] + (v M , v M ) /2n < IV (v M , v M ) 


lL2 
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for M = 1, 2, .... 

From this last fact, we obtain that 

(v M ,v M ) 1/2 < 2niY||F|| L2 


and next from (1.52) that 

hnz=i is a uniformly bounded sequence 

for l = 1,..., n. 

This in turn implies that there is a positive constant K such that 
| cf (./') | < K Vx G T n 

for j = 1 N and M = 1, 2,.... It then follows from (1.50) that for M > K , 
fj 1 {x, V M (x)) = fj ( x, v iU (x)) Vx G T n 


for j = 

But (1.51) and this last fact imply that v M is indeed a solution of (1.35) 
for every M > K, and the proof of the lemma is complete. ■ 


Next, for v G [ H 1 (Tjy)]^, we set 

(1.55) |jv||i = [v.v] + (v, v) 

and establish the following lemma: 


Lemma 1.9. Suppose that the components of f(x,s) satisfy (f-1) and 
(f-2) and there is a nonnegative function F ( x) G L 2 (Tn) such that 


fj (x, s) < Sj + F ( x ) for 0 < s, 

(1.56) 

fj (x, s) > Sj — F (x) for s < 0 

for s G R^, x G Tjv, and j = 1 Suppose also that for every positive 

integer n, there is a 

v” = 7i ^ + • • • + llV 

which satisfies 

(1.57) 


^,v n 


+ v n , v n | + n 1 = j (x) ■ f (x, v n (x)) dx 


for l = 1, ..,n. Suppose, furthermore, there is a constant K such that 


(1.58) Hv^lj < K Vn. 

Then there is a constant K* such that 

(1.59) f |/j(i.v”W)I|7(x)|<1C 
Jt n 

for j = 1,..., N and n = 1,2,.... 
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Proof of Lemma 1.9. Multiplying both sides of (1-57) by 7 " and summing 
on l from 1 to n, we obtain that 

(1.60) v [v n , v n ] + (v'\ v n ) n" 1 = f v n (x) ■ f (x, v n (x)) dx. 

Jt n 

In particular, we obtain from this last equality that 

(1.61) 0< f v n (x) • f (x, v n (x)) dx. 

Jt n 

Next, we note from (1.56) that 

(1.62) s • f (x, s) < s • s+N |s| F (. x ) 

for x £ T n and s £ R A . Also, we introduce the sets A n and B n as follows: 
A n = {x £ T n : v n (x) ■ f (x, v n (x)) < 0} 

and 

B n = {x £ T n : v n (x) ■ f (x, v” (x)) > 0}. 

From (1.55), (1.58), and (1.62), we see that there is a constant K\ such 


that 


v” (x) • f (x, v n (x)) dx < K\. 


Also, from (1.61), we see that 

— f v n (x) ■ f (x, v n (x)) dx < K\. 
d A n 

We conclude from these last two inequalities that 


It n 


|v” (x) • f (x, v n (x))| dx < 2K\ 


(1.63) 

for n = 1, 2,.... 

Next, we set 

(1.64) F" (x) = v n (x) • f (x, v n (x)) — u!) (x) fj (x, v n (x)) 


and 


q i = |x £ Tat : q (x)./) (x, v n (x)) > 0 } 


(1.65) 

From (1.56) and (1.64), we see that 


= {x £ : F” (x) > 0 }. 


V] (x) /; (x, V™ (x)) < |q (x)l 2 + |q (x)| |F (x)| 

(x) < |v" (x)| 2 - \v? (x)| 2 + (IV - 1) |v n (x)| |F(x)|. 


and 
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Consequently, we conclude from (1.58) and (1.65) that there is a constant 
K 2 such that 


fc » v j (x) fj (x,v n (x)) 

3 


( 1 . 66 ) 


dx < K 2 , 


Id; 


dx < K 2 ■ 

Next, from (1.63), (1.64), and (1.66), we see that 
f C n V j ( X ) fj 0, (x)) - F ) n (X) 


(1.67) 


dx < 2K\ + 2 K- 2 , 
dx < 2K\ + 2 /\ 2 , 


/ D 7 |^(x)/;(x, v -(x))-f;(x)| 

for j = 1,..., JV and n = 1,2,... . 

Also, we have for x € Tn\C™ (~l T/v\D", 

\ y1 j ( x ) fj (x,v n (x)) — Fj 1 (x)| < -v* (x) fj (x, v n (x)) - F? (x) 

< — v n (x) • f (x, v n (x)) 

< |v n (x) • f (x, v n (x))| . 

So, we obtain from (1.63) that 


L 


T N \C?HT N \D 7 


v? (x) (x, v n (x)) - F” (x) | dx < 2Ad. 


Since 


t n = c? u {t n \c? n D]) u (7V\c? n r^\i4”), 

we conclude from (1.67) and this last inequality that 


'Tn 


V ? ( x ) fj ( x i v ” ( x )) ~ *7 ( x ) d x — + 4/C 2 . 


Next, utilizing the fact that 

2 |a| < |a + b\ + |a — b\ 
we conclude from (1.63) and this last inequality 


2 f |(x) fj (x, v n (x)) | dx < 8K± + 4:K 2 
Jt n 

for j = 1, N and n = 1, 2,.... 

This establishes (1.59) with Ji * = 4A'i+2Ji2, and the proof of the lemma 
is complete. ■ 


Next, we establish the following lemma, which will be needed in the 
proof of Theorem 1.2: 
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Lemma 1.10. Suppose the conditions in the hypothesis of Lemma 1.9 
hold. Then the sequence {fj (x, v n (x))}^L 1 is absolutely equi-integrable for 
j = l,...,N. 

Proof of Lemma 1.10. For the definition of absolutely equi-integrable, 
we refer the reader to below (1.70) in Chapter 5. 

Proceeding with the proof of the lemma, given e > 0, we first choose 
r > 0 so that 

(1.68) K*/r < e/2, 

where K* is the constant given in Lemma 1.9. 

Next, using (/ — 2), we choose ( r ( x ) G L 2 (T/v) such that 

(1.69) | fj (x,s)| < ( r (x) for |sj| < r 

for x G T/v, Sfc G R, k ^ j, k = 1, ..., N, j = 1, ..., N. Also, we set 
A(n,j) = {x <ET N : \vj (x)| < r} 

and 

B (n,j) = {x G Tat : \v? (x)| > r). 

In addition, we choose S > 0 so that 

(1.70) E C Tat and \E\ < S =^- / \f r {x)\dx < e/2. 

Je 

Now suppose E C Tat and | E\ < S. Then it follows from Lemma 1.9, 
(1.69), and(1.70) that 

[ I fj(x,v n (x))\dx < [ 1C r(x)\dx 

JE J EnA(n,j) 

+r _1 f \vj (x) fj (x, v n (x))| dx 

J EnB(n,j) 

< e/2 + K*/r, 
for j = 1,..., N and n = 1, 2,.... 

From (1.68), we see that the right-hand side of this last inequality is 
less than e. Consequently, the sequence {fj (x, v n (x))}^_ 1 is absolutely 
equi-integrable, and the proof of the lemma is complete. ■ 


Proof of Theorem 1.2. Since f satisfies (/ — 2) and (/ — 3), it is easy to 
see from (1.4) that for every e > 0, there exists F £ G L 2 (Tat) with F e > 0 
such that 


(1.71) 


fj (x, s) < esj + F e (x) for 0 < Sj 

> £Sj — F £ (x) for 0 > Sj 
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for x G T/v, s G R N ,j = 1, N. Consequently, it follows from Lemma 1.8 
that there is a sequence {v n }^ l L 1 with the following properties: 

(1.72) 

(1.73) 


v n =7lV + --- + 7>”; 


i/ [y, v n ] + {y, v n , v n } + (y, v n ) n- 1 

= J Tn y (x) • f (x, v n (x)) dx 

for l = 1, ...,n and n = 1,2,..., where is the sequence of functions 

in J (T^r) that satisfy (1.30) and (1.31). 

We claim there is a constant K\ such that 

(1.74) ||v n ||/j ! < K\ Vn, 
where ||v n ||^ = [v n .v n ] + (v n , v n ). 

Suppose (1.74) is false. Then there is a subsequence of {||v n || 1 }°^_ 1 which 
tends to oo. We consequently see from Lemma 2.6 in Chapter 5 and well- 
known facts from Hilbert space theory that the following prevails: 

(1.75) 3 {w M }“ =1 such that w iU = v nM with lim,M-> 

with W jli = , 3V G [ H 1 (T/v)]^ such that 

UrriM ^oo (W M - V, W M - V) = 0; 

(x) = V (x) for a.e. x G T/v; 


w 


M I 


= oo; 


(1.76) 


(1.77) 


(1.78) 


lim 


dWf 1 

J -£dx = 


sy± 

dxi. 


dx k 

for j, k = 1,..., N. 

It follows from (1.72) and (1.73) that 

v [W M , W M ] + (W M , W M ) nil 

(1.79) 


idx G C°° (T/v), 


= iiw M ir 2 L 

ll w Hi Jt n 

From (1.71), we see that 


w 


M 


f (x, w AI (x)) dx. 


(1.80) 


w‘ 


M 


(x) • f (x, w iU (x)) < £ W M (x) 2 + N w iU (x) F e (x) 


for x G Tv and VM. It follows therefore from (1.75) and (1.79) that 

lim \W M ,W M ]<e/n, 

M—►oo L J 


and since e > 0 is arbitrary that 
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This fact in conjunction with (1.78) gives us that 

dv 

(1.82) (x) = 0 for a.e. x E T V j, k = 1,..., N. 

From (1.76), we see that 


W M , W M ] + (W M ,W M ) = 1. 


So we obtain from (1.81) that 

(1.83) lirn (W M ,W M ) = 1, 

M-> oo v ' 

and consequently from (1.76) that (V, V) = 1. This fact in conjunction with 
(1.82) tells us that 

Vj (x) = Cj for a.e. x E Tn j = 1,..., N, 


(1.84) 


cf H- hc 2 N 


= (2n)~ N . 


Next, since 

lim riM = oo, 
M—>oo 

it follows from (1.79), (1.81), and (1.83) that 


(1.85) 


lim — w 7 

M— xx) 


W 


M 


f (x, w AI (x)) dx = 0. 


We see from (1.80) with e = 1 that 

0 < —w AI (. x ) • f (x, w jW (x)) + |w M (x)| 2 + N |w A/ (x) | F 1 (x). 
Therefore, we obtain from Fatou’s lemma, (1.76), (1.77), and (1.85) that 


(*) liminfM-^oo 

(1.87) 

(ii) J Tn lim inf m 
W e next set 


—w 


M 


■ f (x, w A/ (x)) 


w 


Mil - 2 


11 


e L 1 (Tjv) , 


— W 


f( 


X, w 


c)) 


w 


M| -2 
1 


dx < 0. 


(1.88) of (x) = -wf (x) fj (x,w M (x)) ||w^||- 2 

for j = 1,..., JV and observe from (1.71) that 

Sjfj (x, s) < es 2 + |s| F £ (x) 

for x G T/v and s G R' ¥ . Consequently, it follows from (1.77) and (1.88) 
that 


(1.89) 

Since 


lim inf a>Y (x) > 0 for a.e. xGTjv. 

M-> oo 3 


lim inf 

oo 


—w 


M 


n 


X. w 


M 


(x)) 


w 


M 


1 - 2 ' 


N 


lim inf a AI 
M —>oo J 
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we conclude first from (1.87) (i) and (1.89) that 

liminf af (x) £ L 1 (Tjv) for j = 1,..., N, 

M—>oo J 

and next from (1.87)(ii) that 

(1.90) liminf af (x) = 0 for a.e. x £ T/v 

M —>oo J 

for j = 1 

Continuing, we see from (1.84) that at least one of the Cj ^ 0. For ease 
of notation, we will suppose 

(1.91) ci + 0 

and will arrive at a contradiction of (1.90) when j = 1. A similar line of 
reasoning prevails in case we were dealing with other values of j. 

From condition (1.8) in the hypothesis of the theorem and (1.7), we see 
that there are positive integers K and l such that 

(1.92) \E\ (f, K, l)\ = rj ^ 0. 

Also, from (1.77) and (1.84), we see that 

lim wf 1 (x) / ||w i ' / [| = ci for a.e. x £ E\ (f, K, l). 

Consequently, we obtain from Egoroff’s theorem and (1.92) that there is a 
subset 

E[ (f, K, l) C E\ (f, K, l) 

and an Mq > 0 such that 

(*) \ E i (f, K, Z)| > ??/2, 

(L93) I M, U 

(n) - >|^| for x (E E[ (f, K, l) 

for M > Mq. 

Since 11 w iU | [ 1 —> oo, it follows from (1.91) and (1.93)(ii) that there is an 
M\ > Mq such that 

(1.94) |wf (x)\>l for x £ E[ (f, K, l ) and M > M 1 . 

Now we know from (1.6) that that for x £ E[ (f, ii, l) and |si| > l, 

(1.95) -/ (x,s) /si > ii” 1 

for Sk £ R, k = 2,..., N. Also, it follows from (1.88) that for x £ E[ (f, /i, l) 
and M > Mi, 

a i ^ = n 777 2 [~fj ( x ’ w ( x )) ! w i ( X )J ' 

ll w III 

So we obtain from (1.93)(ii), (1.94), and (1.95) that 

af (x)>||| 2 A'- 1 
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for x G E\ (f, K, l ) and M > M\. Therefore, 


lim inf af 1 (x) > 
M—>oo 3 



for x G E[ (f, K , l ). 


But by (1.93) (i), \E[ (f, K, Z)| > 0. Likewise by (1.91), > 0. So 

this last inequality is a direct contradiction to (1.90) for j = 1. We conclude 
that there is no subsequence of {||v n || 1 }^ l L 1 , which tends to oo, and that the 
inequality in (1.74) is indeed true. 

Proceeding with the proof of the theorem, we see from (1.74) and Lemma 
2.6 in Chapter 5 that there exists a subsequence {v nM }^ =1 and a vector¬ 
valued function v G [H 1 (T/v)] such that the following holds: 

(z) w M = v nM M = 1,2,...; 


(1.96) 


(ii) lirriM- >0O w M (x) = v (x) for a.e. x G T/v; 
(Hi) UrriM^oo (w jU — v, w iU — v) =0; 


(* v ) oo f T ~uiridx — f T SxZ^ 


for j, fc = 1, ..., A/" and ^ G C 00 (T/v). 

We next use (/ — 1) and (1.96) (ii) to obtain 

(1.97) lim f (x, w M (x)) = f (x, v (x)) for a.e. x G Tjy, 

and (1-74) in conjunction with Lemma 1.10 to obtain 

(1.98) {f (x, w M (x))}“ = ! is absolutely equi-integrable. 
From this last fact, we see there is a constant K 2 such that 

|f (x, w iU (x)) | dx < K -2 MM. 


jt n 

Hence, it follows from (1.97) and Fatou’s lemma that 
(1.99) f (x, v (x)) G [ L 1 (T n )] n . 

Consequently, we obtain from Egoroff’s theorem in conjunction with (1.97)- 

(1.99) that 

(1.100) lim / f (x, w iU (x)) • cj)dx = f (x, v (x)) • <j>dx 

Af—>00 J Tn J Tn 

V0 G [C°° (T n )] n . 

Next, we recall that v G [ H 1 (T/v)] iV and that w M = v nM 
Therefore, we obtain from (1.96)(iv) that 

(1.101) V • v gT 2 (T^) and V • v = 0. 


e J (Tat). 
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Using this fact in conjunction with (1.33) and (1.34) and (1.96)(iii) gives us 
(1.102) Jim <[V,w M ,w M } = |^,v,v} VZ. 

Next, we see from (1.73) and (1.96) (i) that 
v [if 1 , w M ] + ji//, w M , w M | + n -1 

= J Tn i/ b l ( x ) • f (x, w M (x)) dx. 

Hence, it follows from the above that 

v if l ,v +ji/> z ,v,vj = j if 1 (x) • f (x, v (x)) dx 
for l = 1,2,.... But then from (1.31) and (1.99), we have that 


(1.103) v [if, v] + {if, v, v} = / if (x) • f (x, v (x)) dx 

Jt n 

for ■?/> eJ (T)v). 

From (1.101), we have that 

{^,v,v} = -{v,v,^} 

for -0 G J (T/v). Using this fact in conjunction with (1.31 7 ) and (1.103) gives 
us that 


/ fj (x, v (x)) dx = 0 for j = 1, ...JV. 

Jt n 

Likewise, we see from the fact that v G [ H 1 (T/v)]^ and V • v =0 that 


/ Xfc (x) (x) /dxkdx = 0 for j = 1, ...IV. 

k=1 


Next, we set 


hj (x) = fj (x, v (x)) -^2 y k (x) dvj (x) jdx k 


for j = 1, ...IV, and observe from the above that 


and that 


hj G L 1 (T/v) 


hj (x) dx = 0 for j = 1, ...IV. 


Using hj, we invoke Lemma 1.5 and obtain a w = (w \,..., wj\r) with 

w G [T 1 (Ty)] N and ap G L 1 (T/v) such that the pair (w ,p) is a distribution 
solution of the Stokes equations given in (1.24) with w replacing v, i.e., 
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the equations in (1.25) hold with w replacing v. Also, h = (h\, .../i/v). In 
particular, we have that 

— J Tn [z/w • A0 + pV • (f>\dx 

= $t n [ h ( x ) -<t>(x)]dx 


(1.104) 


J Tn w • V£cix = 0 


for all 0 € [C 00 (T n )} N and £ G C°° (T N ). 

We replace 0 by 0 G J (T/v) in the first equation in (1.104) and obtain 


Jt n 


z/w • A0 dx = / h (x) • 0 (x) dx. 


>t n 


From (1.103) and the definition of h, we furthermore see that 

z/v • A0 dx = f h (x) • 0 (x) dx V0 G J (T/v). 


/Tjv 


/Tjv 


In addition, from (1.101) and the second equation in (1104) for w, we obtain 
that 

[ (v - w) • V£dx = 0 G C°° (T n ). 

Jt n 


Setting 


7 j = (2ir) N / Vj (x) dx for j = 1,..., N 
Jt n 


and 7 = ( 7 ^ and observing that 


J Tn 7 • A0 dx = 0 V0 G [C°° (T n )} 


N 


(1.105) 

f Tjv 7 • V£dx = 0 G C°° (T n ), 

it follows from these last six equations and Lemma 1.6 that 

v (x) —7 = w (x) for a.e. x G T/v- 

Next, using this last equation in conjunction with (1.104) and (1.105) 
gives us that 

— J Tn [z/v • A0 + pV • 0]dx 

= $t n I* 1 ( x ) • 4>{x)]dx 


(1.106) 


j T v • V£cix = 0 


for all 0 G [C 00 ( Tjy)] N and ^ G C°° (T/v). Recalling from the above that 
h (x) = f (x, v (x)) — (v (x) • V) v (x), 
we see that the first equation in (1.106) is actually 

— / [z/v • A0 — (v • V) v • 0 + pV • 0]dx = / [f (x, v) • 0 (x)\dx. 
Jt n Jt n 
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But using (1-34) and the second equation in (1.106), we obtain that 

/ (v • V) v • <f> dx = — / v • (v • V) <f> dx. 

JT n JTm 

So the first equation in (1.106) is really 

— / [uv • A<f> + v • (v • V) (j) + pV ■ 4>\dx = / [f (x, v) • </> (x)\dx. 

Jt n Jt n 

This last equation is the same as the first equation in (1.2), and we 
conclude that (v, p ) is indeed a distribution solution of the stationary Navier- 
Stokes equations (1.1). 

All that remains to complete the proof of the theorem is to show that 


(1.107) 


Vj fj (.x , v)| dx < oo 


for j = 1, N. 

To establish (1.107), we use (1.74) and Lemma 1.9 to obtain the existence 
of a positive constant K* such that 


it n 


| fj (x, w M (x)) | |(x) dx < K* MM. 


But it follows from (1.96) (ii), Fatou’s lemma, and this last inequality that 

[ I fj (x, V (x))\ I Vj (x)| dx < I<*. 

Jt n 

This gives inequality (1.107) and completes the proof of the theorem. ■ 


Proof of Theorem 1.3. We are given that f (x, s) = g (x, s) — h (x) where 
the components of g satisfy (/ — 4) and h € [L 2 (Ty)] . Consequently, we 
see that 


fj (x, s) < ( (x) + | hj (x)| for Sj > 0 

(1.108) 

> — ( (x) — | hj (x)| for Sj < 0, 

for x € Ty, s 6 R A , j = 1,..., N, where £ £ L 2 (Ty). 

In particular, 

fj (■x , s ) < n~ 1 Sj + C (x) + | hj (x)| for Sj > 0 


> n l Sj — C ( x ) — | hj (x)\ for Sj < 0, 

for n = 1,2,.... Hence f (x,s) meets the condition (1.49) in the hypothesis 
of Lemma 1.8, and we can invoke this lemma to obtain a sequence {v n }“ =1 
with the following properties: 

(1.109) v n = 7i^ + --- + 7> n ; 
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v |y, v n ] + {^,v n ,v n } + y, v n ) n' 1 


( 1 . 110 ) 

= Jt n *l> 1 (®) • f (x, V n (x)) dx 

for l = 1, ...,n and n = 1,2,..., where is the sequence of functions 

in J (T)v) that satisfy (1.30) and (1.31). 

As in the proof of Theorem 1.2, we claim that there is a constant K\ 
such that 


(1.111) ||v n ||i < K i Vn, 

where ||v n ||^ = [v n , v n ] + (v n ,v n ). 

Suppose (1.111) is false. Then there is a subsequence of {||v n || 1 })( c =1 
which tends to oo. We consequently see from Lemma 2.6 in Chapter 5 that 
the following prevails: 

(LH2) 

3 {w"}~ =1 such that w M = v" M with ||w M || 1 = oo; 


(1.113) 

(1.114) 


with W M = 3V G [H 1 (T n )] N such that 

lirriM ^oo (W M - V, W M - V) = 0; 
limM-> ooW jW (x) = V (x) for a.e. x G T\r; 


(1.115) lim / „ 3 fdx = / 

Jt n 9x k J Tn 

for j, k = 1,..., IV. 

Also, we see from (1.108) that 

(1.116) w jU • f (x, w M (x)) < JV |w jU (x)| [C (x) + h (x)] 

for x G T/v and M = 1, 2,.... We conclude from (1.110), (1.112), and (1.116) 
as in the proof of Theorem 1.2 that 

(i) limM^oo [W M ,W M ] =0, 

(1.117) 

(ii) lim M _ >0 o(W M ,W M ) = 1. 

From (1.115) and (1.1 IT) (i), we see that 

8Vj (x) 

—--= 0 for a.e. x G Tn 

ox k 

for j,k = 1 Hence, with Cj being constants, we obtain from (1.113) 

and (1.117) (ii) that 


O^tdx G C°° (Tn) 


(1.118) 


( i ) Vj (x) = Cj for a.e. x G Tjy, 

(ii) cf H - h = ( 27 r) _Ar . 
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Next, we return to (1.110) and (1.113) and observe that 
v [W M , W M ] + (W M , W M ) n -1 

= ||w M || 1 1 J Tn W m (x) • f (x, w jU (x)) dx. 

Consequently, 

(1.119) f W M (x) • [g (x, w M (x)) — h (x)] dx >0 VM. 

Jt n 

Also, since g satisfies (/ — 4), we see that 

(1.120) s jgj (x,s) <\sj\((x) 

for x G Tjy, s £ R a , and J = 1, N. Furthermore, from (1.108), we obtain 
that 

0 < — W jU (x) • [g (x, w M (x)) — h (x)] + N |W M (x) | [C (x) + |h (x)|] 
for x € T/v and VM. 

So from Fatou’s lemma and (1.119), we obtain that 

(?) limsupM^ W M (x) • [g (x, w M (x)) - h (x)] £ L 1 (T/v), 

(1.121) 

(m) J Tn lim W jU (x) • [g (x, w M (x)) — h (x)] dx > 0. 

Next, we set 

(x^\ 

(1.122) bf (x) = \ [ gj (x, w M (x)) - hj (x)] 

11 ^ 11 1 

and recall that ||w‘^|| f > oo and that 

wf 1 (x) 

lim ,, = c ? - for a.e. x £ Tat. 

M—>oo ||w M || 1 J 

Now Cj = 0 or Cj > 0 or Cj < 0. 

If Cj = 0, then it follows from (1.120) that 

(1.123) lim sup b^ r (x) < 0 for a.e. x € T/v. 

M—>oo 

If Cj > 0 or if Cj < 0, then it follows from the fact that (g, h) satisfies 
(/ — 5) that (1.123) holds. So we conclude that the inequality in (1.123) is 
valid for j = 1,..., N. 

Next, we observe from (1.122), (1.123), and the fact that 

N N 

lim sup V bj 1 (x) < V lim sup hj 1 (x) 

oo J. | j =1 M—>oo 

that 

(1.124) limsupW M (x) • [g (x,w M (x)) — h (x)] < 0 for a.e. x £ Tjy. 
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But then we obtain from (1.121) (ii) that 

f limsup W M (x) • [g (x, w M (x)) — h (x)] dx = 0, 

Jt n M —>oo 

and consequently, from (1.124) that 

limsup W AI (x) • [g (x, w M (x)) — h (x)] = 0 for a.e. x £ T/v- 

M—>0O 

We conclude from (1.123) that 

(1.125) limsup(x) = 0 for a.e. x £ Tat 

M—>oo 

for j = 

From (1.118) (ii), we see that at least one cj ^ 0. For ease of notation, 
we will suppose that it is ci. Also, we will suppose that ci is positive, with 
a similar line of reasoning prevailing incase ci is negative. So we suppose 

(1.126) ci > 0. 

We will now use these last two facts to arrive at a contradiction. 

By assumption, (1.14) in the hypothesis of the theorem is 

K(g,h)| >0. 

So it follows from (1.11) and (1.13) that there are positive integers K and l 
such that the set E+ (g, h ,K, l ) has a positive Lebesgue measure, i.e., 

Ef (g, h,K, l) = {x £ T n : g 1 (x, s) - hi (x) < -K~ l 

for si > l and for s& £ R, k = 2,..., N} 
has a positive Lebesgue measure rj > 0. 

Since b^ (x) = [g\ (x, w M (x)) — h\ (x)] and 

V vjf (x) 

Inn -—jrr-— = ci for a.e. x £ In, 

M—>oo ||W JM || 1 

it follows from Egoroff’s theorem there is an M\ > 0 and a set 
E'+(g,h,K,l) C E+(g,h,K,l) 

such that 

(*) \E[ + (g,h,K,l)\ > 77/2, 

(ii) wf 1 (x) > l for x £ E (g, h,A", /), 

(1.127) 

v ' M( \ 

(iii) > Cl/2 for x £ E( + (g, h ,K, l ), 

(■ iv ) — b\ 4 (x) > c\/2K for x £ A( + (g, h,AT, /), 

for M > M\. 
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As a consequence of (1.127)(iv), we see that 

lim inf [—bf 1 (x)l > C\/2K for x G E ( + (g, h,A", l). 

This in turn implies that 

lim sup l/f (x) < —c\/2K for x G E'+ (g, h ,K,l). 

M—>X) 

But from (1.127)(i), we see that A( + (g, h,AT, l ) has a positive Lebesgue mea¬ 
sure. Since c\ and K are both positive constants, this last inequality is a 
direct contradiction to the statement in (1.125). So we conclude that the 
inequality in (1.111) is indeed true. 

Hence, it follows that 

||v n ||i < K i Vn, 

where ||v n ||^ = [v n , v n ] + (v n , v n ) , and from (1.110) that 
v [ip 1 , v n ] + {il> 1 , v n , v n } + {rj}\ v n ) n _1 

= J Tn ifr 1 (x) ■ f (x, v n (x)) dx 

for l = 1 ,...,n and n = 1 , 2 ,..., where is the sequence of functions 

in J (T]\f ) that satisfy (1.30) and (1.31). 

Using these last two facts, the rest of the proof of this theorem proceeds 
exactly as it does for the proof of Theorem 1.2 from (1.96) onward. No 
changes have to be made. We leave the details to the reader, and consider 
the proof of this theorem complete. ■ 


Proof of Theorem 1.4. We prove the sufficiency part of the theorem 
first and set f (x, s) = g (s) — h (x). Also, we set 

N 

(1.128) C0*0 = ^2 \gj (°o)| + \9j (-°o)| for X G Tat. 

3 = 1 

From (1.17) in the hypothesis of the theorem, we see that 

-C ( x ) < 9j ( sj ) < C (x) 

for x G T/v and Sj G R, 

Since fj (x,s) = gj ( Sj ) — hj (x), we obtain from this last inquality that 
fj (x , s) < C (x) + | hj (x)| for Sj > 0 

> —C (x) — | hj (x)| for Sj < 0, 

for x G Tat and Sj G R, j = 1,..., N. Consequently, the analogue of (1.108) 
in the proof of Theorem 1.3 holds and the proof here proceeds along the 
lines of Theorem 1.3. In particular, all the material from (1.108)-(1.121) 
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remains valid. The proof of the sufficiency will be complete if we can show 
that (1.121) (ii) leads to a contradiction, i.e., we have to show that 

(1.129) / lirnsup W M (x) • [g (x, w M (x)) — h (x)] dx > 0 

JTjy M —>oo 

is false using the condition in (1.18) in the hypothesis of the theorem. 
Recall from (1.112), (1.113), (1.114), and (1.118), we have that 

( i ) lim M ->oo ||w M ||i = oo, 

(ii) W A/ (x) = w M (x) / Uw^l^, 

(1.130) (in) limM^ooj^mj- = Cj for a.e. x G T/v, 

(iv) c\ H-h^ = (2 tt) _7V , 

(u) | W A/ (x)| < G (x) for a.e. x G T/v and VM 

where Gel 2 (T/v). 

Now 

^ 7//R 1 xl 

(1.131) W M (x) • [g (x, w A/ (x)) - h (x)] = ^ ^ [g (wf) - hj (x)]. 

3 =1 11 

Also, from (1.17) and (1.130), we see that the limit as M —► oo of the 
expression inside the summation sign in (1.131) is 

Cj [g (oo) — hj (x)] if Cj > 0 

(1.132) 0 if Cj = 0 

Cj [g (—oo) — hj (x)] if Cj < 0 
a.e. in T/v- Furthermore, from (1.18), it follows that 

It n C J b (°°) — hj ( x )] dx < 0 if Cj > 0 

(1.133) J Tn Cj [g (oo) - hj (x)] dx = 0 if eg = 0 

J Tn Cj [g (—oo) — hj (x)] dx < 0 if Cj < 0. 

We consequently obtain from (1.131)-(1.133) that 
J Tn limsup M ^oo (x) • [g (x, w AI (x)) — h (x)] dx 

< EjeA N It n c j b (°°) “ h 3 ( x )] dx 

+ T, j& B N It n °j b (-oo) - hj (x)] dx, 
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where 

An = {.) ■ cj > 0 for j = 1, N}, 

Bn = {j : cj < 0 for j = 

From (1.130)(iv), at least one of An or Bn is nonempty. Hence, it follows 
from (1.133) that 

f lirnsup W M (x) ■ [g (x, w M (x)) — h (x)] dx < 0. 

JTjy M—XX) 

This is a direct contradiction of the inequality in (1.129), and the proof 
of the sufficiency condition of the theorem is complete. 

To establish the necessary part of the theorem, we suppose that the pair 
(v,p) satisfies ( 1 . 2 ) where 

fj {x, v (x)) = gj (vj (x)) - hj (x) 

for j = 1 Also, we have that Vj £ H 1 (Tn) and p £ L 1 (Tn) for 

j = 1 ,..., N. Fixing j and taking cj) k = 0 for k / j and 4>j = 1, we obtain in 
particular from ( 1 . 2 ) that 

(1.134) / gj(vj(x))dx= / hj(x)dx. 

Jt n Jt n 

But then from (1.17), we see that 

9j (°o) < gj (' vj (x)) < gj (-oo) 

a.e. in Tn- 


Applying this set of inequalities to the integral on the left-hand side of 
the equal sign in (1.134), we obtain that 

(2nf gj (oo) < f hj (x) dx < {2ir) N gj (—oo). 

Jt n 

But this is precisely the statement in (1.18). The proof of the necessary part 
of the theorem is established, and the proof of the theorem is complete. 


Exercises. 

1. Prove that if vE [H 1 (T 3)] 3 with Vj (0) = 0 for j = 1,2,3, 

and 

— J Tn [uv • A0 + v • (v • V) 4> + pV • <f>\dx = 0 
Jt n v • V£dx = 0 

for all 0 £ [ C°° (Tn)] N and £ £ C°° (Tn), then 

Vj (x) = 0 for a.e. x £ T 3 , j = 1, 2,3. 

2. Prove that with N = 4, f = (/ 1 ,..., / n ) where 

fj (x, s) = SjTjj (x) + r)j (x) for j = 1,..., N 
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and rj,j is a nonnegative function, which is in L 2 (Tjv) with 
/ r/, (x) dx > 0 for j = 1 ,A/", 

Jt n 

meets the conditions in the hypothesis of Theorem 1.2. 

3. Prove that f = (/i, •••,/at) where 

fj (x, s) = ~Vj (®) sj/ (1 + s]) 1/2 - ijj (x) /2 
and r/j is a nonnegative function, which is in L 2 (Tat) with 

/ r /,1 ( x ) dx > 0 for j = 1,..., IV, 

meets the conditions in the hypothesis of Theorem 1.3 but not the conditions 
in the hypothesis of Theorem 1.2. 

4. Prove that 

[v | m. | 2 Uj (m) + irri jqk (m)] = S J k for m £ Ajy\ {0} 

where tij (m) is defined below (1.26) and %■ (m) is dehned below (1.28). 

5. Let be an enumeration of the following system: 


{0 


U 

U 


: , 0 , 


-'«)} 
: )} 
0 } 

Prove that if f = (/i, / 2 , fa) G J° (X 3 ) and also 

/ f • <p n dx = 0 Vn, 
Jt 3 

then fj (x). = 0 for x G T 3 and j = 1,2, 3. 


{( ! 

{( 0 . 


mGA3\{0} 

mGA3\{0} 


m€A3\{0} 


2. Classical Solutions 

In this section, we deal with classical solutions of the following systems 
of equations: 

— uAv + (v • V) v + Vp = f 

( 2 . 1 ) 

(V • v) = 0 

where v is a positive constant, v and f are vector-valued functions, and 
N = 2 or N = 3. 

We say f\ G C(Tn), provided /1 is a real-valued function in C 1 (R^), 
which is periodic of period 2ir in each variable. 
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Given f 6 C[(T]\r)] N , we will say the pair (v,p) is a periodic classical 
solution of the Navier-Stokes system ( 2 . 1 ) provided: 

v € [ C 2 (T n )] N and p £ C 1 (Tv) 

and 

— uAv (x) + (v ( x ) • V) v (x ) + Vp (x) = f (x) Vx £ Tv 

( 2 . 2 ) 

(V • v) (x) = 0 Vx £ T/v- 

To obtain classical solutions of the Navier-Stokes system, we will require 
slightly more for the driving force f than periodic continuity. In particular, 
we say f\ £ C a (Tv), 0 < a < 1 , provided the following holds: 

(*) /i£ C(T N )- 

(**) 3 ci > 0 s. t. |/i (x) - /i (y)| <ci|x-y|" Vx,y£R A '. 

£ C 2+a (T^) means gi £ C 2 (Tv) and each of its second partial 
derivatives & 2 g\/dxjdxk £ C* 2+a (Tv) for j. k = 1, ..., N. 

We will say f = ( /i,... /at) £ [C a (Tjv)]^ provided each of its com¬ 
ponents fj £ C a (Tat). In order to obtain classical solutions of the Navier- 
Stokes system here in this section, we will assume that f £ [C a (T^)] N ■ 
Likewise, we will say v = ( v \,... vn) £ \C' 2+a (Tv)] A ” provided each of 
its components Vj £ C 2+a (Tv). 

We will prove the following theorem: 


Theorem 2.1. Suppose there exists an a such that f £ [C a (Tn)] n where 
0 < a < 1, where f = ( /i, ... /v) , and, N = 2 or N = 3. Suppose also that 

(2.3) f fj (x) dx = 0 for j = 1,..., N. 

Jt n 

Then there exists a pair (v,p) with v £ [C* 2+ “ (Tv)]^ and p £ C 1+a (Tv) 
such that the pair (v,p) is a periodic classical solution of the Navier-Stokes 
equations (2.1). 


To prove the theorem, we will first need the following four lemmas that 
are true for N > 2: 

Lemma 2.2. Suppose hj £ L r (Tv), 1 < r < oo, and hj{ 0) = 0 for 


j = 1 ,...,JV, N > 2. 

vj (x) = (2iry N 


t n 


N 


^2 u j ( x - v ) h k (v) 


Lfc=l 




/or j = 1 , ...,N where vf) is defined in (1.26). Then Vj £ W 2,r (Tv) /or 
j = 1,..., N. 
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Lemma 2.3. 

Set 


Suppose hj G C (TV) and hj (0) = 0 /or / = 1, N, N > 2. 


Vj ( x ) 



y) % (y) 


dy, 


/or j = 1 where u k - is defined in (1.26). Then Vj G C 1+a (Tjv), 0 < 

a < 1, /or / = l,...,iV. 


Lemma 2.4. Suppose there exists an a such that h G [ C a {T n )] N where 
0 < a < 1, where h = ( hi,... h_ n), and where hj (0) = 0 for j = 1,..., N, 


N> 2. Set 


Vj (x) = (27r) N f 

JTr 


N 


u j ( x - y) h k (y) rf y> 

ln U=i 

for j = 1 where vfi is defined in (1.26). Then Vj G C 2+0 (Tn), for 

j = 1,..., N. 


Lemma 2.5. Suppose there exists an a such that h G [ C a ( T n )] n where 
0 < a < 1, where h = ( hi,... hjsr), and where hj (0) = 0 for j = 1, N, 


N > 2. Set 


p(x) = (2 tt) n f 
J Ti 


N 


- y) h k (y) 


,k =1 


dy, 


where Hk is defined in Lemma A in §1. Then p G C 1+a (Tat). 


Proof of Lemma 2.2. For ease of notation, we will prove the lemma for 
vi (x). A similar proof will prevail for the other values of j. 

We first of all notice that 

N 

(2.4) vi ( m ) = (■ m ) hk (m) for m G Ajv 

k =1 


where 


u k ( m ) = — mimk |m 

= 0 for m = 0 . 


-2 


Iral 2 v 1 


for m /0 


We see from Lemma B in §1 that for each k, 

'Y \m\ 2 Ui (m) hk (m) e im ' x 
| m |>0 

is the Fourier series of a function in L r (T/v). Hence, it follows that there is 
(2.5) wi G L r (T N ) 
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such that 


N 


S[ Wl ]= ]T \m\ 2 u\ (m) hk (rn)]e im ' x , 

|m|>0 fc=l 

where S'ft/ii] stands for the Fourier series of w\. From (2.4), we also have 

N 

5N= y 

|m|>0 k =1 

Furthermore, from (1.21) and Lemma A, we have that Hq £ L 1 (Tv) and 
S[H 0 ] = Y \m\~ 2 e im - x . 

| m |>0 

Consequently, it follows from these last three equalities that 


vi (x) = (27r) 


-N 


)t n 


H 0 (x - y) wi ( y ) dy 


for a.e.x £ T,y. 

We conclude from (2.5) and Theorem 6.1 in Chapter 2 that 

vi £W 2 ’ r (T N ). 

This completes the proof of the lemma. ■ 


Proof of Lemma 2.3. For ease of notation, we will prove the lemma for 
v\ (x). A similar proof will prevail for the other values of j. 

We recall that v\ £ C 1+a (Tat) means that v\ £ C 1 (Tv) and 


dv\ 

dx.j 


£ C a (Tv) for j = 1, ...TV. 


We start the proof by invoking Lemma 2.2 and obtaining that v\ 
W 2 ’ r (Tv) for 1 < r < oo. Hence, from the very definition of W 2,r (Tv), 
see there exists gj £ W 1,r (Tv) such that 


( 2 . 6 ) 


It n 


( i ^ A 

vi (x) —- dx = - 

0X4 


[ gj {x)i{x)dx Ve£C°°(T7v) 
Jt n 


£ 

we 


for j = 1 


As in the proof of Lemma 2.2, (see (2.4)), we have 

v\ (■ m ) = Ylk=i (' m ) ^k (m) for m £ Aat, 

(2.7) 

gj (m) = im,j[J2k=i ( m ) hk (jn)\ for m £ Aat- 
Next, we set 

(2.8) w jk ( x ) = (27r) _iV f Hj (x - y) h k (y) dy 

Jt n 
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for j. k = 1 where Hj (x) is defined in Lemma A. It follows from the 

hypothesis of the lemma and Theorem 4.1 in Appendix B that 

(2.9) w jk (x) G C a (Tjv) , 0 < a < 1, 

for j, k = 1,..., N. 

From (2.8), we see that 

(2.10) Wjk (m) = irrijhk (m) / \m\ 2 for m G Ay\ {0} . 

Also, it follows from the definition of u\ (m) given below (1.26) and 
Lemma C that 

Wjk (m) u\ (to) |to | 2 for to G A n\ {0} 

is the Fourier coefficient of a function in C a (T\ r). We consequently obtain 
from (2.9) and (2.10) 

N 

Y imjlYhk M u\ ( m)}e im - x 
|m|>0 fc=l 


is the Fourier series of a function in C a (Tjv). 
We conclude from (2.7) that 


( 2 . 11 ) 


9j £ C a (T n ) for j = 1, ...IV. 


Next, an easy computation using the Fourier coefficients in (2.7) shows 


that 


N 

Vi (x) = - (27r) N Y 9j(x- y) Hj ( y ) dy 
7=1 JTjv 


where Hj (x) is defined in Lemma A for j = 1,..., N. 

Since, in particular, Hj G L 1 (Ty), we see from (2.11) that 


vi eC a (Tjv). 

It remains to show that tq G C * 1 (Ty) and that 

(2.12) ~ = 9j for x 

for j = 1, ...IV, where gj is the function defined by (2.6). 

For ease of notation, we will establish (2.12) for j = 1. A similar proof 
will prevail for other values of j. 

We let , x) designate the n-th iterated Fejer sum of v\ as defined 
in (2.6) of Chapter 1. Also, let x* be a fixed but arbitrary point in Tjy. We 
know from (2.7) that <71 (to) = im\V\ (to.) Vto. G Ayr. Since a%(vi,x) is a 
trigonometric polynomial, it follows that 

da%(vi,x)/dx\ = a%(gi,x) for x G R w , 
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and therefore that 

i, x * + t,x2 ,-,x* n ) -cr%(v!,xl,xl,...,x* N ) 

= Q +t ^ nidus, x* 2 ,...,x* N )ds 

for t G R. 

Now both v\ and gi are in C a (Tjv). So by Theorem 2.1 in Chapter 1, 
lim, woo cr£(gi, x) =g\(x) uniformly for x G R iV . Using this uniformity, we 
obtain from this last equality that 

vi(xl + t,X2,...,x* N )-v 1 (xl,X2,...,x* N )= [ gi{s,x* 2 ,...,x* N )ds 

J x\ 

for t G R. 

Next, we divide both sides of this last equality by t / 0, pass to the limit 
as t —► 0, and conclude that 


du\ ( x * 
dx\ 


= 9i (x*). 


This establishes (2.12) and shows that indeed v\ 6 C 1 (Tjv). Since in (2.11), 
we have shown that gj G C a (Tjy) , it follows from (2.12) that 

vi G C l+a ( T n ). 

This fact concludes the proof of the lemma. ■ 


Proof of Lemma 2.4. For ease of notation, we will prove the lemma for 
v\ (x), i.e., we will show that 

vi eC 2+ “ ( T n ). 

A similar proof will prevail for the other values of j. 

From Lemma 2.3, we know that 

vi eC 1+a ( T n ). 

Using the notation employed in the proof of Lemma 2.3, we show in 

(2.12) that 

(2.12) = 9j ^ f ° r X G Tn 

for j = 1, ...N, where the Fourier coefficients of gj are given by (see (2.7)) 

N 

(2.13) 'gj ( m ) = irrij \ mp 2 \m\ 2 u\ (■ m ) % (m)] for m G A n\ {0} 

k=1 

with gj (0) = 0. 

So the proof of this lemma will be complete if we show that 

9j € C 1+ “ (Tjv) 
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for j = 1, N. In other words, we have to show that 

d9 j} x ^ exists for x G T/v 


and%M eC°(T„) 

for k = 1, N. 

Once again, for ease of notation, we will establish these last two facts 
for A; = 1. A similar proof will prevail for the other values of k. 

So the proof of this lemma will be complete when we demonstrate that 

(i ) exists for x G Tjy, 

(2.14) 

(n) € C a (T n ) 

for j = 

Now we know from the fact that hf ; G C a (Tn) in conjunction with 
Lemma C that 

N 

|m | 2 u\ ( m ) hk (m) for m G A n 

k =1 

is the Fourier coefficient of a function in C a (Tn) where u\ (m) is defined 
below (1.26). Hence, using Lemma C once again, we obtain that 

N 

~ m 1 nij | m |2 qk ^ m j ^ ^ for m G A n\ {0} 

I m I • ^ 


is the Fourier coefficient of a function in C a (Tn) for j = 1, 
We set 


N 


(2.15) S \wj] — - £ 
and have that 


|m|>0 fc=l 


(2.16) Wj G C a (T n ) 
for j = 1,..., AT. 

Also, we have from (2.13) that 

A 

(2.17) S [gj] = rniE l m ! 2 “1 MK™'* 

H>o H k=i 


and from (2.12) that 

(2.18) 9j G C a (T n ). 

Next, we let <j%(gj,x) designate the n-th iterated Fejer sum of gj as 
defined in (2.6) of Chapter 1. Likewise, let cr%(wj,x) designate the n-th 
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iterated Fejer sum of wj. We note from (2.15) and (2.17) that 
gj (m) = im\Wj ( m ) for m £ A\ {0} 

for j = 1 ,..., N. Consequently, since a%(gj,x) is a trigonometric polynomial, 
we have 

(2.19) dCJn dxi ~~ = a ni w i^ x ) Vx £ T n . 

Also, we have from (2.16) and (2.18) and Theorem 2.1 in Chapter 1 that 
(i) lirrin^ooa^gj , x) = gj(x) uniformly for x £ R v , 

( 2 . 20 ) 

(ii) lim.n^ooG^wj, x) =Wj(x) uniformly for x £ R A . 

Let x* = (x\, ...,x* N ) be a fixed but arbitrary point in Tn- It follows 
from (2.19) that 

* + t,xl,...,x* N ) - a%{gj,xl,xl,...,x* N ) 

= Ix* +t *^ 2 > x *N) ds 

for t £ R. 

Using (2.20) in conjunction with this last equality, we obtain that 
9j (x{ + t, x * 2 ,..., x* N ) - gj (x\,x \,..., x* N ) 


rx\+t 

Jx± 


Wj (s,X 2 , 


...,x* N )ds. 


Dividing both sides of this last equality by t and passing to the limit as 
t —> 0, we obtain 


9gj (x * 
dx\ 


= re. 


(x* 


Since x* is a fixed but arbitrary point in T/v, we conclude that 


dgj(x) , , w 

—-= Wj (x) Vx £ Tjv 

OX\ 

for j = 1 

Since by (2.16), Wj £ C a (Tn), this last equality establishes both (i) and 
(ii) of (2.14), and the proof of the lemma is complete. ■ 


Proof of Lemma 2.5. To prove the lemma, we have to show that 


(i) exists for x £ T/v, 

( 2.20 ') 

(ii) £ C a (T N ) 

for k = 1,..., N. 

For ease of notation, we will do this for the special case A; = 1. A similar 
proof prevails for other values of k. 
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Since H k G L 1 (Tn), it follows from the fact that h k G C a (Tn) and the 
definition of p (x) that 

(2.21) p e C a (T n ). 

Also, it follows from Lemma A that 

N . 

(2.22) p(m) = 'S'' im \ hk (m) for m G Ajv\ {0} 

H 

with p (0) = 0. 

Since h k G C a (Tn ), it follows from Lemma C that 

N 

— — —^hk (m) for m G Ajy\ {0} 

\ m \ 

are the Fourier coefficients of a function in C a (T)v). We designate this func¬ 
tion by f\ (. x ) and have that 

(2.23) fi G C a (T n ), 


and that 

N 

(2.24) S [/,] = - Y, C 

|m |>0 fc=l 11 

Also, from ( 2 . 22 ), we have that 


(2.25) 


N 

•s[f>]= EC 

| m |>0 k =1 


im k 


m 


h k (m)]e v 


We let £T^(p, x) designate the n-th iterated Fejer sum of p as defined in 
(2.6) of Chapter 1. Likewise, we let <r£(/i,x) designate the n-th iterated 
Fejer sum of fi. It follows from (2.24) and (2.25) that 


dcr%(p,x) 

dx\ 


= <?%(f1,X) 


Vx G Tn. 


Because we have (2.21) and (2.23), we proceed exactly as we did at this 
point in the proof of Lemma 2.4 and obtain that 


^- = /i(x) Vx G T n . 

OX i 

Since fi G C a (Tn), this last fact establishes (2.20')(?') and (■ ii ) for the 
special case k = 1 and completes the proof of the lemma. ■ 


Proof of Theorem 2.1. In particular, fj G C (Rf V ) and is periodic of 
period 27 t in each variable for j = 1, ...,1V. Therefore, fj G L 2 (Tn) , and 
we can invoke Theorem 1.1 to obtain a pair (v,p) with Vj G H 1 (Tjv) for 
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j = 1, ...N and p G L 2 (T/v) such that (v,p) is a distribution solution of the 
stationary Navier-Stokes equations ( 2 . 1 ), i.e., 


(2.26) 


— f T [vv • A0 + v • (v • V) 0 + 7 >V • cj)\dx 
= / T]V [ f (*) • <f>(x)]dx 


J Tn v • V£da? = 0 

for all 0 G [C°° (T n )] n and £ E C°° (T N ). 

Next, as in the proof of Theorem 1.1, we set 

N 

( 2 . 27 ) hj (x) = fj ( x ) - ^2 v k (x) dvj (x) /dx k , 

k= 1 

and obtain from the proof Theorem 1.1 that 


(2.28) 


hj (x) dx = 0 


for j = 1 

Also, we obtain from the proof of Theorem 1.1 (see (1.47 / ) and (1.48)) 
that 


(2.29) 


— j TN [uv • A 0 + pV • 4>\dx 

= / Tjv [ h ( x )' 4>{x)\dx 

It n v ' ^£dx = 0 


for all 0 G [ C°° (T]\r)] N and £ G C°° (T/v) and that 


’j ( x ) = ( 2?r ) N I Tn EiLi u j ( x ~ y ) h k (y) 


(2.30) 


p (x) = (2 t r) W J Tn Ef =1 % (x ~ y) h k (y) 


dy , 


for j = 1 , ...,AT. 

The trick in the proof of this theorem is to show that somehow by a 
bootstrap argument that 


(2.30 ') 


G C 2+a (T N ) for j = 1,..., N and p G C 1+a {T N ). 


This is the case because once (2.30 7 ) is established, it follows from (2.26) 
that 

— f T r [uAv • 0 — (v • V) v • 0 — Vp ■ 0] dx 

= / Tw [ f (*) • 4>{x)\dx 


Jt n (EfcLi dvk/dxk 'j idx = 0 


for all 0 G [C°° (T n )] N and £ G C°° {T N ). 
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But then it is easy to see that the statement in (2.2) holds. So, the pair 
(' v,p ) is indeed a periodic classical solution of the Navier-Stokes equations 
( 2 . 1 ). 

Assuming that 

N = 2 or N = 3, 

we now show by a bootstrap argument that (2.30') is indeed valid. 

To do this, we first observe from the fact that Vj G H 1 (T\ r) for j = 
1,..., N that 

Vj G W 1 ’ 2 (T n ). 

Therefore, from the standard Sobolev inequalities in dimension 2 or di¬ 
mension 3, we obtain that 


(2.31) 


Vj G L 6 (Tjv), 

Vk TEk e L3/2 ( Tn ) 


for j,k = 1,..., A". Consequently, we have from (2.27) that 

G T 3 / 2 (T n ). 

But then we obtain from (2.30) and Lemma 2.2 that 


(2.32) 


Vj € W 2 ' 3 ' 2 (T n ), 


e ir‘- 3/2 PV). 


We apply the standard Sobolev inequalities in dimension 2 or dimension 
3 to (2.32) to obtain that 


(2.33) 


Vj G L r (: T n ) Vr > 1, 

V). 


Using (2.27) once again, we see from (2.33) that 
hj G L 3 ~ £ (Tjv) Ve > 0. 

We use this last established fact in conjunction with Lemma 2.2 to obtain 
that 


(2.34) 


Vj G W 2 ’ 3 ~ £ (T n ) Ve > 0, 
& G W 1 ’ 3 - 5 (Tjv) Ve > 0. 
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We apply the standard Sobolev inequalities in dimension 2 or dimension 
3 to (2.34) to obtain that 

v j ^ C (Tn), 

(2.35) 

gU’W Vr > 1. 

Using (2.27) once again, we see from (2.35) that 
hj € L r (Tjv) Vr > 1. 

Using this last fact in conjunction with Lemma 2.2 enables us to obtain 
that 

Vj G lU 2 ’ r (Tn) Vr > 1, 

Vr > 1 

and consequently, from the standard Sobolev inequalities in dimension 2 or 
3 that 

v j £ C (Tn) , 


Using (2.27) once again, we see that 

hj G C (T n ) . 

We now apply Lemma 2.3 in conjunction with this last fact and (2.25) 
to obtain that 

Vj g C 1+ “ (Tjv), 


dvj_ 

dx k 


e (T n ) • 


Using (2.27) for the last time, we obtain from this last established fact 
that 

(2.36) hjeC a (T N ). 

We now apply (2.30) in conjunction with (2.36) and Lemma 2.4 to obtain 
that 


(2.37) 

Next, from (1.22), 
1.1, we see that 


Vj £ C 2 +“ (T„), 

£ e C‘+« (r N ). 

(1.28), and from (1.47 , )(ii) in the proof of Theorem 


P ( x ) 



y) h k ( y)\dy . 
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Consequently, we have from (2.36) and Lemma 2.5 that 

V G C 1+ “ (T n ) . 

This last fact, along with (2.37), shows that the assertion in (2.3(7) is 
indeed valid, and the proof of the theorem is complete. ■ 


Exercises. 

1. With W l ' 2 {T 3 ) defined in §6 of Chapter 2, prove, using the Sobolev 
inequalities for Wq' p (Q) where 12 C R 3 is a bounded open set (see [Ev, 
Theorem 3, p.265] ) that 

u G W 1 ’ 2 ^) (T 3 ). 

2. Suppose vj\ G L r (T 3 ), 1 < r < oo, with w\ (0) = 0. Set 

vi (x) = f Ts wi (x - y) Hi (y) dy, 

ui (x) = f Ta vi (x - y) H 2 (y) dy 

for x G T 3 where H\ and H 2 are defined Lemma A of §1. Prove that 

ui G W 2 ’ r (T 3 ). 

3. Suppose ui,v\ G C (T 3 ), and 

v\ (m) = im\Ui (■ m ) Vm G A 3 . 

Prove that (x) exists for x G T 3 and 

dur 

aU (l) = 1,1 (l) ■ 

3. Further Results and Comments 

1. There are a number of results which deal with removable singularities 
for the stationary Navier-Stokes equations, and some of the results are even 
unexpected. Consider the system 

—uAv (x) + (v (x) • V) v (x) + Vp (x) = 0 

(3.1) 

(V • v) (x) = 0. 

With B(xo,r), the open IV-ball with center xo and radius r, the pair 
(v, p) is said to be a classical solution of (3.1) in R(xo,r), provided v 3 G 
C 2 [R(xo, r)] for j = 1,..., A", p G C 1 [R(xo, r)], and the system of equations 
(3.1) is satisfied for all x G B(xo,r). 

The following result (with a best possible corollary in dimension N = 2) 
prevails for removable singularities in dimensions N >2 [Sh21]: 
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Theorem 1. Let the pair (v,p) be a classical solution of (3.1) in 
B( 0,1) \ {0} for N>2. Suppose that 

( i ) 3(3 > N such that |v| G L 13 (B (0,1)), 

(ii) for N = 2, lim. r ^o | r 2 log r | 1 f B ^ 0r ) l v l dx = 0. 

Then (v, p) can be defined at 0 so that ( v,p ) is a classical solution of (3.1) 
in B(0,1). 

It is to be observed that in dimension N = 2, the following best possible 
result is an immediate corollary to Theorem 1. 


Corollary 2. Let the pair (v,p) be a classical solution of (3.1) in 
B( 0,1) \ {0} for N=2. Suppose that 

(3.2) Vj (x) = o (|log |x||) as \x\ —> 0 for j = 1, 2. 

Then (' v,p ) can be defined at 0 so that (■ v,p ) is a classical solution of (3.1) 
in B(0,1). 


In the paper “A Counter-example in the Theory of Planar Viscous In¬ 
compressible Flow” published in the J. Diff. Eqns. [Sh22], it is shown that 
if assumption (3.2) is replaced with 

v\ (x) = O (|log |x||) and V 2 (x) = o (|log |x||) as \x\ —> 0, 

then the conclusion to Corollary 2 is false. 

It is to be observed that both in Theorem 1 and in Corollary 2, no growth 
condition has been put on the pressure p. If a growth condition is put on 
p, then the unexpected result mentioned earlier occurs. In particular, the 
following theorem prevails in dimension N = 2 [Sh23]; 


Theorem 3. In dimension N=2, let the pair (v,p) be a classical solution 
of (3.1) in 5(0,1) \ {0}. Suppose that 

(■ i ) |u(x)| = as |x| —> 0, 

(ii) |p (a:)| = o^|a;| -1 ^ as |a?| —>• 0. 

Then (v,p) can be defined at 0 so that (v,p) is a classical solution of (3.1) 
in B(0,1). 


This result is unexpected when compared with a similar situation in¬ 
volving removable singularities for harmonic functions in punctured disks. 
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Theorem 3 is also best possible because in (ii) the little “o” cannot be 
replaced by big “O.” All this is shown in [Sh22], described above, which 
contains the proof of the following theorem: 


Theorem 4. In dimension N=2, there exists a pair (v,p) which 
is a classical solution of (3.1) in B(0, 1) \ {0} such that V 2 (x) 
and \x\ p(x) are uniformly bounded in B(0, 1) \ {0} and such that 


V\ \%) 

lim -:— t = 7 where 7 is a finite-valued nonzero constant. 

|x|—>0 log \x\ 

All of the above theorems make strong use of multiple Fourier series. 

Theorem 3 was motivated by an earlier paper on removable singularities 
of the stationary Navier-Stokes equations by Dyer and Edmunds [DE]. 

2. There are some interesting results involving removable sets of capacity 
zero and the stationary Navier-Stokes equations. For simplicity in discussing 
these matters, we will restrict our attention to dimension N = 3. 

In the sequel, D C R 3 will be a bounded open connected set. 

A closed set ZcH will be said to be of Newtonian capacity zero provided 
the following holds: 


x — y\ 1 dp {x) dp ( y ) = 00 


Q, J Q 


for every p that is a nonnegative finite Borel measure on D with p (fi) = 1 
and p (Q\Z) = 0. (This is essentially the same definition that we have given 
previously in §6 of Chapter 1 for ordinary capacity zero on T 3 .) 

Designating the stationary Navier-Stokes equations with a driving force 
in dimension 3 by 


(3.3) 



fj 3 = 1,2,3, 


E N dwj 
k= 1 chT 


= 0 , 


it turns out that the following theorem involving capacity holds for this set 
of equations in Q: 


Theorem 5. Let f, p, v, and u be respectively in [L 1 (Q)] 3 , L 2 (Q ), 
[L°°(D)] 3 , and [W 1,2 (Ll)] 3 . Also, let w=v+u and let Zc D be a closed set 
of Newtonian capacity zero. Suppose that the pair (w ,p) is a distribution 
solution of (3.3) in Q\Z. Then the pair (w ,p) is a distribution solution of 
(3.3) in fh 


This theorem is established in [Sh24]. 
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Also, this last reference, in dimension N = 3, has a statement classical 
solutions of (3.1) and capacity zero. 

Let Z C fl be a closed set. Call Z an (L°°, L 2 )-removable set for the 
stationary Navier-Stokes equations (3.1) if the following obtains: 

Let v and p be in [L°°(fl)] 3 and L 2 ( fl) respectively. Suppose that the 
pair (v, p) is a classical solution of (3.1) in f i\Z. Then v andp can be defined 
at the points of Z so that the pair (v, p) is a classical solution of (3.1) in 11. 


Theorem 6. Let N = 3, and let Z C Ll be a closed set. Then a nec¬ 
essary and sufficient condition that Z be an (L °°, If 2 )-removable set for the 
staionary Navier-Stokes equations (3.1) is that Z be of Newtonian capacity 
zero. 


For the proof of the necessary condition in Theorem 6 , some ideas from 
[Sh25] are needed. 

For a paper treating more general type capacities and the stationary 
Navier-Stokes equations, see [ShWe]. 

3. Theorem 2.1, involving classical solutions of the stationary Navier- 
Stokes equations that, we prove in dimensions N = 2,3, actually is true in 
dimension N = 4. The first part of the proof, however, that we have provided 
for N = 2,3 will not work for N = 4. 

We do know in all three cases that the pair (v,p) is a distribution so¬ 
lution of the equations in (2.2) with v £ [W 1,2 (Tjy)] N and p £ L 2 (Tjy). 
In dimensions N = 2,3, we then obtain from the Sobolev inequalities that 
Vkdvj/dxk £ L 3 / 2 (T/v) for j,k = and consequently from (2.27) and 

(2.30) that v £ [IT 2,3 / 2 (Tjv)]^- But this procedure will not work in dimen¬ 
sion N = 4. 

The best we can get in dimension N = 4 using the Sobolev inequalities 
is that Vkdvj/dxk £ L 4 / 3 (Tjv) and consequently from (2.27) and (2.30) that 
v £ [IT 2,4 / 3 (T 4 )] 4 . But this is not good enough to carry out the rest of the 
boot-strap argument. However, if we adopt the ideas in the clever paper of 
Gerhardt [Ge], it can be shown directly that v £ [IT 2,2 (T 4 )] 4 , and this is 
sufficient to carry out the rest of the boot-strap argument in the proof of 
Theorem 2.1. 

The main lemma in [Ge] adapted for the situation in hand is the follow¬ 
ing: 


Lemma 7. Let e > 0 and let g £ L 2 (T 4 ). Then there exists a positive 
constant C £ depending only on £ and g such that 



\ 9 1 


' dx < e I 


2 

iW 2 (t 4 ) 


+ C £ 


u 


L 2 (T 4 ) 


Vu £ IT 1 ’ 2 (T 4 ). 
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Using an extension of this lemma and the ideas developed in Gerhardt’s 
paper, we can obtain with no difficulty the following result: 

Theorem 8. Let the pair {v,p) be a distribution solution of the sta¬ 
tionary Navier-Stokes equations (2.2) where N=f, f G \C a (T 4 )] , v G 
[W 1 ' 2 (r 4 )] 4 , and p G L 2 (T 4 ). Then v G [fU 2 ’ 2 (T 4 )] 4 and p G W 1 ’ 2 (T 4 ). 

v G [W 2,2 (T 4 )] 4 is sufficient to get the boot-strap argument to work. So 
indeed Theorem 2.1 is true for N = 4. 




APPENDIX A 


Integrals and Identities 


1. Integral Identities 

In this section, we establish various integral identities concerning Bessel 
functions that we need. The Bessel function of the first kind of order v is 
defined as follows: 


(i.i) 


ut) = X 

n=0 


1 ) n (%) v+2n 


n\T(u + n + 1) 


for t > 0 where u > — 1 . 


The first integral identity that we need is the following: 

(1.2) J v {t) =-;--— T - j- f cos(t cos 9)(sin 9) 2u d9 for t > 0 

V ' W 2"-ir(i/ + i)T(i) Jo 

where v > — To establish this integral identity, we use two well-known 
identities for the Gamma function, namely, 

(*) r ( (a™ =2fo /2 (cosO) 2a - 1 (sm9) 2/3 - 1 dO, 

(1.3) 

(n) r(2t)r(±) = 2 2 t - 1 r(t)r(t + ±), 

which can be found in [Til, pp. 56-57] and many other places. The second of 
the above formulas is referred to as “the duplication formula for the Gamma 
function.” 

To show that (1.2) holds, we observe from (1.3)(i) that 


r(^ + |)r(n + i) 

2T(n + v + 1) 


C7T/2 


(cos6O 2n (sin0)^ 


2v, 


and hence from (1.1) and (1.3)(ii) that 


Mt) = 


t v 


oo 


ttE 


r -w/2 


(-Y\n(±\ 2 n 

1 ’ l2j — (cos 9) 2n (sin 9) 2v d9 


2 v ~ l nv+\)tz 

t 1 


2 > n=0 r(n + l)T(n + 5) 

00 /*7t/2 ^ 


2 —r(^ + i )^ 0 


/*71 

rrX/ 

2 ) do 


r(2n + i)r( 


— (cos0) 2n (sin 9) 2u d9. 


Using the series expansion for cos(tcos9) in this last sum on the right vali¬ 
dates the integral identity ( 1 . 2 ). 
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The second integral identity that we need is the following: 


(1.4) 


t u+l 


f-Tr/2 


2 u T(v + 1) J 0 


J^(t sin 9)(sin 9)^ +1 (cos 0) 2u+1 d0 for t > 0, 


where fi > —1 and v > —1. 

To show that (1.4) holds, we refer to the right-hand side of the equality 
in (1.4) as I(t) and see from (1.1) and (1.3)(i) that 


m = 


r +i 


E 


/2 /_i \n( t sin 9 Ut+2 n 

1 ’ 1 2 ’ ' sin 9Y +l (cos 9f u+l d9 


2*T(z/ + 1) 70 n!r(/i + n + 1) 


n =0 

^+v+l 00 


1 \n(t \2n 


t/2 


2^T(v + 1) ^ n!T(^ + n + 1) J 0 


(sin 0) 2 (^+ n ) +1 (cos 0) 2y+1 d0 


E 


(_l)n(|)2n 


2 /i+^+i n !r(u + i/ + n + 2) 

n=0 


E 


t^2n+/*+iH-i 


“ n!r( / n + z/ + n + 2)' 


The last sum is J M _|_ ! ,_|_i(t), and the identity (1.4) is established. 

We will use both of these integral identities in a slightly different form 
than presented. In particular, the one in (1.2) will be used in the form 

(1.5) JJt) = --i- [” e itcos9 (sin 0) 2u d0 for t > 0, 

V ' W 2»T(v + \)T(\) Jo 


which follows from (1.2) because of the respective evenness and oddness of 
cos(tcos9) (sin#) 2 *' and sin(f cos 0) (sin#) 21 ' around n/2. 

Likewise, the one in (1.4) will be used in the form 

(1.6) J»+v+i(t) = 9 uy[ u+ i) J “ ^2 Y ds for 1 > °> 

which follows from (1.4) when the variable 9 in the integral is replaced by 
s = t sin9 with ds = t cos9 d9. 

Next, we establish the following integral identity involving Bessel func¬ 
tions: 


(1.7) 


’ e~ ar J u (br)r v+l dr = 2a ( 2b ^ T ( 12 + 3 / 2 ) 


(a 2 + 6 2 )^+ 3 / 2 T(l/2) 


for v > —1, 


where a and b are positive real numbers. 

To do this, we start out by observing that for n > 1, 


T(y + n + |) = (u + n- 1 + |)---(i/ + |)r(i/ + f), 
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and hence, from the familiar formula for the binomial series [Rul, p. 201] 
that 

00 S t n S o 

(1.8) £>in> + n + 2>-j = IV + 5 )(1 + 1)-^ 

71=0 

for 0 < t < 1. Next, using the definition of the Gamma function, we observe 
that 

r°° I h 

/ e~ ar (br) v+2n r v+1 dr = — ^{-) 2 ^ +n+1 '>T(2u + 2 n + 2). 

Jo b a 

Applying this equality in conjunction with the fact obtained from (1.3)(ii) 
that 

T{2v + 2 n + 2 ) = 2 2 l/+ 2 n+ 1 I> + n + 1 )I> + n + 
and the definition of J u (t ) in (1.1) gives us that 


' J v (br)r v+1 dr = ^ ■ 




It is easy to see using (1.8) that the right-hand side of this last equality 
is the same as the right-hand side of the equality in (1.7), and the integral 
identity in (1.7) is established for 0 < b < a. By analytic continuation, it 
extends to the other positive values of b. 

We shall also need the following integral identity, which can be obtained 
from the one in (1.7), namely 


(1.9) 



2 !y+1 r(i/ + 3/2) 
(a 2 + l)"+ 3 / 2 r(l/2) 


for v > — 1 and 0 < a < 1 . 

To establish this identity, we set b=l in (1.7) and integrate by parts using 
the familiar fact that f J u (r)r v+l dr = J J , + i(r)?’ I ' +1 . The integral identity in 

(1.9) easily follows from this. 

Next, define 


( 1 . 10 ) H%{x) = (2n)- N [ e iy x (l - \y\ 2 /R 2 ) a dy 

Jb(o,r) 

for a > (N — 1) /2. We shall need the following identity for H^(x): 

(1.11) H%(x) = c(N , a)JN +a (R \x\)R%~«/ \xfi +a , 

where c(N,a) = (27r) -Ar cuAr_ 22 Q T(a! + 1 ) = 2°T(a + 1)/(2 it) n / 2 and lun -2 
is defined below. 
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To establish this identity, we see from the spherical coordinate notation 
introduced in Chapter 1 that 


(2ir) N Hft(x) = 


>B(0,R) 


e^(l -\y\ 2 /R 2 ) a dy 


rR 


= l^-2| (1 - ^Yr 


3 i \ x \ rcose ( S md)N- 2 d d 


rR 


= Un~2 
UN-2 


V 2 , Q N-l J (N-2)/2(\ x \r) 


(1 - T^ r 


(| x | r )^- 2 )/ 2 


dr 


rR\x\ 


X 


\N 


( 1 - 


{R\AY 


*s N/2 J {N _ 2)/2 (s)ds, 


where we have made use of (1.5) and where 

u N -2 = |5jv-2|2^- 2 )/ 2 r((iV - l)/2)T(i) = (2 tt) n / 2 , 

and |S'at— 2 1 = 2 ( 7 r)( Ar ~ 1 )/ 2 /T (2CA) is defined two lines above (3.4) in Chap¬ 
ter 1 . 

We have tacitly assumed N > 2 in this last computation. For N = 1, 
we can easily see directly that the equality just established for H^(x) is still 
valid with co-i = (27T) 1 / 2 because, as is well-known, 

cost = ( 7 r/ 2 ) 1 / 2 t 1 / 2 J_i (t.) for t > 0 . 

2 

Consequently, we see from this last computation and (1.6) with /i + 1 = 
N/2 and v = a that 

H%(x) = c(N, a)JN +a (R \x\)R%-«/\x\% +a , 

where c(N,a ) = (2ir)~ N u>N-22 a F(a + 1) = 2°T(a: + 1)/(2tt) n / 2 , and the 
identity in ( 1 . 11 ) is established. 

We also need the following integral identity: 


( 1 . 12 ) 


cos 2 ts ds = 


for t G R. 

To establish this identity, we start by observing that 


7T 2 


ds = —— 


and then set 


/»oo 

/ e ~ s2 cos 2 ts ds = I(t). 

Jo 


An integration by parts shows that 


dl(t) 

dt 


2ssin2ts ds = — 2 1 


cos 2ts ds. 
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Therefore, we see that —pp = —2 tl(t) for t £ R and obtain from the unique¬ 
ness theory of ODE that 

i 

_„2 7 T 2 ,2 

e cos Its as = —e , 



and ( 1 . 12 ) is established. 


2. Estimates for Bessel Functions 


We will need estimates for the way Bessel functions act in a neighbor¬ 
hood of the origin and in the neighborhood of infinity. In particular, we will 
establish the following two estimates: 3K U > 0 such that 

(2.1) \.J v {t)\ < K v t u for 0 < t < 1 and v > — 


( 2 . 2 ) 


J v (t) | < K u t 2 for 1 < t < oo and v > — 1 . 


The estimate in (2.1) follows immediately from the integral identity in 

(1.2) . To establish the estimate in (2.2), we observe, after an easy calculation 
using (1.1) that for v > — 1, J v {t) satisfies the differential equation 

,2 d 2 'll .dy | /.2 2 \ nr + - n 

t -r-r + f — + (t -v )y = 0 for t > 0 . 
at z at 

As a consequence of this last fact, it is easy to see that 

(2.3) f 2 ^J^_^Wl _ (j ,2 _ 1 )^ 3 ^^)] J v (t)\ = 0 for t > 0 

and u > —1. But then in [CH, pp. 331-2], it is shown that a function y(t), 
which satisfies an equation of the form 

(jp y 

+ y + p(t)y = 0 for t > 0 , 

is uniformly bounded on the interval [l,oo) provided p £ C' 1 (( 0 , oo)) with 
|p(f)| < f3t^ 1 and \dp(t)/dt\ < (3t~ 2 on [l,oo) where (3 is a positive constant. 
The equation in (2.3) is such an equation with p(t) = — (u 2 — \)/t 2 . We 

conclude that fa J u (t) is uniformly bounded for 1 < t < oo, and the estimate 
in ( 2 . 2 ) is established. 

Next, with v = (N — 2)/2, we set 


(2.4) 


Kit) = 


T(n/2) 


2 n / 2 T[(N + n)/2] 


e St j l/+n (s)s u+1 ds 


and obtain the following estimate for A^(l/r), which we state as a theorem: 
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Theorem 2.1. Let N> 2 and let n be any positive integer. Also, set 
v = ( N — 2)/2. Then there exists a constant C(N,n) depending on N and n 
such that 

\A^{l/r) — 1| < C(N,n)r ~ 5 for 2 < r <oo. 

Proof. To prove the theorem, we first take n = 1 and observe from (1.9) 
that 

Al “ 1 = (l+*2)^+3/2 “ L 

Hence, using (1.8), we see that there is a constant c depending on u such 
that 

\Ai(t) — 1 | < ct for 0 < t < 1 / 2 . 

So, the theorem follows in this case. 

Next, we take n > 2 , invoke the hypergeometric representation for A'fft) 
given in [Wa, p. 385] and then use both the integral representation for hy¬ 
pergeometric functions (see [Ra, p. 47] or [AAR, p. 65]) and the integral 
definition of the beta function (see [Ra, p.18]) to obtain that 

(2.5) r(l/2)r[(n - l)/2]K(l/r) - l]/r(n/ 2 ) 

is equal to the following integral 

(2.6) [ t v+(n+l)/2 (l _f) !1 ^[(t + r - 2 ) - ( I ' + t +1 ) - t~ (v+ ^ +1) ]dt 
Jo 

for r > 0. The absolute value of this latter integral in turn is majorized by 

pl/r rl/2 pi 

ci / t~ l ^ 2 dt + C2r~ 2 / t~ i J 2 dt + Qr^ 2 / (1 — t)-i~ dt 

Jo Jl/r J 1/2 

for r >2 where ci, C 2 , and C 3 are constants depending on v and n. So the 
theorem follows in this case also. ■ 


Besides the estimate for A^(t) in the theorem we just established, we 
shall need several more. In particular, with n = (N — 2)/2 and N > 2, we 
will need the following one: 

(2.7) 3 c(v,n) > 0 such that |A^(f)| < c(v,n)t~ N for t > 0. 

To establish the estimate in (2.7), we observe from (2.1) and (2.2) that 
for every positive integer n, J n (t) is a bounded function on the positive real 
axis. In case v = 0, the estimate in (2.7) then follows immediately from 
the integral representation of A"ft) in (2.4). In case n > 1/2, we use the 
estimates in ( 2 . 1 ) and ( 2 . 2 ) to obtain |J„ +n (t)|, which is majorized by a 
constant multiple of t u for t > 0. Once again the estimate in (2.7) then 
follows immediately from the integral representation of A"(t) in (2.4). 
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Next, we need the following estimate for A^(t): 

(2.8) 0 < A v n (t) < 1 for t > 0. 

In case n = 1, as we observed in the proof of Theorem 2.1, it follows 
from (1.9) above that 

j4l(f) = (l +t 2^+3/2 

and the estimate in (2.8) follows in this case. 

In case n > 2, we use the equality between the expressions in (2.5) and 
(2.6). The first inequality in (2.8) then follows from the fact that for the 
beta function 

B(I.^) = r(l)r(^)/r ( f). 

The second inequality in (2.8) follows from the observation that 

K(t) -1 < o. 

Next, because of the inequalities in (2.8) joined with the conclusion of 
Theorem 2.1, we can make the following observation about A"(t): 

(2.9) 3 C*(N,n ) > 0 such that \A v n {t) — 1| < C*(N,n)tz for 0 < t < 1, 

for n > 1, v = (N — 2)/2, and N > 2. 

Finally, we need the fact that A"(t) = dA^(t)/dt is uniformly bounded 
on the positive real-axis, i.e., 

(2.10) sup A^{t) < oo, 

0<t<oo 

for n > 1, u = (N — 2)/2 , and N >2. 

To establish the strict inequality in (2.10), we observe from (2.4) that 

< 2 - n| e ^ {sV " is 

for t > 0. So for the case n = 1, we see from (1.7) above that A^(t)' is a 
constant multiple of t/{t 2 + 1 )^+ 5 / 2 . Hence, the strict inequality in (2.10) 
holds in this case. 

For n > 2, we see that the integral in (2.11) can be written as 

poo 

/ e _st 4 + i +(n _i ) (s)s !2+1+1 ds. 

Jo 

Consequently, from (2.4), we see that A^(t)' is a constant multiple of 
A'^\(t). So the strict inequality in (2.10) for n > 2 follows from the es¬ 
timate in (2.8), and the strict inequality in (2.10) for all n is completely 
established. 


Exercises. 

1. Given 
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K(l/r) - 1 


t u+(n+ 1)/2( 1 _ ty^Kt + r _2 ) _(l/+ 5 +1) - t^ v+ ^ +V> ]dt 

where n > 2 , v = and a n is a positive constant depending only on n, 

prove that for r > 2 

K(l/r) - 1 | 



is majorized by 


/•l/r /*i/ 2 /T _ 

ci / t~ l / 2 dt + C2r~ 2 / t~ 3 / 2 dt + c^r" 2 / (1 — t)~^~ dt 

Jo Jl/r J 1/2 

where ci, C 2 , and C 3 are constants depending on zz and n. 


3. Surface Spherical Harmonics 

In this section, we shall be interested in exploiting the connection be¬ 
tween surface spherical harmonics and Bessel functions in order to compute 
the principal-valued Fourier coefficient of the periodic Calderon-Zygmund 
kernel of spherical harmonic type, K*(x), defined in (1.8) of Chapter 2. 

With n a nonnegative integer, Q n (x) is called a spherical harmonic func¬ 
tion of degree n if the following two facts apply: 

(i) Q n {x ) is a homogeneous real polynomial of degree n; 

(ii) Q n (x ) is a harmonic function, i.e., A Q n (x) = 0 V x € R w , N > 2. 

With ^ = x/\x\, Q n {i) is called a surface spherical harmonic of degree 
n. Sometimes we will write Y n (£) in place of Q n (Oi so that 

X 

(3.1) Y n {ty = Q n (-— r ) = r~ n Q n (x) where x = r£ and r = \x\. 

|x| 

A good example of a surface spherical harmonic of degree n on S' 2 , the 
unit sphere in R 3 , is P n (7f ■ 0 where rf = (1,0,0), ^ = (^,^2^3) is an Y 
point on S 2 , and P n {t) is the Legendre polynomial of degree n. 

To see this using the spherical coordinate notation introduced in §3 
of Chapter 1 with 0 replacing 6 1 , we observe that rf ■ £ = cos 0 and our 
spherical harmonic function then becomes Q n (x) = r n P n (cos9). Since P n {t) 
is an even or odd polynomial corresponding to whether n is an even or odd 
number, Q n (x) is clearly a homogeneous polynomial of degree n in x\, x' 2 , X3. 
To verify that Q n (x) also satisfies Laplace’s equation, we need the familiar 
differential equation that P n (t) satisfies on the interval (—1,1), namely, 

(3.2) (1 - t 2 )P"(t) - 2tP' n {t) = —n{n + 1 )P n (t) Vt G (-1,1), 

where P^Jt) = dP n (t)/dt and i-^(t) = d 2 P n (t)/dt 2 . An easy calculation using 

(3.2) shows that Ar n P n (cos9) = 0 for 0 < r < 1 and — 7 r < 9 < n, where 



3. SURFACE SPHERICAL HARMONICS 


285 


in spherical coordinates, because of dependence only on r and 9, A has the 
form 


(3.3) 


1 d 2 d 1 <9 . d 
r 2 dr dr r 2 sin 9 d6 S d6 


for N = 3. 


Hence, Q n (x) is a harmonic function, and therefore Q n {C) = Pn(v* ' 0 i g 
indeed a surface spherical harmonic of degree n. 

The analogue of P n (jf ■ £) i n dimension N > 4 is obtained via the 
Gegenbauer polynomials, C”(t), where v = (N — 2)/2. The n-th Gegenbauer 
polynomial, C”(t), with u / 0 , is dehned by means of the equation (see [Ra, 
pp. 276-279] or [AAR, p. 302]) 


(1 — 2 rt + r 2 ) v = ^ Cn(t)r n , for 0 < r < 1 and — 1 < t < 1 , 

n =0 


which is called the generating relation for C"(t). It is clear from the well- 
known generating relation for the Legendre polynomials [CH, p. 85] that v = 

i 

\ in the above gives rise to the Legendre polynomials, i.e., P n (t) = Cn(t). 
Gegenbauer polynomials are also called ultraspherical polynomials. 

It is shown in [Ra, p. 279] and [AAR, p.247] that the differential equation 
that C v n {t) satishes is 

(3.4) (l-t 2 )cr(t)-2f(u + i)Cr(t) = -n(n + 2u)^(t) Vi €(-1,1), 


where = dC^(t)/dt, which is the same as the equation in (3.2) when 

For dimension N > 4, using the spherical coordinate notation introduced 
in §3 of Chapter 1 with 9 replacing 6 \, we will now show that C"(r)* ■ £) is a 
surface spherical harmonic of degree n on S'/v-i, where rj* = (1, 0 ,..., 0 ) and 
£ is any point on SV_i. 

First, we observe as before that rj* ■ £ = cos0. Since ■ £) is a 

polynomial in cos 9 and since C"(t) is an even or odd polynomial in t cor¬ 
responding as to whether n is an even or odd number [Ra, p. 277], it is 
clear that Q n (x ) = r n C%(cos 9) is a homogeneous polynomial of degree n in 


X\ 5 ... 5 • 

Next, we see from [EMOT, p. 235], in spherical coordinate notation when 
A depends only on r and 9 , A has the form 


(3.5) 


A = 


J_d_ r N-id_ 
y*N —1 


1 d 
r 2 (sin 9) N ~ 2 d9 


(sin 9) n ~ 2 


d 

d9 


Also, we see that the differential equation in (3.4), after multiplying both 
sides by (1 — t 2 ) u ~^, is 


Uj r / . 


2\i/+ 




-n(n + 2 u)(l - t 2 y 2 C”(t) Vie (-1,1). 


dt 
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Hence, with t = cos 9 and 2v = N — 2, the equation in (3.4) becomes 

(3.6) — (sinfl )^ -2 n \ n ~ —- = — n(n + N — 2)(sin 9) N ~ 2 Cn(cos 9) 

eld d9 

for 9 G (— 7 r, 7 r). 

Using the form of A in (3.5) in conjunction with the differential equation 
in (3.6), we obtain after an easy computation that 


Ar n C^(cos0) = 0 for 9 G (— 

Hence, Q n (x ) is a harmonic function in R Y , and therefore Cn(rj* ■ £) is a 
surface spherical harmonic of degree n. 

Of course, what we have just shown is that for every fixed on Sjy-i , 
Cniv ' 0 is, as a function of £, a surface spherical harmonic of degree n. 

Before proceeding further, we discuss the notion of linear independence 
for surface spherical functions. Let 

«.»(«)}?-1 

be a set of surface spherical harmonic functions of degree n. We say the set 
of functions is linearly independent 
if aj G R for j = 1,..., k and 

k 

Y. ajYj >n (^) = 0 e S N _i ^ aj = 0 for j = 1,..., k. 

3 = 1 


We let \i n N designate the largest number of linear independent surface 
spherical harmonic functions of degree n and observe from [AAR, p. 450], 
[EMOT, p.237], and [ABR, p.78] that 


(3.7) 


k'n^N — (2 n + N — 2) 


(n + N- 3)! 
(N - 2)!n! 


Next, we let {Yj jU (0}j=i an orthonormal set of surface spherical 
harmonics of degree n, i.e., 


(3.8) / Y jjn (€)Y kjn (€)dS(£) = 5 j)k for j,k = l,...,n nN , 

Js N _! 

where 5 ] k is the Kronecker-5. Then the well-known addition formula for 
surface spherical harmonics [EMOT, p. 243] says 


(3.9) 


c^-v) 

CH( 1 ) 


\S N -i 

Vn,N 


M n,N 


3 = 1 


where v = (N — 2)/2 and |£jv-i| designates the (N — l)-dimensional volume 
of Sn-i, computed two lines above (3.4) in Chapter 1 where it is shown that 


|*Sjv-i 


2{tt) n / 2 

r (f) ‘ 


(3.10) 
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Two other places to find the derivation of the addition formula given 
in (3.8) are [Se, p. 118] and [AAR, p. 456]. We will establish a special case 
of the addition formula (3.10) in Theorem 3.4 below near the end of this 
section. In particular, we will establish (3.9) in the special case when N = 3 
and v = 1/2. 

Because of (3.7) and (3.8), we see that if Y n (£) is a surface spherical 
harmonic of degree n, then there exists {a,k}k=i such that 

(3.11) Y n (n) = Y2 a k Y kAv) for T] E S N - 1 - 

k=l 


Hence, it follows from (3.8), (3.9), and (3.11) that 


'Sn-i 


Cn(€ ' rj)Y n {j])dS(rj) = 




Mn.iV 


dn,N 

C"{1)\S N - 


yi a j Y j,n{£) 
3 =1 

-*.(«) 


dn,N 

for £ E Sn-i. It also follows from the generating function for Gegenbauer 
polynomials given above that C/(l) = • (See [EMOT, p. 236] or 

[Ra, p.278]). So we conclude from (3.7), (3.10), and this last computation 
that 

T(v)(n + v) I 


(3.12) 


Y n {i) = 


2ir u+1 


' Sn-i 


C^-r,)Y n (r,)dS( V ) 


N -2 


for £ E Sn-i where v = 

The formula that we have just established in (3.12) is very useful in 
computing the principal-valued Fourier transform K(y) of the Calderon- 
Zygmund kernel K(x) of spherical harmonic type defined by (1.3)-(1.5) of 
Chapter 2 where 
(3.13) 


K(y) = lim lim(27r) 
R —>oo e^O 


~ N / e~ iy - x K(x)dx for y E K N . 

In order to accomplish this computation, we need the orthogonality be¬ 
tween surface spherical harmonics of different degrees, namely if Y)(£) and 
Yfe(£) are surface spherical harmonics of degrees j and k, respectively, then 


(3.14) [ Y j (S)Y k (S)dS(Z) = 0 for 

Js N -1 


To establish (3.14), first we recall Green’s second identity [Rul, p. 297], 
which states that for u,v eC 2 [i?(0,1)], 


(3.15) 


/ [uD n v — vD n u\dS = / [uAv — vA u]dx, 

JdB( o,i) Jb( 0,11 


B(0,1) 
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where D n u = Yu- n and n is the outward pointing unit normal for 
8B( 0,1) = Sn- i- Next, we use the expressions in (3.1) to obtain that 

(3.16) r^(0 = Qj(x) 

where Qj(x) is a spherical harmonic function. On Sjv— i, we see from (3.16) 
that for x = rf, 

D n Qj{x) = jr J ~ 1 Y j (^) = jYj(£) because r = 1. 

Consequently, on setting u = Qj and v = Qk, we obtain from this last 
established fact, (3.15), and (3.16) that 

(k-j) [ Y j (Z)Y k (QdS(£) = 0. 

J Sn -i 

Hence, (3.14) is indeed valid because for j / k, k — j / 0. 

We now return to the computation of K(y) given in (3.13). It is clear 
from (1.4) of Chapter 2 that /i(0) = 0. For y ^ 0, we shall prove the 
following theorem about K(y): 

Theorem 3.1 Let K(x)=Q n (x)/ |x| Ar+n ' for x/ 0 where Q n is a spherical 
harmonic of degree n, n> 1. Then there exists a constant depending 

only on n and the dimension N such that 

(3.17) K(y)= K n , N Qn(y) \y\~ n fory^O, 
where K(y) is defined by the limit in (3.13). 


Proof of Theorem 3.1. To prove the theorem, we invoke the following 
identity from [Wa, p. 368]: 

00 T (f\ 

(3.18) e itcose = 2 u T(u) + n)i n ’ C^fcos 6) for t > 0, 

n^O ^ 

where v = an d ^R. 

Next, with y / 0 and with y = |y| £ and x = rrj where £, rj £ Sn-i and 
r = \x\, we observe from (3.1) that Q n {x) = r n Y n (rj) and hence K(x) = 
Y n (rj )/ r N . Consequently, the integral on the right-hand side of the equality 
in (3.13) can be written as 

(3.19) f R r~ x dr f e~^ ^Y n (rj)dS (rj). 

£ J S ]y i 

Also, we see from (3.18) with t = \y\r and f ■ q = cos# that 

e-* 1 *" 1 = 2"I» f> + k)(-i) k Jv +f(f r) CZ(( ■ „), 

fc=o \\y\ r ) 

where we have used the fact that Cf is an even or odd polynomial accordingly 
as k is even or odd. 
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From this last equality, we obtain that the inner integral in (3.19), 
namely, J Sn j e~^ y ^' rri Y n (ri)dS(ri), is equal to 

(3.20) 2TM f> + k)(-i) 1 J - ( |* ( ^|, r) jf C£K , v)YnWS(r,). 

Now as we have shown earlier, for each £ G S'/v-i, C%(£, ■ rj) is a surface 
spherical harmonic of degree k. Hence, it follows from the orthogonality 
relationship given in (3.14) that the summation in (3.20) reduces to 

(3.21) 2U(0(^ + n)(-i)”4ahMh^ C({,„)r„(o)dS(,), 

Next, using the special formula given by the equality in (3.12), we in 
turn have that the value of the expression in (3.21) is 

(3.2i') 


Consequently, 

(3.21") jf e-^l ^Y n (r,)dS(r,) = H) n 2"+V +1 ^(0- 


So, from (3.19) and this last equality, we obtain that the integral on the 
right-hand side of the equality in (3.13) can be written as 


(-i) n 2" +1 7r" +1 y n (0 



Jv+n(\y\r) 
(I y\r) v 


-1 


dr, 


and therefore that 


(3.22) 


K(y) 


= lim lim(27r)- JV (-H n 2 l/+1 7r" +1 y n (0 Jv+n }^ dr. 

R >oo £ >0 Je\y\ r 


The Bessel function estimates given in (2.1) and (2.2), since n > 1, imply 
that the limits on the right-hand side of the equality in (3.22) exist. So 
has the value 

(3.23) K n , N = (2n)- N (-i) n 2^ +1 ^ +1 f°° dr , 

Jo r 

and the proof of the theorem is complete. ■ 


Using the theory of hyper geometric functions, the integral in (3.23) is 
evaluated in [Wa, p. 391] and the following value is obtained: 

(3.24) j™ ^P-dr = r(n/2)/r(u + 1 + |)2" +1 . 
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From Theorem 3.1, we can get a corollary that will give us the principal¬ 
valued Fourier coefficients of the periodic C alder on- Zygmund kernel K*{x). 
This periodic kernel K*(x) is defined in (1.8) of Chapter 2 to be 

(3.25) K* (x) = K (x) + lim [K(x + 2ivm) — K(2Trm)\ 

l<\m\<R 

where m € An- Also, the principal-valued Fourier coefficient of K*(x ) is 
defined to be 

(3.26) K*(m ) = lim(27r) _JV f e~ irn ' x K*{x)dx, 

£ ^° JT n -B(0,£) 

and in (1.21) of Chapter 2, it is shown to have the following limit: 

(3.27) K*(m ) = lim lim(27r) _Ar f e~ im ' x K(x)dx for m / 0. 

R^ooe^O JB{0,R)-B(0,e) 

Corollary 3.2. Let K(x)=Q n (x )/ |x| Ar+,! for xf= 0 where Q n is a spherical 
harmonic of degree n, n> 1, and let K*(x ) be its periodic analogue defined in 
(3.25). Also, let K*(m ) be its principal-valued Fourier coefficint as defined 
in (3.26). Then 

K*(m) = K(m ) = R n ,NQn(jn) \m\~ n for m^O 

where 

(3.28) r(^)[r(!i±^)]-‘. 


Proof of Corollary 3.2. To prove the corollary, we observe from (3.27), 
(3.13), and (3.17) as stated in Theorem 3.1 that 

K*(m ) = K(m ) = K n ,NQn.{jn) \m\~ n for m / 0. 

Also, from (3.23) and (3.24) with u = we see that 

Kn,N = (2 tt)~ n {—i) n 2 l ’ +1 TT v+l T(n/2)/V{y + 1 + ^)2" +1 
and the proof of the corollary is complete. ■ 


In Appendix C, when we deal with the spherical harmonic expansion of 
a harmonic function in the interior of an IV-Ball of radius R, the following 
proposition regarding Gegenbauer polynomials will prove very useful. 
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Proposition 3.3. For N> 3 and v = with 0< r < 1 and — 1 < t < 1, 
for Gegenbauer polynomials, the following formula prevails: 


(3.29) 


1 ~ r = y^r ^~-2 + 2w 

(1-2 rt + r 2 ) N / 2 ^ 1 N — 2 1 nU 

v ' n=0 


where the series converges unifomly for 0 < r < ?’o < 1 and — 1 < t < 1 . 


It is clear that the left-hand side of (3.29) for N = 2 and t = cos 9 gives 
rise to the familiar Poisson kernel for the unit disk. The formula given here 
in (3.29) is going to play an analogous role for the unit IV-ball. Also, since 

(3.30) |C(()| < C( 1) = for - 1 < t < 1, 

(see [Ra, p.278 and p. 281]), it follows that the series in (3.29) converges 
uniformly for 0 < r < ?’o < 1 and — 1 < t < 1. 


Proof of Proposition 3.3. We set p = (1 — 2rt + r 2 ) 1 / 2 and observe from 
the generating function for the Gegenbauer polynomials (see the paragraph 
below (3.3)) that 

OO 

(3.31) p-(N- 2 ) _ Cf(t)r n , for 0 < r < 1 and — 1 < t < 1. 

n =0 

Since dp/dr = (—t + r)/p, it is easy to see that 

(1 _ 2H + r*)W = 7 ^ + !dr. 

The equality in (3.29) follows immediately from (3.31) and this last 
formula. ■ 


In closing this section, we want to establish a special case of the impor¬ 
tant formula (3.9) above, namely, when N = 3 and v = 1/2. In this case, 
we will have to deal with the Legendre polynomials, (P n (t)} ^ =0 , and the 
associated Legendre functions, {P^(t)} ,/ c = / 0 " A . =1 . The associated Legendre 
functions are defined as follows: 

(3.32) P*(t) = (1 - t 2 ) k/2 d k P n (t)/dt k for k = 1, ...,n. 

It is well-known (see [CH, p. 327] or [Sp, pp. 145-6] or [Pi, p. 229]) that 
these functions satisfy the following differential equation: 

(3.33) [(1 - t 2 )y'(t)]' - y-^r + n(n + 1 )y(t) = 0 VfG (-1,1), 
where ' denotes differentiation with respect to t. 
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Using the spherical coordinate notation introduced in Chapter 1, namely, 

x\ = r cos 9 
X 2 = r sin 9 cos f 
X 3 = r sin 9 sin <fi, 

we see from (3.32) that 

(3.34) r n P£(cos 9) cos k(j> and r n P^ (cos 9) sin k(j> k = l,...,n, 

are homogeneous polynomials of degree n in the variables x\,X 2 ,xs. To do 
this, we need the observation that both cos k<p and sin k<f> are homogeneous 
polynomials of degree k in the variables sin (f> and cos f. This fact is easily 
proved by induction. 

Also, using the Laplacian expressed in the spherical coordinates r, 9, cj), 
it is an easy matter using (3.33), to see that both 

A r n P% (cos 9) cos kf> = 0 and Ar n P„ (cos 9) sin k<j> = 0 

when 0 < r, 0 < 9 < it, and 0 < 0 < 2 n (see [Sp, p. 145]). Since the set of 
functions in (3.34) are homogeneous polynomials of degree n in the variables 
xi,X 2 ,xs, we conclude that each of these functions are spherical harmonics. 
We will use this fact in the proof of the following theorem: 


Theorem 3.4. Let S 2 C R 3 be the unit sphere and let n be any positive 
integer. Suppose {Y n j (f ^)} 2 '^ 1 is a set of surface spherical harmonics of 
degree n which are orthonormal in L 2 (S 2 ), i.e., 


IS 2 


Y nj (OY nk (OdS(S) = S jk j, k = 1,..., 2n + 1. 


where 5j k is the Kronecker-S. Then 


4ir 


2n+l 


Pn(e ' r?) = aTTT 


3 =1 


where P n (t) is the n-th Legendre polynomial. 


Proof of Theorem 3.4. To prove the theorem, we let {1^(£)}^”’| 1 be 
another set of surface spherical harmonics of degree n which are orthonormal 
in L 2 (S 2 ). From (3.7), we have that the set of surface spherical harmonics 
of degree n is a vector space of dimension 2n + 1. Consequently, the given 
set {Y n j(^)} 2 l P [ 1 is a basis for the surface spherical harmonics of degree n, 
and we have that 

2n+l 

Y nP) = E a jkY n k(0 Yf £ S 2 , 

k =1 


(3.35) 
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where the ajk are real constants and j = 1, 2n + 1. Using the orthonor¬ 
mality of both sets in L 2 (S 2 ), it is easy to see that 

2n+l 

a jlk a j 2 k = $jij2- 

k=1 

Hence, the (2 n + 1) x (2 n + 1) matrix O = (ajk) is an orthogonal matrix. 
So an easy computation using (3.35) shows that 


(3.36) 


2n+l 2n+l 

E FwieuiO) = E WAV+ 

3 =1 3 =1 


Next, we note that if u(x ) is harmonic in R^, so is v(x) = u(Ox) where 
O £ 50(3), the set of 3 x 3 real orthogonal matrices of determinant one (see 
[ABR, p.3]). 

Consequently, it follows that {y n j(0 £)}^”'| 1 is a set of surface spherical 
harmonics of degree n that is also an orthonormal set in L 2 (S 2 ) for every 
orthogonal matrix O. We conclude from (3.36) that 
(3.37) 

2n+l 2)i+l 

E r aj ({)Y nJ ( v ) = E Y nj (O0Ynj(Orj) VC, q £ 5 2 and VO £ 50(3). 

3 = 1 i =1 

Next, we observe that if £,,r],£ t ,rj £ 5 2 are four points with the property 
that C • i) = C • Vi then there exists an orthogonal matrix O such that 

OC • O ?] = c • V- 

Using this fact in conjunction with (3.37), we see that there is a function 
g(t) defined for —!<£<!, which is also in C([— 1 , 1 ]), such that 


2n+l 


(3.38) 


V(C ■r})= ^2 Y n j(t)Y nj (r]) V£,r? £ 5 2 . 

3 =1 


To obtain this function g(t), reintroduce the spherical coordinate system 
above (3.34), set rj* = (1,0,0), and observe that if £ = (Ci>C 2 ;^ 3 )) then 

Ci = cos 9 
C 2 = sin# cos 
C 3 = sin # sin <f>. 

Next, observe that if —1 < t < 1, there exists with 0 < 6 t < vr such 
that t = cos #t. Set Ct = ( cos #t, sin # t , 0). Then Ct • V* = t and define 

2n+l 

9(t) = g(ZfT,*)= Yl Y ^t)Ynj(v*)- 
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For a given £ and 77 , find £ t such that £ t • 77 * = £ • 77 and O € 50(3) such 
that £ = 0£j and 77 = 0 ? 7 *. Then g(£ • 77 ) = p(£ t • 77 *) and hence by this last 
set of equalities and (3.37), 

2n+l 2n+l 2»i+l 

^•r?) = £ ^(£^(77*) = x; y ni ( 0 £ t )y nj ( 07 /*) = J 2 Y nj (Z)Y nj ( 77), 
i=i i =1 i =1 

which gives the equality in (3.38). 

We next use the spherical coordinate notation to define an orthonormal 
set in I? (S 2 ) of surface spherical harmonics as follows: 

Y^iO = b nj P^{rf • £) cos j</> for j = 1, 

= b njPn~ n (V* • £) sin C? - for j = 77+ 1,...,2?7, 

= ( ^4^ V ^nOl* • 0 for j = 2 t 7 + 1 

where the b n j are normalizing constants, the Pn(t) are the associated Le¬ 
gendre functions introduced in (3.32), and P n (t) is the usual Legendre poly¬ 
nomial of order n. To be quite precise, the b n j are constants defined so that 

j s |4'(0| 2 d5(£) = l for j = 1,...,2t7. 

Observing from the spherical coordinate notation introduced above, that 
£ • 77 * = cos#, it is easy to check from well-known facts about Legendre 
polynomials (see [Ra, p. 175] ) that 

/ L 2n+1 ({) 2 dS(Q = 1 . 

JS 2 

Also, it is easy to see that {L]J :; (£)}j”j ' 1 constitutes an orthogonal system in 
L 2 {S 2 )- Consequently, it follows from (3.36) and (3.38) that 

2n+l 

(3.39) <?(£ • h) = E 4(^4 W Ve 

3 =1 

Next, we observe from (3.32) that P/)(l) = 0 for k = 1, Hence, it 
follows from the definitions given above, that 

Y* j (r 1 *) = 0 for j = l,...,2n. 

But then we obtain from (3.39) and the definition of i+ 2n 1 1 (£) given above 
that 

-I- 1 

g(S ■ v*) = W • £) Pn ( 1 ) V£ € 5 2 . 

Now P ra (l) = 1, and as we observed above, for every t G [—1,1], 3£ t G S 2 
such that £ t • 77 * = t. So we conclude from this last equality that 

—I— 1 

g(t) = — - P n (t) for t G [-1,1], 
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and consequently that 

277 —J— 1 

g(Z ■ v) = - 4?r P n (£ ■ v) V£, v e •S’2- 

This fact coupled with (3.38) gives the conclusion of the theorem. ■ 


In Chapter 4, we shall need some further facts about the sequence of 
Gegenbauer polynomials {C"(t)}^ =0 . To handle these matters, given a real¬ 
valued measurable function / defined on the interval (- 1 , 1 ), we say 

/€LJ[(- 1 , 1 )] 

where p(t ) = (1 — t 2 ) u ~z and v = (N — 2)/2 with N > 3 provided the 
following prevails: 

(3.40) J \f(t)\ 2 n(t)dt < oo. 

It is clear from the self-adjoint differential equation satisfied by the 
Gegenbauer polynomials stated just above (3.6) that 

(3.41) J 1 c?(t)c%(t)(i - t 2 y~Ut = o for j y k. 

Also, it is shown in [Ra, p. 278 and p. 281] that 

(3.42) J ' |C £(£)| 2 (1 - t 2 r~~ 2 dt = r n Vn, 
where 


(3.43) 


r n 


niHA+il 

' (F + n)r(0 • 


As a consequence of all this, we set 

(3.44) a n = Tn 1 J i C"(t)f(t)(l - t 2 Y~^dt 

and observe that the a n are the Gegenbauer-Fourier coefficients for /. 

In the next theorem, we will show that 0 is a complete orthog¬ 

onal system. By this, we mean, given / £ L^[(—1,1)], then 

(3.45) a n = 0 Vn =>• f(t) = 0 a.e. on (—1,1), 
where a n is defined in (3.44). 


Theorem 3.5. {(?£(£)}JJL 0 is a complete orthogonal system for L^([— 1,1]) 
where p = (1 — t 2 ) u ~ 2 , v = (N — 2)/2, and N > 3. 
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From Theorem 3.5, we can obtain the following corollary that will be 
useful in Chapter 4. 

Corollary 3.6. Let f £ C([— 1,1]) with a n defined by (3.44)- Suppose that 

n 

lirn YVC^f) = g(t) 

n—xx) L — J J 

3=0 


uniformly for t £ [—1,1]. Then 

f(t)=g(t) Vi €[-1,1]. 


Proof of Theorem 3.5. We are given / £ 1)] and that 


fc^fm-fy-hdt 


0 Vn. 


From the Rodrigues formula for Cff t) [AAR, p. 303], we see that C%(t) 
is a polynomial of degree n. Therefore, it follows from this last equality that 

J 1 i n f{t)(l-t 2 y-^dt = 0 Vn. 

But then 

(3.46) J^P(t)f(t)(l-t 2 y~ 1 2dt = 0, 

for every polynomial P(t). 

It follows from the Weierstrass approximation that the analogue of (3.46) 
holds for every function g £ C([— 1,1]). Using the Lebesgue dominated con¬ 
vergence theorem, we see that the same can then be said for every Xi where 
Xi(t) is the characteristic (indicator) function of a subinterval / C [—1,1]. 
Consequently, the same fact holds also for every simple function, and we 
conclude, using the Lebesgue dominated convergence theorem once again, 
that 

(3.47) J 1 h(t)f(t)(l-t l y- 1 ^dt = 0 , 


for every function h £ L°°([— 1,1]). 
Next, we set 


fn(t) = f(t) if \f(t)\ < n 
= 0 if |/(f)| > n. 


Then, f n £ L°°([—1,1]), and it follows from (3.47) that 
(3.48) J f n (t)f(t){ 1 - t 2 Y~^dt = 0 Vn. 



3. SURFACE SPHERICAL HARMONICS 


297 


Since |/„(f)/(t)| < |/(f)| 2 and 

lim f n (t) = f(t ) for t G (-1,1), 

n—»oo 

we conclude from (3.48) that 

J 1 \m\ 2 (i-t 2 r-idt = o. 

Hence, f(t) = 0 a.e. on (—1,1). ■ 


Proof of Corollary 3.6. Since the series that defines g(t) converges uni¬ 
formly for t G [—1,1], g G C([— 1,1]). Also, it follows from the orthogonality 
in (3.41) and the uniform convergence of this series that 

a n = t ~ 1 J ^ g{t)C"{t)( 1 - t 2 Y~^dt Vn, 

where we also have made use of (3.42) and (3.43). 

But then it follows from (3.44) that 

f_m - = o vn, 

and therefore from Theorem 3.5 that /(f) = g(t) for every t G [—1,1]. ■ 


Exercises. 

1. Given that the Jacobi polynomial p( u ~ 2 ’ u ~ 2 ) (f) = 'y ni/ C"(t) where 
7 n v is a positive constant and that the Jacobi polynomial pl a ’d) (f) satisfies 
the differential equation [AAR, p. 297] 

(1 - t 2 ) P^ P) " (t) + ((3 — a + (a + (3 + 2)t) P ( n a ^' (t) 

+ n{n + a + [3 + 1) Pn (f) = 0, 
prove that C%(t) satisfies the differential equation: 

(1 - t 2 )Cy\t ) - 2 t{y + \)Cy{t) = —n(n + 2i/)C£(f) Vf G (-1,1), 

where C^it) = dC^(t)/dt, v = and n > 1. 

2. Prove that, with the substitution of f = cos 6 , the differential equation 
for C%(t) in Exercise 1 becomes 

-jt (sin 6) N ~ 2 Q) _ _ n ( n _|_ ]y _ 2 ) (sin 9) N ^ 2 C ^(cos 0 ) 

du du 

for 9 G (— 7 T, 7 r). 

3. With 7 * = (1, 0,..., 0) and £ G SV-i, using the spherical coordinate 
notation introduced in §3 of Chapter 1, prove that 
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r 3 C%(v* ' 0 

homogeneous polynomial of degree 3 and is also a harmonic function in 
ii , N > 3, where v = 

4. Set p = (l — 2 rt + r 2 ) where 0 < r < 1 nd t e [—1,1], Prove that 

1 - r2 1 + jL-O p -t»-V /g , 


that 


(1 - 2 rt + r 2 )^/ 2 p 7 ^ 2 ' N-2' 

5. Using the differential equation for C”(t) given in Exercise 1, prove 


/-1 


Cj(t)C%(t)( 1 — t 2 ) u idt = 0 for j / k. 



APPENDIX B 


Real Analysis 

1. Convergence and Summability 

In this section, we shall prove various consistency theorems with respect 
to convergence and summability. In particular, the first theorem will show 
that the convergence of an integral to a given limit implies the Bochner-Riesz 
summability of that integral to the same limit. 

Theorem 1.1. Suppose h(s)€ L 1 (0,n) for every positive integer n. Set 
H(R)=J' ( ^ h(s)ds for R>0, and suppose 

lim H(R) = 7 , 

R—xx) 

where 7 is a finite real number. Then 

( 1 . 1 ) lim f (1 - ) a h(s)ds = 7 , 

R^oo J o R z 

for every a > 0. 

Proof of Theorem 1.1. We first of all observe from the Lebesgue domi¬ 
nated convergence theorem that 

(1.2) lim Al - A)« e - 2 * = w'/ 2 /2. 

R^OO J o R z 

Next, we set 

hi(s ) = h(s) - 

and Hi(R) = f () R hi(s)ds. It is clear from the hypothesis of the theorem that 

(1.3) lim H±(R) = 0. 

R— >00 

If we can show that this last limit implies that 

(1.4) lim / (1 - ^) a hi(s)ds = 0, 

R-> 00 J 0 R 

then it follows from ( 1 . 2 ) and the definition of hi(s) that the limit in ( 1 . 1 ) 
holds. Therefore, to complete the proof of the theorem, it suffices to show 
that (1.3) implies (1.4). We now do this. 
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First of all, we observe after integrating by parts that 

J Q (1-^) a hi(s)ds = 2a Hi(s)(l - -jpT~ l ^2 d s. 

Hence, to establish (1.4), it is enough to show 

(1.5) tL 2a l H 'W 1 -w r ~'w d ’ = °- 

To do this, given e > 0, use (1.3) to choose Rq > 0, so that 

(1.6) \Hi(R)\ < e for R > Ro. 

It is clear that 

[■Ro ,,2 

(1.7) = 

Also, (1.6) implies that 

rR s 2 

2a J^ Hi(s)(l- —y^—ds < £ for R > R (i . 

We conclude from (1.7) and this last inequality that 

rR s 2 

limsup2a / Hi(s)(l - —^) a 1 ~^ds <£. 

R->o o Jo R R 

Since e is an arbitrary positive number, we see that the limit in (1.5) is 
indeed valid, and the proof of the theorem is complete. ■ 

Next, we show that convergence of a multiple series to a given finite limit 
implies Abel summability of the series to the same limit. 

Theorem 1.2. Let An designate the set of integral lattice points in R N , 
N > 1. Suppose (i) a m = a_ m for mG Atv\{0}, (ii) ao=0, and (in) 3/3 > 0 
such that \a m \ = 0(\m\ ^) as \m\ —> oo. Suppose, also, 

(1.8) lim ) a m = a where a is a finite real number. 

R —>oo ^' 

1 < \m\<R 

Then, 

(1.9) lim = a. 

1 < |m|<oo 

Proof of Theorem 1.2. Set <S'(r)=^ 0 < \m\<r a m- ^ * s c l ear i with no loss 
in generality, we can suppose a = 0. Then, for r > 1, 

b 2 ] 

S ’( r ) = 

^=1 \m\ 2 =k 
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where [ r 2 ] is the first integer less than or equal to r 2 . Then, 


^ ^ a m e 
0< |m|<R 


— \m\t 


[ e~ rt dS(r) 

Jo 

r R 

= S(R)e~ Rt + t / e~ rt S[r)dr. 

Jo 


Consequently, 


/*oo 

V a m e~ H* = t / e - rf 5(r)dr. 

“ 7 ^ . JO 


1< |m|<oo 

Given e > 0, choose ro so large that |£(r)| < e for r > ro. Then, 


1< |m|<oo 


< 


nr o /*oo 

t / e~ Tt S{r)dr + et e~ rt dr, 

Jo J ro 


and we conclude from this last inequality that 


lim sup 

o 


1< |m|<oo 


< 6 . 


Since e is an arbitrary positive number, we obtain from this last inequal¬ 
ity that 

lim V a m e~ M* = 0, 

0 ^ 

1< |m|<oo 

and the proof of the theorem is complete. ■ 


2. Tauberian Limit Theorems 

In this section, we deal with various limit theorems that are needed in 
tauberian theory. The first one is the following, which is evidently due to 
Landau, [Har, p. 176]. 

Theorem 2.1. Suppose /€ C 2 (0, oo). Suppose, also, 

(i) lim t _^ Q f(t) = a where a is finite — valued, 

( ii) f"(t ) > —Ct~ 2 for t > 0 where C is a positive constant. 


Then 

( 2 . 1 ) 


limt^otf'fit) = 0 . 
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Proof of Theorem 2.1. The proof involves a subtle use of Taylor’s theorem 
[Rul, p. 111]. In particular, if t and t + 1 ] are positive values with rj / 0, it 
follows from Taylor’s theorem that 

2 

f{t + v)- /(*) = vf\t) + y f"[t + 0(i, rj)rj\ 
where 0 < 6 < 1. Therefore, 


( 2 . 2 ) 


fit) = [f(t + rj) - f{t)]/v ~ \f\t + 077). 


Let e > 0 be given, and choose 8 so that 0 < 8 < 1 and also so that 

C 8 


( 2 - 3 ) 2 (i _ s) 2 < £ ‘ 

Take rj = St. Then t + rj = (1 + 6 )t, and we see from (ii) and (2.2) that 

t/'(t) < m+m-m vc 

J w - 7 / 2 t 

< /[(l + tf)t] - /(t) Cf 
<5 2 ’ 

We consequently obtain from (i) and (2.3) that 

Cd 

limsup tf(t) < — < e. 
t-> o 2 

Since e is an arbitrary positive number, we have that 

(2.4) limsup tf'(t) < 0. 

t-> o 


Next, we take i] = —St. Then t — rj = (1 — 5)t, and we see from (ii) and 
(2.2) that 


tf(t ) > 
> 


f[(l - S)t] - f(t) T] C 

r) 2 (t + drj ) 2 

f[(l- 6 )t]-f(t) CS 

5 2(1 — S) 2 ' 


We consequently infer from (i) and (2.3) that 

liiri inf tf'(t) > —e. 


Hence, 

lirninf tf(t) > 0. 

From this last inequality joined with the inequality in (2.4), we see that 

lim tf\t) = 0, 

which is the limit in (2.1). ■ 


We also need the following Tauberian theorem due to Karamata [Ka]. 
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Theorem 2.2. Suppose h(r) is a function defined on (O.oo) with the fol- 

U OO 

{rfif 

and 

0 < r\ < r 2 < • • • < r n —> oo; 

(ii) h(r) is continuous from the right; (in) h(r)=0 for 0<r<r \; (iv) h(r) is 
a nondecreasing function; (v) 3k>0 such that h(r)=0(r k ) as r—>• oo. Set 


(2.5) 


pOO 

f(t) = / e~ rt dh(r) for t>0, 

Jo 


and suppose that lim^o tf(t)=j where 7 is finite-valued. Then 

r h(R) 

— = 7 ' 

Proof of Theorem 2.2. We observe from the well-known Weierstrass 
theorem that if G(r) € C([0, 1 ]), then given e > 0 , there are two polynomials 
P(r) and p(r) such that p(r) < G(r) < P(r) for r £ [0,1] and 

f [P(r) — G(r)\dr < £ and f [ G(r ) — p(r)]dr < e. 

Jo Jo 


A similar situation prevails for the function g(r) defined as follows: 
g(r) = 0 for 0 < r < e _1 


( 2 . 6 ) 


„-i 


.-1 


Then, given e with 0 < e < -jjj. there are polynomials P(r) and p(r) such 
p(r) < g(r) < P[r) for r £ [0,1] 


that 

(2.7) 

and 


( 2 . 8 ) 


/ [P(r) — g(r)\dr < e and / [g{r) — p(r)]dr < e. 

Jo Jo 


We show first that (2.7) and (2.8) hold with respect to P(r). To do this, 
we define the continuous function </>(?’) in the following manner: 

</>(?’) = 0 for 0 < r < W 1 — 5 

r — (e -1 — 6) 


= e- 


8 


for e 1 — 5 < r < e 1 


= g(r) for e 1 < r < 1 , 


where 5 = £e x . Since f is a positive linear function in the interval 

(e _1 - 8, e -1 ] 

and equal to g elsewhere in the interval [0,1], it is clear that g < fi. It is also 
clear that 


(r) — g(r)\dr = e/2. 
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We now apply the Weierstrass theorem to cj) for the value e/2 and obtain 
the P{r) part of (2.7) and (2.8). A similar argument works for p(r). 

Next, with P(r) and p(r) as in (2.7) and (2.8), we see the following is 
true: 

(i) lim t ^o t / 0 °° e~ rt P(e~ rt )dh(r) = 7 fj P(r)dr; 

(2.9) 

(ii) lirn^o^ / 0 °° e~ rt p{e~ rt )dh{r) = 7 p(r)dr. 

Since both P(r) and p(r) are polynomials, it is enough to establish the 
limit in (2.9) for the special case of the polynomial r n where n is a nonneg¬ 
ative integer, i.e, 

/*oo rl 

( 2 . 10 ) lim t e- rt {e~ rt ) n dh{r)= 7 / r n dr. 

t_>0 Jo Jo 

We observe from (2.5) that the left-hand side of the equality in (2.10) is 
limf/[(n + l)f] = 7 /(n + 1 ). 

An easy computation shows that the right-hand side of the equality in (2.10) 
is also 7/(71 + 1). So (2.10) is established, and hence (2.9) is also valid. 

To complete the proof of the theorem, we observe from (2.7), (2.8), and 
the hypothesis of the theorem that 

/*oo /*oo /*oo 

/ e~ rt p(e~ rt )dh(r) < / e~ rt g(e~ rt )dh{r) < / e~ rt P{e~ rt )dh(r) 

Jo Jo Jo 

for t G ( 0 , oo)\£0 where E® = u: j { r j 1 }. Hence, it follows from (2.9) and 

this last set of inequalities that 

( 2 . 11 ) 

7/(? P(r)dr < lim sup^^o t / 0 °° e~ rt g(e~ rt )dh(r) < 7 P{r)dr. 

On the other hand, we see from (2.7) that 

7 / p{r)dr < 7 / g(r)dr < 7 / P(r)dr. 

Jo Jo Jo 

Therefore, from (2.8) and (2.11) joined with this last set of inequalities, we 
obtain that 

limsup^o^o i/ 0 °° e~ rt g(e~ rt )dh{r) -7 fj g(r)dr < 2 7 e. 

But e is an arbitrary positive number. Consequently, 

limsupt^o^o i/ 0 °° e~ rt g(e~ rt )dh(r) = 7 g(r)dr. 

In a similar manner, we obtain 

liminf ^ 0 ^ E o t/ 0 °° e~ rt g(e~ rt )dh(r) = 7 f 0 1 g(r)dr. 

From (2.6), we see that f Q g(r)dr = 1. So we conclude from these last 
two equalities that 

( 2 . 12 ) lim t ^o,^BO t/ 0 °° e~ rt g(e~ rt )dh{r) = 7 . 
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Referring back to (2.6), we see that for t £ (0, oo )\E®, 

/•OO /»1/t 


e~ rt g(e~ rt )dh(r) = 


e~ rt g{e~ rt )dh(r) 


rVt 

/ e~ rt e rt dh(r) 

Jo 


= h(l/t). 


Therefore, (2.12) gives us that 


lim th(l/t) = 'v. 

t—>0,i^E0 

Setting R = 1/t and observing that h is continuous from the right enables 
us to conclude that 

r h(R) 

Inn - = 7 , 

R^o o R 

and the proof to the theorem is complete. ■ 


3. Distributions on the JV-Torus 

P(Tjv), called the class of test functions, is the class of real functions 
defined as follows: 

V(Taj) = {4> : (j) G C°°(R n ), <p is periodic of period 2ir in each variable}. 
The notion that 

4>n^ 0 in V(T n ) for {cj> n }™ =1 C V(T N ) 
is defined below (3.1) in Chapter 3. 

S is called a distribution on T/v if it is a real linear functional on £>(T)v) 
that meets the following condition: 

(3.0) <f> n > 0 inV{T N ) => S(<j) n ) —> 0. 

The class of distributions on the IV-torus will be designated by VjTjy). 
S £ T>'(Tn) is defined initially as a real linear functional on £>(T\r). We 
extend the definition of S by setting S( A + i(f>) = S (A) + iS((f>) for X,(j) G 
V(Tn). We then define S(m) as follows: 

(2tt) n S( m) = S{e ~ im ' x ) = S(cosm ■ x ) — i5(sinm • x) 
for m £ Atv- 

The following theorem concerning S(m) will be proved here. 

Theorem 3.1. Given S £ T>'(Tn). There exists a positive integer J such 
that 

js'(m) /|m| 4J <oo. 

l<|m| 


(3.1) 



306 


B. REAL ANALYSIS 


Proof of Theorem 3.1. With no loss in generality, we can suppose from 
the start that 5(0) = 0. So, suppose that the conclusion to the theorem is 
false, i.e., 

(3.2) ^ |5(m) /|m| 4 "=oo for n=l,2,.... 

l<|m| 

We say that 4> £ P(T/v) is a trigonometric polynomial if there exists an 
tq > 0 such that 

< f)(m ) = 0 for \m\ > ro- 

Also, we observe from the fact that S is a linear functional on D(T/v) that 
if cj) is a trigonometric polynomial, then 

S(<f>) = (271 t) n Y S(m)$(-m). 

1 <| m\ 

It consequently follows from (3.2) and elementary Hilbert space the¬ 
ory that there exists a sequence of trigonometric polynomials {^> n }^ =1 with 
4> n (0) = 0 Vn such that 

(3.3) Y S(m) 4> n (-m)/\m\ 2n >n\\(f ) n \\ L 2 for n = l,2,.... 

l<|m| 

We set 

(3.4) ^n( x )= Y ^n( m y m ' X /\ m \ 2n nUn\\L^ 

l<|m| 

and observe that i\) n G T)(Tjj) is a trigonometric polynomial. Also, from 
(3.3), we have that 

(3.5) |5(^ n )| > (2?!)^ for n = 1,2,.... 

On the other hand, we see from (3.4) that 

( 2 u) n Y |£(m)| 2 /l">| 4( ”- t, n 2 |IAIli> 

l<|m| 

for k,n = 1,2,.... Consequently, for each fixed k, 

lim A k ip n =0. 

n—>oc L 2 

We conclude that > 0 hr iXTv). But then 

lim 5(V’ n ) = 0. 

n—>oo 
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This last limit is a direct contradiction to the inequalities in (3.5). Hence, 
the assumption in (3.2) must be false, and there must exist a positive integer 
J such that the inequality in (3.1) is true. ■ 

The next theorem we prove is the following: 

Theorem 3.2. Suppose S G T>'{T^) and <f> G 'D(T^). Then 
(3.6) S(4>) = (2ti -) N E S{m)4>(-m) 

mGAjv 

where the series in (3.6) is absolutely convergent. 

Proof of Theorem 3.2. With no loss in generality, we can suppose from 
the start, once again, that 5(0) = 0. Next, let J be the positive integer that 
appears in (3.1) of Theorem 3.1 above. Then given (j) G D(T/v), it is clear 
from the definition of ’D(Tj^) given above that 

El |<^(m) |m| 4J < oo. 

mG An 

Therefore, by Schwarz’s inequality, 

( *22 | S(m)<j)(—m) ) 2 < E / \ m \ AJ E |^( m ) \ m \ AJ ■> 

l<|m| l<|»n| l<|m| 

and it follows that the series given in (3.6) is absolutely convergent. 

Next, set 

E Hm)e im - X . 

\m\ 2 <n 

Then because 4> n {x) G V(Tn) is a trigonometric polynomial, 

= ( 2 ?E E S{m)4>(-m). 

l<\m\ 2 <n 

Also, it is clear that <p n —> 4> in T>(T^) as n —► oo. Consequently, 

lirn S((f> n ) = S((j)), 

n—>oo 

and it follows that 

lim (271)^ V S(m)(f>(—m) = S(<f>), 

l<|?n| 2 <n 

which proves the theorem. ■ 

For A, (j) G D(Tjv) and 5 G V'(Tn), we define 

A 5(0) = 5(A0), 
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and observe that A S G V'(Tn), i.e., A S is a real linear functional that meets 
(3.0) above. 

Next, we establish the following proposition: 

Proposition 3.3. Given A G V(Tn) and S G T>'{Tn), 

(3.7) A S(m) = ^ A (p)S(m — p ) for m G Ajy, 

peA N 

where the series in (3.7) is absolutely convergent. 

Proof of Proposition 3.3. To establish (3.7), we see that A S(m) = 
(2 it)~ n S(X e~ im ' x ). Also, we define A n (x) to be the trigonometric polyno¬ 
mial 

(3.8) A n (x) = J2 KpY 1 ™- 

\p\ 2 <n 

So A n (p) = A (p) for \p\ 2 < n and = 0 otherwise. It is clear that A n —> A in 
P(Tjv). Consequently, 

(3.9) lim S(X n e~ im ' x ) = S{\e~ im ' x ). 

n—>oo 

Now, 

X n (x)e~ im ' x = J2 Mp) e ~ i{m ~ p) ' x ■ 

\p\ 2 <n 

So, with m fixed in A jy, for n > \m\ 2 , 

(27r) _JV 5(A n e _ * m ' a: ) = ^ A (p)S(m-p)+ ^ A (p)S(m-p). 

\p\ 2 <\m \ 2 fm| 2 + 1 <|p| 2 <ra 

Let J be the positive integer from Theorem 3.1. Then because A G 
V(T]\r), it follows that 

| A (p) \m — p\ AJ <oo. 

p£A N 

Then we obtain from Schwarz’s inequality that the series in (3.7) is abso¬ 
lutely convergent. 

Also, we see from this last equality that 

(271-)“* lim S{\ n e~ imx )= lim V A(p)S(m-p). 

n—>oo n—>oo ^ J 

\p\ 2 <n 

But then from (3.9), it follows that 

(27r) _JV 5(Ae _ * m ' a: ) = lim A (p)S(m-p), 

\p\ 2 <n 
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which establishes the proposition. ■ 


In §3 of Chapter 3, we introduce the class A(Tr^) c V(Tn) as follows: 
A(T n ) = {5 £ V'(Tn) ■ S(m) meets (3.4) and (3.5) in Chapter 3}. 

In particular, we have S £ A(Tjsr) means that 

(i)3c > 0 such that S(m) < c Vm £ Aat, 

(3-10) 

(**) lim m i n (|TO 1 |,...,|mj V |)_>tx> S(rn ) 0. 


Also, in §3 of Chapter 3, we define the class £>(T/v) C A(Tn) by replacing 
(zz) (3.10) with 


lim S(rri) = 0. 

\m\—>oo 


In Chapter 3, we will need the following proposition: 


Proposition 3.4. Given A £ V(T V) and S £ A(Tn). Then A S £ A(Tn). 
If, furthermore, S £ B(T V), then A S £ B(T )v). 


Proof of Proposition 3.4. It is sufficient just to prove the first part of the 
above proposition, since the second part follows in a very similar manner. 

From the fact that A £ D(T/v), it follows that ^(p) < oo. 

Consequently, we have from (3.7) and from (3.10)(z) that 

A S(m) < c ^ | \(p) Vm £ Atv- 

peAjv 

So to complete the proof of the proposition, it remains to show that 
(3.11) lim A S(m) = 0. 

min(|mi |)—>oo 

We will establish (3.11) by showing that given £ > 0, 

(3-12) Urnsup min( | mi | i ... i | mjv | ) _ >0O A S(m) <£. 

Since A (p) < oo, choose ?’o > 0 so that 

Y |*( p ) < £c ^- 

\p\>ro 
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Then it follows from (3.7), (3.10)(z), and this last inequality that 


A S(m) 

< £ + 

A (p)S(m-p) 



|p|<ro 


Now the number of p G A/v such that \p\ < ro is finite. Therefore, from 
(3.10)(ii) and this last inequality, we see that 


lim sup m j n Q mi 


|mjv|)->oo 


A S(m) 


< e. 


This establishes (3.12), and the proof of the proposition is complete. ■ 


Exercises. 

1. Suppose S G T>'(Tn) and 


Iml 12 = oo. 


Y p( m ) /i ? 

l<|m| 

Prove there exists a trigonometric polynomial cf such that 


E 

1 <| m\ 




\m\ 


>6|W 


L 2 ' 


2. Let A G P(Tjv) and S G V(Tn)- Define 

Si (<f) = S (A <j>) for 4> G V(Tn). 

Prove Si G V'{T^). 


4. H j (x) and the ^-Condition 

In Chapter 6, we will need a theorem connecting the functions Hj (x), 
j = 1 previously introduced in Chapter 3 (see Lemma 1.4) with func¬ 

tions u G C a ( Tjy ) , 0 < a < 1. So here with N > 2, we establish the following 
result: 

Theorem 4.1. Suppose f G C (T/v). Set 

uj (x) = (2n)~ N [ Hj (x-y)f ( y) dy for j = 1,..., N. 

Jt n 

Then Uj (x) G C a (TV), 0 < a < 1. 


Proof of Theorem 4.1. For ease of notation, we will assume that j = 1 
and show that 

ui (x) G C a (T/v), 0 < a < 1. 

A similar proof will prevail for the other values of j. 

In order to accomplish this last fact, we will demonstrate the following: 
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there exists a positive constant c\ such that given x, x' £ R A with 

\x — x'\ < 1CT 1 , 

then 

(4.1) |ui (x) — u\ (V) | < ci lx — x'\ log \x — x'\ 1 

where ci depends only on N and \\f\\L°°(T N )- 

To establish (4.1), using the periodicity of / and H \, we observe that 

ui (x) - U\ (V) = vi (z) - Vi (0) 

where z = x — x 1 , 

vi (z) = {2 tt)~ n f H\ (z — y) fi (y) dy , 

Jt n 

and 

h (y) = f{y + x') for Vy G R a . 

Since H/H^oo^) = \\fi\\L°°(T N )’ we see to establish (4.1), it is suffi¬ 
cient to show that (4.1) holds for the special case when x = 0 and |x| < 10 _1 . 
So the proof of the theorem will be complete when we show the following: 

(4.2) 3ci > 0 such that |iti (x) — u\ (0)| < ci |x| log |x| -1 
for |x| < 10 _1 where ci depends only on N and ||/|| LO o( T jv )- 

Using the fact that H\ (x) is harmonic in R^\ U m£ A N {27rm}, we see 
that it is sufficient to establish the inequality in (4.2) when u\ is replaced 
by w\ where 

(4.3) wi (x) = (2n)~ N [ H\ (x — y) f (y) dy 

Jb ( 0 ,|) 

and ci depends only on N and \\f\\L°°(T N )- 

Also, we observe from Lemma 1.4 in Chapter 3 that there is a function 
r/i (x), which is harmonic in B( 0,1) such that 

iji (x) = Hi(x) + ( 2tt) n xi / IS'iv-il |xr f° r x e -B(0 5 1)\ {0} . 

So using this rq (x) in conjunction with (4.3), we see that the inequality 
in (4.2) will be established if we can show 

(4.4) 3ci > 0 such that \Wi (x) — W\ (0)| < ci |x| log |x| _1 

for |x| < 10 _1 where ci depends only on N and and 

(4.5) Wi (x) = f (xi-yi)\x-y\~ N f(y)dy. 

J b{ o,|) 

To show that (4.4) is valid, we write 

B( 0,1/2) = A\ x \ U B\ x \ 
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where 

Then 

(4.6) 


A\ x \ = 6(0, 2 |x|) and B [x , = B (0,1/2) \6(0, 2 |x|). 


Wi (x) - Wi (0) = [ f +f }[{xi - yi) \x - y\ N + yi\y\ N }f(y)dy. 
JA\ X \ JB\ x \ 


JA M i( x i-yi)\ x -y\ +vi\v\ }f(.y) d y 


L°°(B( 0 ,±)) /s( 0 , 3 |®|) \y\ 


— (AT—1) 


Since 

/ d y = 7jv M , 

J B(0,3|®|) 

where is a positive constant depending only on N, it follows from this 
last inequality and (4.6) that the inequality in (4.4) will be valid provided 
we show 

(4.7) > 0 such that / \g (y) - g (y - x)\ dy < ^* N |x| log l^p 1 

for |x| < 10' 1 where y)/ depends only on N and 

(4.8) g(y) = yi/\y\ N - 

From the mean-value theorem, for y £ .6(0,1/2) with \y\ > 2|x| and 
|x| < 10" 1 , we have 39 with 0 < 6 < 1 such that 

N 9g 

g (y) - g (y - x) = ^ (y - 9x) x r 


Tt d Vj 


But from (4.8), we see that 


- 8 r j\y\ N foTj = i,,..,N 

where Sj is a constant depending only on N. Since |y — 6x\ > \y\ /2, we 
conclude that 

\g(y) - g(y - x)\ < 5* N \x\ \y\~ N 

for y £ 6(0,1/2) with \y\ > 2|x| and |x| < 10 _1 where S* N is a constant 
depending only on N. 

Consequently, 

[ \ 9 (y) ~ 9 (y ~ x)\ dy <5* N \x\6% [ r~ l dr 

JB\ X | J 2\x\ 

for |x| < 10' 1 where 5*^ is another constant depending only on N. 
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The inequality in (4.7) follows immediately from this last inequality, and 
the proof of the theorem is complete. ■ 

Exercises. 

1. Let H\ (x) be the function previously introduced in Lemma 1.4 of 
Chapter 3. Suppose that / G C (T 3 ). Define 

u (. x) = Hi (x -y) f (y) dy. 

Jt 3 \b( 0 , 1 ) 

Prove that u G C°° (B (0, |)). 




APPENDIX C 


Harmonic and Subharmonic Functions 

1. Harmonic Functions 

Given 0 C R v . an open connected set, N > 1, we say u (x) is harmonic 
in ft if u G C 2 (O) and furthermore 

A u (x) = 0 Vx 6 D, 

where 

AT „ 

Au(x) =^^(x). 
i=i 

The operator A is called the Laplace operator. 

A well-known fact about a function u harmonic in 0 is that the mean- 
value theorem holds for u, namely, if for an e > 0, B (x, p + e) C D, then for 

P> o, 

rsTZ ~Tj u (y) dy = u (x) 

where | B (x, p)\ stands for the A-volume of B (x, p). (For the numerical value 
of | B (x,p) |, see (3.4) in Chapter 1. For the proof of the mean-value theorem 
for harmonic functions, see [ABR, Chapter 1], The proof of this theorem can 
also be found in many other places.) 


We shall need a number of theorems about harmonic functions that 
involve spherical harmonics. With A(R\,R 2 ) designating the annular region 

(1.1) A(Ri,R 2 ) = {x : Ri < |x| < R 2 }, 

the first theorem of this nature that we prove is the following: 


Theorem 1.1. Suppose {Q%(x)}^ =1 and {Q%^(x)}™ =1 are two sequences 
of spherical harmonics of degree n. Suppose, furthermore, 

OO OO 

(1.2) E^n(x) = ^^°(^) Vx € A(R\, R 2 ), 

n=0 n=0 
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where both series converge uniformly on compact subsets of A(Ri, R2), the 
annular region given by (1.1). Then 

Qn(x) = Q%®(x) Vx £ R A and Vra. 


Proof of Theorem 1.1. Write Q%(x) = r n Y^{f) and Q^(x) = r n Y^{f) 
where x = rf and f £ <913(0,1). Then, because both series converge uni¬ 
formly on <913(0, p) when p = (Hi + Rf)/ 1 !, it follows from (1.2) above and 
the orthogonality condition given in (3.14) of Appendix A and on the addi¬ 
tion formula given in (3.9) of Appendix A that 


[ [Q^(pO-Q^(pO]Cn(vOdS(0 


0 V 77 £ <913(0,1) and Vra, 


JdB( 0 , 1 ) 

where C!f(t) is the ra-th Gegenbauer polynomial discussed in Appendix A, 
§3. Hence, 


[ CY{i ■ V )[Y*(0 - y n <x>(0]ds(0 = 0 

J Sn- 1 


Vr/ £ S'jv-iand Vra. 


But then it follows from (3.12) in Appendix A that 
Y%{if) = Y^{rj) \/rj £ SV-i and Vra, 


which completes the proof of the theorem. ■ 


Theorem 1.2. With N> 2, suppose u(x) is harmonic in B(0,R), R>0. 
Then 3 {Q n (x)}™ = 0 , where Q n {x) is a spherical harmonic of degree n, such 
that 

OO 

(1.3) u(x) = ^2 Qn(x) Vx£l3(0,H). 

?i=0 

Also, the series in (1.3) converges uniformly on compact subsets of B(0,R). 


Proof of Theorem 1.2. For N = 2, the proof of this theorem follows 
immediately from the well-known theory of holomorphic functions and the 
fact that u = Re(f) in 13(0, R) where / is holomorphic in 13(0, R). 

For the rest of the proof, we suppose that N > 3. Let Hi < R. Then it 
follows from Theorem 1.1 that the theorem will be established, if we show 
the following: 

(i) 3 {Q n (x)}^T 0 , where Q n (x) is a spherical harmonic of degree ra, such 
that 

OO 

(1.4) u(x) = T^Qnjx) Vx £ 13(0, Hi); 

n=0 

(ii) the series in (1.4) converges uniformly on compact subsets of 
13(0, Hi). 
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To see that (1.4) is valid, we observe that u G C(dB( 0, Ri)). Hence, from 
the well-known technique for solving the Dirichlet problem for the closed ball 
B(0,Ri) (see [Ev, p. 41] or [Pi, p. 357]), we have that 


(1.5) 


u(x) = 


Rr - lad 


u(y) 


7 dS{y) VxGB( 0,Ri). 


I'S'lV— 1 | Rl JdB( 0 ,R\) \x - y\ N 

With y = R\y and x = pf where £, rj G Sn- i, we observe from (3.29) in 
Appendix A that 


R\ — |cc| 


\x - y | 


AT 


= R 


— (N—2) 
1 


l -® 2 


= A 


[i- 2 £^+(£m a 

oo „ 

El 


n=0 


where because of the bound in (3.30) of Appendix A, the series converges 
uniformly for 0 < p < R 2 < Ri and 77 G Sn-i- As a consequence, we 
obtain from (1.5) that 


(1.6) u(pO = ^ 


n=0 


IV - 2 + 277 _p 

(A1 ~ 2) | S'/v—! I -Ri . 


‘S'tv-i 


Cn(^ • v)u(Riri)dS(ri). 


From the addition formula for surface spherical harmonics given in (3.9) 
of Appendix A, we see that the integral on the right-hand side of (1.6) 
represents a surface spherical harmonic of degree n, which we call Y n (£). 
Also, we have from (3.30) in Appendix A that there exists a constant c such 
that 


(1.7) 


|E„(£)| < cn 


2u—l 


G Sjv-i and Vn. 


Setting 




we have that Q n (x) is a spherical harmonic of degree n, and furthermore, 
from (1.7), that the series Qn{x ) = u(x) converges uniformly for 

\x\ < R ‘2 < R\- ■ 


In Chapter 3, we shall need the following two theorems regarding point 
singularities for harmonic functions. We shall state them separately for di¬ 
mension N = 2 and dimension N > 3. The two proofs will be different 
because in the former case, we’ll use the theory of holomorphic functions. 


Theorem 1.3. With N= 2, suppose u(x) is harmonic in B(0,1)\{0}. Sup¬ 
pose, also, mG L 1 (B( 0,1)). Then, 3 constants bo, b\, and b -2 and a function 
uq ( x ) harmonic in B(0,1) such that with r = |x|, 

(1.8) u(x) = bologr + bix\r~ 2 + b 2 X 2 r~ 2 + uq { x ) Vx G B(0,1)\{0}. 
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Theorem 1.4. With N> 3, suppose u(x) is harmonic in B(0,1)\{0}. Sup¬ 
pose, also, mG L 1 (1?(0,1)). Then, 3 constants b 0 , b \,..., and a function 
uq(x) harmonic in B(0,1) such that with r = \x\, 

N 

(1.9) u(x) = bpr ~( jV ~ 2 ) -|- bjXjr~ N + up(x) Vx € B(0, 1)\{0}. 

3 = 1 

Proof of Theorem 1.3. Since we are going to use holomorphic function 
theory to establish this theorem, for convenience, we will set x\ = x and 
X 2 = y, and will designate the half-open line segment {(x, 0) : 0 < x < 1} 
by l s . Then, for (x,0) in the open line segment, we define 


rx 

u(x, 0 ) = — u y (s,0)ds for 0 

J 1/2 


< X < 1. 


Next, we cut the unit disk, B(0,1), with the half-open line segment l s 
and define 

v(x,y) = / u x (s, t)dt — u y (s, t)ds for (x,y) G B(0, 

J C'y 

where C 7 is any piece-wise C 1 curve starting at ( 1 / 2 , 0 ) and going to (x,y) 
in B( 0,1)\Z S initially through the first quadrant. Also, letting C(0,r) be the 
circle with center 0 and radius r, we see from the harmonicity of u in the 
punctured unit disk and from Green’s theorem that there is a constant (3 
such that 

/ u x (s,t)dt — u y (s,t)ds =/3 for 0 < r < 1, 

JC(0,r) 

where the integration is in the counter-clockwise direction. 

As a consequence of this last fact, we see that the function 

v{x,y) — P0(x,y)/2 -k is both single-valued and harmonic in B( 0,1)\{0}, 
where 6 = Im(log z), i.e., x = rcosO and y = rsinO. But then it follows that 

u(x,y) - Plogr = Re(/(z)), 

where f(z) is holomorphic in B(0, 1)\{0}. So, from Laurent’s theorem, we 
obtain that 

OO 

u(x,y ) — /31ogr = Re( ^ c n r n e in6 ) 

n =—oo 

where c nf’ n e Ln6 converges absolutely and uniformly on compact sub¬ 


sets of R( 0 , 1 ) and q c n r n e m6) converges absolutely and uniformly on 

compact subsets of B( 0,1)\{0}. We conclude there exists a function uq(x, y) 
which is harmonic in B(0,1) such that 

OO 

u(x,y ) — (3\ogr — uo(x,y) = ( a n cos nO + b n sinn9)r~ n , 

n= 1 


( 1 . 10 ) 
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where the series converges uniformly on compact subsets of B{ 0,1)\{0}. 

We set w(x,y) = u(x,y ) — (3\ogr — uo(x,y) and let k > 2 be any fixed 
integer. Then 

p 27 r 

/ w(r cos 9, r sin#) cos k9d0 = 7rafc?’~ A ’ for 0 < r < 1/2. 

Jo 

Since w £ L l [B{ 0,1/2)], we obtain from this last equality after multi¬ 
plying through by r~ k and integrating from 0 to e that 

7r |a/j| < £ fe_2 / \w(x,y)\dxdy. 

Jb( 0,e) 

But f B , Q £ ) \ w { x i y)\ dxdy 0, as e —> 0. So we conclude from this last 
inequality that a& = 0 for k > 2. 

A similar technique shows that b *. = 0 for k >2. Hence, we obtain from 
(1.10) that 

u(x, y) — (3 log r — rto(x, y) = (ai cos 6 + b\ sin 6)r~ l 
for (x,y) £ B{ 0,1)\{0}, and the proof of the theorem is complete. ■ 


In order to prove Theorem 1.4, we shall need some lemmas. 


Lemma 1.5. With N > 3, suppose u(x) is harmonic in B(0, i?i)\{0}, 

where R\ >0. Suppose, also, uE L°°(B(0, i?i)\{0}). Then there exists a 
function uq(x) that is harmonic in B(0,R\/2) such that 

u{x) = uo(x) Vx £ B(0, Ri/2)\{0}. 

What the conclusion of Lemma 1.5 states is that the singularity at the 
origin is removable. 

Proof of Lemma 1.5. From a consideration of the function v(x) = 
u(Rix), we see from the start, without loss in generality, 2nd we can assume 
that R i = l. 

To prove the lemma, we let uq(x) be the solution to the Dirichlet problem 
on -£>(0,1/2) for the boundary value u(x) on dB( 0,1/2). We then set 

w(x) = u(x ) — uq(x), 

and see that the lemma will be established once we show 
w(x) = 0 Vx E B( 0, l/2)\{0}. 

We will show 

(1.11) w(x) < 0 Vx E B(0, l/2)\{0}. 

Similar reasoning will show the reverse inequality 

w(x) > 0 Vx E 5(0,l/2)\{0}. 
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To establish the inequality in (1.12), we introduce the function 
tf(x) = |*r (iV - 2) - 2 n ~ 2 Vx € R^UO}. 

Then T(x) is harmonic in B( 0, l/2)\{0} and also positive in this same re¬ 
gion. 

Let xq be a fixed but arbitrary point in B( 0, l/2)\{0}, and let e > 0, 
be given. If we can show 

(1.12) w(x 0 ) < £^>{x 0 ), 

then by letting e —> 0, we obtain w(x o) < 0, and hence, the inequality in 
(1.11). 

To establish the inequality in (1.12), we observe that there is a positive 
constant M such that 

w(x) < M Vx G B(0, l/2)\{0}. 

Since e^'(.x) —> oo, as |x| —> 0, we can hnd ro with |xo| > ro > 0 such that 

e^(x)>M Vx G dB(0, ro). 

With A(ro, 1/2) the annular region dehned in (1.1) above, we see that 
w(x) — £^(x) is harmonic in „4(ro,l/2), continuous in the closed region 
A(tq, 1/2), 0 for |x| = 1/2, and < 0 for |x| = tq. Therefore, by the maximum 
principle for harmonic functions, w(x) — £\H(x) < 0 for x G A(ro,l/2). In 
particular, 

w(x o) — eT(xo) < 0. 

This gives the inequality in (1.12) and establishes the lemma. ■ 

The next lemma that we need will involve the Kelvin transformation. 
In order to define this transformation, we first have to discuss inversions. 
Given Cl C R^/jO} an open set, we define II*, the inversion of Cl, to be 

ci* = {-^, x g ci}. 

\x\ 

It is easy to check that if Cl is an open TV-ball, then so is Cl*. Also, it is easy 
to see that y G fl* => -^z G Cl and consequently that (Cl*)* = Cl. 

With Cl an open set as above and u G (11(11), we define K,(u(x)), the 
Kelvin transformation of u, as follows: 

(1.13) )C(u(x)) = \x\ 2 ~ N u(— 2 ) Vx e Cl*. 

\x\ 

If Q n {x ) = r n Y n (£) is a spherical harmonic of degree n, then 

(1.14) JC(Q n {x)) = r 2 - N ~ n Y n (0. 
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Using the spherical coordinate form of A given in (3.5) of Appendix A, it is 
easy to check that 

r 2 ~ N - n C"(c 0 s 0) is harmonic in R Ar \{0}. 

Hence, it follows that as a function of r and £, r 2 ~ N ~ n C^(r]-$ i ) is harmonic in 
R^\{0} for every G Sjv- 1 - Using this fact in conjunction with the formula 
involving the Riemann integral in (3.12) in Appendix A, we obtain that 
r 2 - N ~ n Y n (!;) is harmonic in R Ar \{0}. Consequently, we have from (1.14) 
that 

(1.15) IC(Qn(x)) is harmonic in R JV \{0}, 

for every spherical harmonic Q n (x ) of degree n. 

The next lemma we establish is the following: 


Lemma 1.6. With N> 3, suppose u(x) is harmonic in H, where H C 
K N \{0} is an open set. Then IC(u(x)), the Kelvin transformation of u, is 
harmonic in fi*. 

Proof of Lemma 1.6. It follows from (1.15) that if f(x ) is a harmonic 
polynomial, i.e., a finite linear combination of spherical harmonics, then 
K(f(x)) is harmonic in R iV \{0}. 

To establish the lemma, it is sufficient to show the following: 

(1.16) 

B(xo,3ro) C H where ro > 0 KL(u{x)) is harmonic in [l?(xo, ro)]*. 

Applying Theorem 1.2 above to the IV-ball B(x o, 3ro), we see that there 
is a sequence of harmonic polynomials {f n (x)}'^ > =1 such that 

lim f n (x) = u(x) uniformly Mx G B(xo,2ro). 

n^>o o 

Therefore, 

(1.17) lim K[f n (x)] = JC[u(x)\ uniformly Vx G \B(xo,ro)]*. 

n—xx) 

But as we observed above, K,[f n {x)\ is harmonic in [B(x o, ro)]*. Furthermore, 
the uniform limit of harmonic functions is harmonic. So the statement in 

(1.17) shows that the statement in (1.16) is indeed true, and the proof of 
the lemma is complete. ■ 

Next, we establish the folowing lemma: 


Lemma 1.7. With N> 3 and ro>0, let = {x : |x| > ro}. Suppose u(x) 
is harmonic in H, and 

(1.18) limsup 1^1 2 \u(x)\ < oo. 

|rr |—xx> 
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Then there exists a sequence {T n (£)}(£L 0 of surface spherical harmonics of 
degree n such that 

OO 

u(x) = E r ^~ N -n y n (£) Vx G Si, 

n=0 

where the series converges unifomly on compact subsets of 12. 


Proof of Lemma 1.7. From Lemma 1.6, we have that fC[u{x)] is harmonic 
in the punctured TV-ball, B(0, r ( ^ 1 )\{0}, where fC[u{x)] is given by (1.13). 
It follows from this formula for IC[u(x)\ and the lim sup in (1.18) that 

limsup |/C[u(x)]| < oo. 

W -+0 

Consequently, JC[u(x)} is uniformly bounded in B(0, r ( ^ 1 /2)\{0}. Hence, by 
Lemma 1.5, the singularity at the origin is removable. Therefore, by Theorem 
1 .2, there exists a sequence {Tn(£)})?Lo °f surface spherical harmonics of 
degree n such that 

OO 

IC[u(x)\ = E r n Y n {£) Vx G 5(0, r 0 _1 )\{0}, 

n =0 

where the series converges uniformly on compact subsets of B( 0,r ( ^ 1 )\{0}. 
But then applying the Kelvin transformation K, to both sides of this last 
equality, we see that 

OO 

(1.19) u(x) = ^/C[r n y n (0] V®Gfi, 

n=0 

where the series converges uniformly on compact subsets of 0. 

As we have observed previously, 

JC[r n Y n (ti)\ = r 2 ~ N ~ n Y n {$). 

Putting this value in the series on the right-hand side of the equality in 

(1.19) for each n completes the proof of the lemma. ■ 


The next lemma is the analogue of Theorem 1.1 for IC[Q n (x)\, the Kelvin 
transform of a spherical harmonic. 


Lemma 1.8. Suppose {H,f (£)})£!=i an d {^f^(0}^i are two sequences of 
surface spherical harmonics of degree n. Suppose, in addition, 

OO OO 

(1.20) Y r2 ~ N ~ nY n(0 = E Vr£ g A(R 1 ,R 2 ), 

n =0 n =0 
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where both series converge uniformly on compact subsets of A(Ri, R2), the 
annular region given by (1.1). Then 

*£(0 = YfO(Z) V£ € S N _! and Vn > 0. 

Proof of Lemma 1.8. Because both series converge uniformly on dB(0, p) 
when p = (R 1 +R 2 )/2, it follows from (1.20) and the orthogonality condition 
given in (3.14) of Appendix A that 

p 2 ~ N ~ n \ K?(6 - Y^mC v M • t)dS(0 = 0 V 77 G dB( 0,1) 

and Vn > 0. 

But then it follows from (3.12) in Appendix A that 

Yn(v) = Yn^iv) V?? G dB( 0,1) and Vn > 0, 
which completes the proof of the lemma. ■ 


The final lemma we need for the proof of Theorem 1.4 is the following: 


Lemma 1.9. With N > 3, suppose u(x) is harmonic in B( 0,1)\{0}. Then 
there exists {Tn.(£)}^o> a sequence of surface spherical harmonics of degree 
n, and a function uq(x), which is harmonic in B(0,l/2) such that with 
x=r£, 

OO 

u(x ) = uq(x) - ^2 r ‘ 2 N ~ n Y n {C) V.x G B{ 0, l/2)\{0}, 

n =0 

where the series converges uniformly on compact subsets of B( 0, l/2)\{0}. 


Proof of Lemma 1.9. We select a positive R\ < 1/2, and apply Green’s 
second identity in a standard manner (see [Ke, p. 215 and p. 261] or [Jo, p. 
97]) in the annular region A(R\, 1 / 2 ) to the functions u(x) and \x — y\ 2 ~ N 
and obtain 


u(x) 


(N — 2 ) -1 

I'S'jv— 1 1 



y\ 2 ~ N Vn • n - uV \x - y\ 2 ~ N ■ n )dS(y) 


ldB( 0,Rx) 


(I* 


y\ 2 ~ N Vn • n - nV \x - y\ 2 ~ N ■ n )dS{y)} 


Vx G A(R\, 1/2) where [S/v-il is the volume of the unit (N — l)-sphere and 
n is the outward pointing unit normal. We call the first expression on the 
right-hand side of the above equality uq(x) and the second v(x). So 


(1.21) 


u(x) = Uo(x) — v{x) 
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where uq(x) is harmonic in B( 0,1/2) and v(x) is harmonic for \x\ > R\. An 
easy calculation shows 

lim \x\ N ~ 2 v{x) = l^jv-il -1 [ Vu-ndS{y). 

JdB(o,Ri) 

Therefore, it follows from Lemma 1.7 that there exists a sequence 
{^n(£)}?£U) °f surface spherical harmonics of degree n such that 

OO 

v(x) = r 2 - N - n Y n (0 Vx € A(R\, 1/2) 

n=0 

where the series converges uniformly on compact subsets of the annulus 
-4(i2i,l/2). Consequently, we see from (1.21) that 

OO 

(1.22) u(x) = u 0 (x) - X) r2-JV " ny n(0 Vx G ^1. V 2 )- 

n =0 

To see that this last equality is valid in all of B( 0, l/2)\{0}, let xq be 
an arbitrary but fixed point in B( 0,1 /2)\{0}, with |xo| < Ri- We select an 
R 1 > 0 with R x < |xo| < R\ • Then we proceed exactly as above and obtain 
a sequence of surface spherical harmonics (Oln^o such that 

OO 

u(x) = uo(x) - ^2r 2 ^ N ~ n Y^(^) Vx g A{R X , 1/2). 

n=0 

But then it follows from (1.22) that 

OO OO 

Y^r 2 - N - n Yn(0 =Y, r n~ N ~ nY n{0 Vx € A(R\, 1/2), 

n= 0 n= 0 

and consequently from Lemma 1.6 that 

^(0 = ^(0 vssSn-l 

We conclude that the equality in (1.22) holds also at xn and therefore Vx G 
B(0,l/2)\{0}. 

In a similar manner, we conclude that the series in (1.22) converges 
uniformly on compact subsets of -B(0, l/2)\{0}. ■ 


Proof of Theorem 1.4. Since our given u(x) is harmonic in B( 0,1)\{0}, 
we invoke Lemma 1.9 and obtain a sequence of surface spherical harmonics 
{^n(0}“=o anc ^ a function uq(x) harmonic in B( 0,1/2) such that 

OO 

(1.23) u(x) - uq(x) = r2 ~ N ~ nY n(0 Vx € 5(0, l/2)\{0}, 

n=0 

where the series in this last equality converges uniformly on compact subsets 
of 5(0,l/2)\{0}. 
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With 0 < r < 1/4, we multiply both sides of (1.23) by integrate 

over Sn-i, and use formulas (3.12) and (3.14) in Appendix A to obtain 

(1.24) r N+k -' 2 [ [ii(r£) - «oK)]CjfeK ' v)dS(£) = - ^ t Y k (rj) 

Js N -1 i{v)yK + u) 

Vry G Sn-i. 

Taking k > 2, we integrate the absolute value of both sides of (1.24) 
again, this time from 0 to e to obtain 

e \Yk(r))\ < ce k ^ 1 / |u(x) — uq(x)\ dx 

Jb{ 0,e) 

Vr/ G Sn-i where c is a constant independent of e. Since u G L 1 (B( 0,1)) 
and uq is harmonic in B{ 0,1/2), it is clear from this last inequality that 

\Y k (r])\ < e k ~ 2 o{ 1) as e —> 0 V?/ G Sn-\. 

We conclude that !/.(//) = 0 Vr/ G S’at-i for k >2. 

As a consequence, we obtain from (1.24) that 

u(x) = uq(x) - Vx G 5(0, l/2)\{0}. 

The conclusion to the theorem follows easily from this last equality. ■ 


We will need the following theorem in Chapter 3. 

Theorem 1.10. Let u{x) be harmonic in R N , N >2. Suppose there is a 
positive integer n and a constant c > 0 , such that 

(1.25) |xt(cc)| < c|x| n for 1 < \x\ < oo. 

Then u(x) is a polynomial of degree at most n. 


Proof of Theorem 1.10. It follows from Theorem 1.2 above with x = r£, 
£ G /Sjv-i, that 

OO 

(1.26) u(x) = ^r fc T fc (£) ViGR n , 

k =0 

where T/(£) is a surface spherical harmonic of degree k and the series in 

(1.26) converges uniformly on compact subsets of R w . 

We let j > n be a positive integer, multiply both sides of the equality in 

(1.26) by Cj(f ■ 1 7 ), and integrate over S/v-i to obtain 

r j Yj(0 = bj f u(rrj)Cj (£ • V )dS( V ) V£ G 5 ^- 1 , 

J Sn- 1 

where bj is a constant, and we have invoked formula (3.12) in Appendix A. 
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It follows from this last equality and (1.25) that for r > 1, 

1^(01 < cr n ~^bj f |<?/(£ • 77)| dS{r,) G S N . V 

ISjv-i 

Letting ?’ —> oo, we see that 

Yj ;(£) = 0 G S’at-i and j > n, 

and hence from (1.26) that 

n 

u(x) = ^VY fc (£) VxGR^. 
fc =0 

But r fc y fc (0 is a spherical harmonic of degree k. Hence, r k Y k [f) is a 
homogeneous polynomial of degree k in the variables xi, ...,xn- So the con¬ 
clusion to the theorem follows from this last equality. ■ 


Exercises. 

1 . Let xq G R 3 with xo f 0. Also, let S (xo,ro) be the 2-sphere, which 
is the boundary of the 3-ball B (xo,ro) where 0 < ro < |xo| . Set 

[S (x 0 , t 0 )]* = \y : y = 2 for x G S ( x o, r 0 ) 

L |x| 

Prove that [5 (xo,ro)]* is also a 2-sphere. 

2 . With rj* = (1,0,..., 0) and £ G Sjv-i, where Sjv-i is the unit N — 1- 
sphere in R^, using the spherical coordinate notation introduced in §3 of 
Chapter 1, prove that for n > 1, 

r 2 ~ N ~ n C v n (if-0 

is a harmonic function in R jV \ {0}, where N > 3 and u = 



2. Subharmonic Functions 

Subharmonic functions in N-space are defined in a similar manner to 
convex functions in 1-space. Recall that f(t ) G C(a,/3 ) is convex in the 
open interval (a, (3) if the following is valid for every finite closed sub-interval 
[cki, /3j_] of (a, (3): Let l(t) be the line going through the two points (ai, /(ai)) 
and (Piif iPi))- Then 

f{t)<l(t) VtGfai,^]. 

Subharmonic functions are defined similarly. Let H C R jV be an open set. 
We say it(x) G C(fi) if n(x) is a continuous real-valued function in H. Then 
u(x) G (7(H) is subharmonic in H if the following holds for every closed ball 
B(x o, r) C f2, r > 0. 
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Let v(x) G C(B(xQ,r)) and harmonic in B(xq,v). Suppose also that 
v(x) = u(x) for x G dB(xo,r). Then 

u(x) < v(x) Vx G B(xo,r). 

To handle the properties of subharmonic functions that are useful in 
Fourier analysis, we next introduce the concept of a generalized Laplacian. 

Let G(x ) be a function in L 1 in a neighborhood of the point xq. Then 
we use the following notation for the volume mean of G at xq: 

(2.1) G[ r] (x 0 ) = \B(x 0 ,r)\~ 1 [ G(x)dx, 

■' B(xg,r) 

where \B(xo,r)\ stands for the TV-dimensional volume of B(xo,r). 

We define the upper generalized Laplacian of G at xo, designated by 
A*G(xq), in the following manner: 

( 2 . 2 ) A *G{x 0 ) = 2(1 V + 2 ) limsup G[r] ^ ~ . 

i —>o r z 

A*G(xo), the lower generalized Laplacian, is defined similarly using the 
liminf. It is easy to prove that if G is in class C 2 in a neighborhood of xo, 
then A*G(xo) = A*G(xo) = AG(xo) where AG(xo) is the usual Laplacian 
of G at xo- 

We want, ultimately, to show that if u(x) G G(fi) and if A *u(x) > 0 for 
all x G fl, then u(x) is subharmonic in fl. In order to do this, we first need 
the following theorem: 

Theorem 2.1. Let II C R iV be an open set where N> 1. Suppose that 
uEC(Ll) and that u has property P at every xG fl, where property P is 
defined in (3.3) below. Then u is subharmonic in fl. 

u has property P at x means the following: with r n > 0 Vn 

and lim )WOO ?’ n = 0 such that 

(2.3) n [r n ](x) — u(x) > 0 Vn. 

Proof of Theorem 2.1. Suppose to the contrary, that u is not sub¬ 
harmonic in fl. Then there exists a closed ball B(xo,r) C fl, r > 0, 
and v G C(B(xo,r)) and harmonic in B(xo,r) with v(x) = u(x) for 
x G dB(xo,r ) and there is an x* G B(xo,r) such that 

(2.4) u(x*) > v(x*). 

Set w(x) = u(x) — v(x) and let 7 = max^j^, «;(a:). Then 7 > 0 

because of (2.4). Also, set M = {x G B(xo,r) : w(x) = 7}. Then M is a 
closed set contained in the open ball B(x o,r). 

Let designate the distance from M to dB(x 0 , r). Then 7 > 0. We know 
there exists x** G M such that the distance from x** to dB(x 0 , r) is exactly 
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7], Hence, every ball of the form B(x**,p ) with 0 < p < p contains points 
not in M. Therefore, 

(2.5) W[ p j(x**) < w(x**) for 0 < p < p. 

On the other hand, u has property P at x**, and v [p] (x**) = v(x**) for 
0 < p < 7]. So, 

w [p]( x **) = U[p](x**) — v(x**) for 0 < p < 7). 

For n > no, the r n that are involved in the definition of property P at x** 
are smaller than p. Consequently, 

w [r„] ( x **) = u [r n] (x**) -v(x**) 

> u(x**) -v(x**). 


Therefore, 

(2.6) ra[ rn ](a;**) > w(x**) for n > no. 

The inequalities in (2.5) and (2.6) are mutually contradictary. Hence, u 
is indeed subharmonic in H. ■ 


Theorem 2.2. Let H C R iV be an open set where N> 1. Suppose that 
uG C(Q) and that 

(2.7) A *u(x) >0 VxGh. 

Then u(x) is subharmonic in H. 

Proof of Theorem 2.2. For j, a positive integer, set 

(2.8) Uj(x) = u(x) + |x| 2 /j. 

Then it follows from the inequality in (2.7) that A *Uj(x) > 2 N/j for every 
x G H. But then we see from the definition given in (2.2) that each uj(x) 
has property P for every iGh Hence, we obtain from Theorem 2.1 that 

(2.9) Uj{x) is subharmonic in Q for every j. 

Let B(xo,r) C H, where r > 0, and suppose v(x) is the function har¬ 
monic in B(xo,r) that agrees with u(x) for x G dB(xo,r) and Vj(x) is the 
function harmonic in B(xo,r) that agrees with Uj(x) for x G dB(xo,r). 
Now the following facts are clear from (2.8) and the maximum principle for 
harmonic functions: 

(i) lim Uj(x) = u(x) uniformly for x G B(xo,r)\ 
j^oo 

(ii) lim Vj(x) = v{x) uniformly for x G B(xo,r). 
j-> oo 

From (2.9), we have that 

Uj(x) < Vj(x) for x G B(xo,r) and Vj. 
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So from (i) and (ii) above, it follows that 

u{x) < v(x) for x E B(xo,r). 

Hence, indeed, u is subharmonic in Q. ■ 

Exercises. 

1. Suppose G (x) E C 2 (B (0,1)) where B (0,1) is the unit 3-ball in R 3 . 
With A*G(xo) defined in ( 2 . 2 ) above, prove 

r) 2 G 8 2 C 8 2 C 

A*G(x 0 ) = ^2 (*o) + (*o) + -Q - x 2 (xo) for x 0 E B (0,1). 

2. Suppose / (t) is an increasing convex function for 0 < t < oo. Suppose 
also that / (t) E (7 2 ((0,oo)).Z Set 

G(x) = f (x 2 + x| + l) for x E R 2 . 

Prove that G (x) is a subharmonic function in R 2 . 
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